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Abstract: The associative law reflects symmetry of operation, and other various variation associative 
laws reflect some generalized symmetries. In this paper, based on numerous literature and related 
topics such as function equation, non-associative groupoid and non-associative ring, we have 
introduced a new concept of Tarski associative groupoid (or transposition associative groupoid 
(TA-groupoid)), presented extensive examples, obtained basic properties and structural characteristics, 
and discussed the relationships among few non-associative groupoids. Moreover, we proposed a 
new concept of Tarski associative neutrosophic extended triplet groupoid (TA-NET-groupoid) and 
analyzed related properties. Finally, the following important result is proved: every TA-NET-groupoid 
is a disjoint union of some groups which are its subgroups. 


Keywords: Tarski associative groupoid (TA-groupoid); TA-NET-groupoid; semigroup; subgroup 


1. Introduction 


Generally, group and semigroup [1-5] are two basic mathematical concepts which describe 
symmetry. As far as we know the term semigroup was firstly introduced in 1904 in a French book (see 
book review [1]). A semigroup is called right commutative if it satisfies the identity a*(x*y) = a*(y*x) [4]. 
When we combine right commutative with associative law, we can get the identity: 


(x * y) *z =x * (z * y) (Tarski associative law). 


In this study we focused on the non-associative groupoid satisfying Tarski associative law (it 
is also called transposition associative law), and this kind of groupoid is called Tarski associative 
groupoid (TA-groupoid). From a purely algebraic point of view, these structures are interesting. They 
produce innovative ideas and methods that help solve some old algebraic problems. 

In order to express the general symmetry and algebraic operation laws which are similar with 
the associative law, scholars have studied various generalized associative laws. As early as in 1924, 
Suschkewitsch [6] studied the following generalized associative law (originally called “Postulate A”): 


(x*a)*b=x*c, 
where the element c depended upon the element a and b only, and not upon x. Apparently, the 


associative law is a special case of this Postulate A when c = a * b, and Tarski associative law explained 
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above is also a special case of this Postulate A when c = b * a. This fact shows that Tarski associative 
groupoid (TA-groupoid) studied in our research is a natural generalization of the semigroup. At the 
same time, Hosszu studied the function equations satisfying Tarski associative law in 1954 (see [7-9]); 
Thedy [10] studied rings satisfying x(yz) = (yx)z, and it is symmetric to Tarski associative groupoid, 
since defining x*y = yx, x(yz) = (yx)z is changed to (z*y)*x = z*(x*y); Phillips (see the Table 12 in [11]) 
and Pushkashu [12] also referred to Tarski associative law. These facts show that the systematic study 
of Tarski associative groupoid (TA-groupoid) is helpful to promote the study of non-associative rings 
and other non-associative algebraic systems. 

In recent years, a variety of non-associative groupoids have been studied in depth (it should 
be noted that the term “groupoid” has many different meanings, such as the concept in category 
theory and algebraic topology, see [13]). An algebraic structure midway between a groupoid and a 
commutative semigroup appeared in 1972, Kazim and Naseeruddin [14] introduced the concept of 
left almost semigroup (LA-semigroup) as a generalization of commutative semigroup and it is also 
called Abel-Grassmann’s groupoid (or simply AG-groupoid). Many different aspects of AG-groupoids 
have been studied in [15-22]. Moreover, Mushtaq and Kamran [19] in 1989 introduced the notion of 
AG*-groupoids: one AG-groupoid (S, *) is called AG*-groupoid if it satisfies 


(x*y)*z=y* (x*z), for any x,y,z €S. 


Obviously, when we reverse the above equation, we can get (z*x)*y = z*(y*x), which is the Tarski 
associative law (transposition associative law). In [23], anew kind of non-associative groupoid (cyclic 
associative groupoid, shortly, CA-groupoid) is proposed, and some interesting results are presented. 

Moreover, this paper also involves with the algebraic system “neutrosophic extended triplet 
group”, which has been widely studied in recent years. The concept of neutrosophic extended triplet 
group (NETG) is presented in [24], and the close relationship between NETGs and regular semigroups 
has been established [25]. Many other significant results on NETGs and related algebraic systems can be 
found, see [25,26]. In this study, combining neutrosophic extended triplet groups (NETGs) and Tarski 
associative groupoids (TA-groupoids), we proposed the concept of Tarski associative neutrosophic 
extended triplet groupoid (TA-NET-groupoid). 

This paper has been arranged as follows. In Section 2, we give some definitions and properties 
on groupoid, CA-groupoid, AG-groupoid and NETG. In Section 3, we propose the notion of 
Tarski associative groupoid (TA-groupoid), and show some examples. In Section 4, we study 
its basic properties, and, moreover, analyze the relationships among some related algebraic systems. 
In Section 5, we introduce the new concept of Tarski associative NET-groupoid (TA-NET-groupoid) 
and weak commutative TA-NET-groupoid (WC-TA-NET-Groupoid), investigate basic properties of TA— 
NET-groupoids and weak commutative TA-NET-groupoids (WC-TA-NET-Groupoids). In Section 6, 
we prove a decomposition theorem of TA-NET-groupoid. Finally, Section 7 presents the summary and 
plans for future work. 


2. Preliminaries 


In this section, some notions and results about groupoids, AG-groupoids, CA-groupoids and 
neutrosophic triplet groups are given. A groupoid is a pair (S, *) where S is a non-empty set with a 
binary operation *. Traditionally, when the * operator is omitted, it will not be confused. Suppose (S, *) 
is a groupoid, we define some concepts as follows: 


(1) Va, b, ceS, a*(b*c) = a*(c*b), S is called right commutative; if (a*b)*c = (b*a)*c, S is called left 
commutative. When S is right and left commutative, then it is called bi-commutative groupoid. 

(2) Ifa? =a (aéS), the element a is called idempotent. 

(3) If for all x, yeS, a*x = a*y > x = y (x*a = y*a => x = y), the element acS is left cancellative 
(respectively right cancellative). If an element is a left and right cancellative, the element is 
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cancellative. If (¥a¢S) a is left (right) cancellative or cancellative, then S is left (right) cancellative 
or cancellative. 

(4) If Va, b, c €S, a*(b*c) = (a*b)*c, S is called semigroup. If Va, beS, a * b = b *a, then a semigroup (S, *) 
is commutative. 


(5) If Vaes, a=a,a semigroup (5, *) is called a band. 


Definition 1. ([14,15]) Assume that (S, *) is a groupoid. If S satisfying the left invertive law: V a, b,c €S, 
(a*b)*c = (c*b)*a. S is called an Abel-Grassmann’s groupoid (or simply AG-groupoid). 


Definition 2. ([21,22]) Let (S, *) be an AG-groupoid, for all a, b, céS. 


(1) If (a*b)*c = b*(a*c), then S is called an AG*-groupoid. 
(2) Ifa*(b*c) = b*(a*c), then S is called an AG**-groupoid. 
(3) If a*(b*c) = c*(a*b), then S is called a cyclic associative AG-groupoid (or CA-AG-groupoid). 


Definition 3. [23] Let (S, *) be a groupoid. S is called a cyclic associative groupoid (shortly, CA-groupoid), if S 
satisfying the cyclic associative law:Na, b,c €S, a*(b*c) = c*(a*b). 
Proposition 1. [23] Let (S, *) be a CA-groupoid, then: 


(1) Foranya,b,c,d,x, yeS, (a*b) *(c*d) = (d* a) * (c * b); 
(2) Foranya,b,c,d,x, yeS, (a* b) * ((c * d) * (x * y)) =(d* a) * ((c * b) * (x * y)). 


Definition 4. ([24,26]) Suppose S be a non-empty set with the binary operation *. If for any a € S, there is a 
neutral “a” (denote by neut(a)), and the opposite of “a” (denote by anti(a)), such that neut(a) €S, anti(a) €S, 
and: a * neut(a) = neut(a) * a = a; a* anti(a) = anti(a) * a = neut(a). Then, S is called a neutrosophic extended 
triplet set. 


Note: For any a €S, neut(a) and anti(a) may not be unique for the neutrosophic extended triplet set 
(S, *). To avoid ambiguity, we use the symbols {neut(a)} and {anti(a)} to represent the sets of neut(a) and 


anti(a), respectively. 


Definition 5. ([24,26]) Let (S, *) be a neutrosophic extended triplet set. Then, S is called a neutrosophic extended 
triplet group (NETG), if the following conditions are satisfied: 


(1) (S,*) is well-defined, that is, foranya,b¢€S,a* bes. 
(2)  (S, *) is associative, that is, for any a, b,c €S, (a* b) *c =a* (b* c). 


A NETG S is called a commutative NETG ifa*b=b*a, Ya, b 6S. 
Proposition 2. ([25]) Let (S, *) bea NETG. Then (Wac€S) neut(a) is unique. 


Proposition 3. ([25]) Let (S,*) bea groupoid. Then S isa NETG if and only if it is a completely regular semigroup. 


3. Tarski Associative Groupoids (TA-Groupoids) 


Definition 6. Let (S, *) be a groupoid. S is called a Tarski associative groupoid (shortly, TA-groupoid), if S 
satisfying the Tarski associative law (it is also called transposition associative law): (a * b)*c=a*(c*b),Va, 
b, céS. 
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The following examples depict the wide existence of TA-groupoids. 


Example 1. For the regular hexagon as shown in Figure 1, denote S = {0, G, G2, G3, Gt, G>}, where G, G2, G°, 
G*, G> and @ represent rotation 60, 120, 180, 240, 300 and 360 degrees clockwise around the center, respectively. 


\VA\/ | 
Figure 1. Regular hexagon. 


Define the binary operation o as a composition of functions in S, that is, V U, VES, UoV is that the 
first transforming V and then transforming U. Then (S, 0) is a TA-groupoid (see Table 1). 


Table 1. Cayley table on S = {8, G, G?, G?, G4, G>}. 


° (a) G C G G! G 
7) 2) G GC G Gt G 
G G GC G G# G ) 
G* GC? G G e2 2) G 
G3 G G# @ 0 G GC? 
G? G4 G 2) G G? G 
G G 2) G CG? G G# 


Example 2. Let S = [n, 2n] (real number interval, n is a natural number), V x, y¢S. Define the multiplication 
* by 
43 Sake ifxty<3n 
a x+y-2n, ifx+y>3n 


Then (S, *) is a TA-groupoid, since it satisfies (x * y)*z=x *(z*y),¥ x,y,z € S, the proof is as follows: 

Case 1:x+y+z—n<3n. It follows thaty+z<x+y+z—n<3nandx+y<x+y+z-—n<3n. 
Then (x *y)*z=(xt+y—n)*z=x+y+z—-2n=x*(z+y—-n)=x*(z*y). 

Case2:x+y+z-—n>3n,y+z<3nandx+y <3n. Then(x* y)*z=(x+y—n)*c=x+yt+z-3n= 
x*(z+y—-n)=x*(z*y). 

Case 3:x +y¥+z—n>3n,y+Zzs 3nand x + y > 3n. It follows thatx +y+z—-2n<x+3n—-—2n=x+n 
< 3n. Then (x *y)*z=(x+y—2n)*c=x+y+z-3n=x*(z+y-n=x*(z*y). 

Case 4:x+y+z—-—n>3n,y+z>3nandx+y<3n. It follows thatx+y+z—-—2n<3n+c-2n=z+ 
n <3n. Then (x*y) *z=(x+y—n)*z=x+yt+z-3n=x*(z+y—2n)=x*(z*y). 

Case 5: x +y+z—-n > 3n,y+z>3nandx+y>3n. Whenx +y+c—2n< 3n, (x*y)*z=(x+y—-2n) 
*“z=xty+z—3n=x*(z+y—2n)=x*(z*y); Whenx+y+z—-2n > 3n,(x*y)*z=(xt+y—2n)*zZ=x+ 
y+z—-4n=x*(z+y-2n)=x"*(z*y). 
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Example 3. Let 


ee HO og ‘at 1 bor bcs 1 0 f 0 
= 6 6 : x is a integralnumber o illo If 


a 0 Neo 1 0 1 0 ‘ ay 
Denote s1={( 0 0 I a ssntegrabnumber}, s9={( 014 } ( 4 )} Define the operation * on 


S:V x, yES, (1) if xe S or ye S14, x*y is common matrix multiplication; (2) if xe Sp and yeSo, x*y = ( : : } 


Then (S, *) is a TA-groupoid. In fact, we can verify that (x*y)*z = x* (z*y) V x, y, z€S, since 
(i) if x, y, z€S1, by the definition of operation * we can get (x*y)*z = x* (y*z) =x" (z*y); 


(ii) if x, y, Z€ S2, then (x*y)*z = : : = x* (z*y), by (2) in the definition of operation *; 

(iii) if xe So, y, ZE $1, then (x*y)*z = y*z = z*y = x* (z*y), by (1) in the definition of operation *; 
(tv) if xE S2, YE S2, ZE Sy, then (x*y)* | ; : he = z= 2z*y = x* (z*y), by the definition of operation *; 
(v) if xe So, YE $1, ZE So, then (x*y)*z = y*z = y = z*y = x* (z*y), by the definition of operation *; 

(vi) if xe Sy, YE Sz, ZE Sy, then (x*y)*z = x*z = x* (z*y), by (1) in the definition of operation *; 

(vii) if xe Sy, YE $1, ZE So, then (x*y)*z = x*y = x* (z*y), by (1) in the definition of operation *; 


(vii) if xeS4, yeSp, 2€Sp, then (x*y)*2 = x*z =x = | me = x* (2*y), by (1) and (2) in the definition of 


operation *. 


Example 4. Table 2 shows the non-commutative TA-groupoid of order 5. Since (b* a)*b #b* (a* b), (a* b)*b 
# (b*b) * a, so (S, *) is not a semigroup, and it is not an AG-groupoid. 


Table 2. Cayley table on S = {a, b, c, d, e}. 


* a b Cc d e 
a a a a a a 
b d d c c b 
c d Cc c Cc Cc 
d d d c c Cc 
e d Cc Cc c e 


From the following example, we know that there exists TA-groupoid which is a non- commutative 
semigroup, moreover, we can generate some semirings from a TA-groupoid. 


Example 5. As shown in Table 3, put S ={s, t, u, v, w}, and define the operations * on S. Then we can verify 
through MATLAB that (S, *) is a TA-groupoid, and (S, *) is a semigroup. 


Table 3. Cayley table on S = {s, t, u, v, w}. 


‘ s t u v 


g 


me~e nn +N 
Sere 4w 
en HD Se NH 


Sagxsua 
enn +N 
Saget an 


117 


Symmetry 2020, 12,714 


Now, define the operation + on S as Table 4 (or Table 5), then (¥m,n, peS) (m+n)*p=m*p+n*pand 
(S; +, *) is a semiring (see [27]). 


Table 4. A Commutative semigroup (S, +). 


+ s t u 0 w 
s Ss t u u Ww 
t t Ss w w u 
u u w u u w 
0 u w u u w 
w w u w u 


+ s t u 0 w 
s S t u 0 w 
t t t w w w 
u u w u u w 
0 v w u u w 
w w w w w w 


Proposition 4. (1) If (S, *) is a commutative semigroup, then (S, *) is a TA-groupoid. (2) Let (S, *) be a 
commutative TA-groupoid. Then (S, *) is a commutative semigroup. 


Proof. It is easy to verify from the definitions. O 


4. Various Properties of Tarski Associative Groupoids (TA-Groupoids) 


In this section, we discussed the basic properties of TA-groupoids, gave some typical examples, 
and established its relationships with CA-AG-groupoids and semigroups (see Figure 2). Furthermore, 
we discussed the cancellative and direct product properties that are important for exploring the 
structure of TA-groupoids. 


Commutative 
Semigroup 


TA-groupoid 


Figure 2. The relationships among some algebraic systems. 


Proposition 5. Let (S, *) be a TA-groupoid. Then ¥ m,n, p,1, 8, t €S: 


(1) (m*n) *(p*r) = (m*r)*(p*n); 
(2) ((m*n)*(p*r))*(s*t) = (m*r)*((s*t)*(p*n)). 
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Proof. (1) Assume that (S, *) is a TA-groupoid, then for any m,n, p, r € S, by Definition 6, we have 
(m*n)*(p*r)=m*((p*r)*n)=m*(p*(n*r)) =(m*(n*1))*p = ((m *r) *n) *p=(m *r)*(p*n). 
(2) For any m,n, p, 1, 8, t €S, by Definition 6, we have 
((m*n)* (p *1r)) *(s *t) =(m *n) * (s * t) * (p * 1) = (m * n) * ((s * 1) * (p * t)) = ((m * n) * (p * t)) * (s * 1) 


= ((m*n)*r)*(s* (p*t)) = ((m*n) *r)*((s*t) *p) = ((m*n) *p)*((s*t) *r) 
= (m*(p*n))*((s*t)*r) = (m*r)*((s*t)*(p*n)). O 


Theorem 1. Assume that (S, *) is a TA-groupoid. 


(1) If deeS such that (VacS) e*a=a, then (S, *) is a commutative semigroup. 

(2) IfecS isa left identity element in S, then e is an identity element in S. 

(3) IfS isa right commutative CA-groupoid, then S is an AG-groupoid. 

(4) IfS isa right commutative CA-groupoid, then S is a left commutative CA-groupoid. 
(5) IfS isa left commutative CA-groupoid, then S is a right commutative CA-groupoid. 
(6) IfS isa left commutative CA-groupoid, then S is an AG-groupoid. 

(7) If S isa left commutative semigroup, then S is a CA-groupoid. 


Proof. It is easy to verify from the definitions, and the proof is omitted. 0 


From the following example, we know that a right identity element in S may be not an identity 
element in S. 


Example 6. TA-groupoid of order 6 is given in Table 6, and eg is a right identity element in S, but eg is not a left 
identity element in S. 


Table 6. Cayley table on S = {e1, e2, €3, €4, 5, 6}. 


ey e2 e3 e4 es 6 
e1 e1 e e1 el el e1 
e2 eo eo 2 2 eo e2 
3 e7 ey e4 6 e7 e3 
e4 e1 e1 &6 &3 e1 e4 
&5 €2 €2 &5 e5 €2 €5 
&6 e1 ey &%3 e4 e1 &6 


By Theorem 1 (1) and (2) we know that the left identity element in a TA-groupoid is unique. 
But the following example shows that the right identity element in a TA-groupoid may be not unique. 


Example 7. The following non-commutative TA-groupoid of order 5 given in Table 7. Moreover, x1 and x2 are 
right identity elements in S. 


Table 7. Cayley table on S = {x1, x2, X3, X4, X5}. 


‘Z x1 x2 x3 x4 x5 
x1 x71 x7 x3 x3 x5 
x2 x2 x2 x4 x4 x5 
x3 x3 x3 xy xy x5 
x4 X4 X4 x2 X92 x5 
x5 x5 x5 X5 x5 x5 
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Theorem 2. Let (S, *) be a TA-groupoid. 


(1) I[fS isa left commutative AG-groupoid, then S is a CA-groupoid. 

(2) IfS isa left commutative AG-groupoid, then S is a right commutative TA-groupoid. 
(3) If S isa right commutative AG-groupoid, then S is a left commutative TA-groupoid 
(4) IfS isa right commutative AG-groupoid, then S is a CA-groupoid. 

(5) IfS isa left commutative semigroup, then S is an AG-groupoid. 


Proof. It is easy to verify from the definitions, and the proof is omitted. 0 


Theorem 3. Let (S, *) be a groupoid. 


(1) IfS isa CA-AG-groupoid and a semigroup, then S is a TA-groupoid. 

(2) IfS isa CA-AG-groupoid and a TA-groupoid, then S is a semigroup. 

(3) IfS isa semigroup, TA-groupoid and CA-groupoid, then S is an AG-groupoid. 
(4) IfS isa semigroup, TA-groupoid and AG-groupoid, S is a CA-groupoid. 


Proof. (1) If (S, *) isa CA-AG-groupoid and a semigroup, then by Definition 2, V a, b, ccS: 
b*(c*a)=c* (a*b) =(c*a)*b=(b*a)*c. 


It follows that (S, *) is a TA-groupoid by Definition 6. 
(2) Assume that (S, *) is a CA-AG-groupoid and a TA-groupoid, by Definition 2, V a, b, ceS: 


a*(b*c)=c*(a*b) =(c*b)*a=(a*b) *c. 


This means that (S, *) is a semigroup. 
(3) Assume that (S, *) is a semigroup, TA-groupoid and CA-groupoid. Then, we have (V a, b, c€S): 


(a*b)*c=a*(b*c)=c*(a*b) =(c*b)*a. 


Thus, (S, *) is an AG-groupoid. 
(4) Suppose that (S, *) is a semigroup, TA-groupoid and AG-groupoid. V a, b, ceS: 


c*(b*a)=(c*b)*a=(a*b)*c=a*(c*b). 
That is, (S, *) is a CA-groupoid by Definition 3. 0 


Example 8. Put S = {e, f, g, h, i}. The operation * is defined on S in Table 8. We can get that (S, *) is a 
CA-AG-groupoid. But (S, *) is not a TA-groupoid, due to the fact that (i *h) *i#i* (i*h). Moreover, (S, *) is 
not a semigroup, because (i *i)*i #i* (i*i). 


Table 8. Cayley table on S = {e, f, g, h, i}. 


ig e f g h i 
e e e e e e 
f e e e e e 
g e e e e f 
h e e e e f 
i e e e g h 


From Proposition 4, Theorems 1-3, Examples 4-5 and Example 8, we get the relationships among 
TA-groupoids and its closely linked algebraic systems, as shown in Figure 2. 


120 


Symmetry 2020, 12,714 


Theorem 4. Let (S, *) be a TA-groupoid. 


(1) Every left cancellative element in S is right cancellative element; 

(2) if x, y€S and they are left cancellative elements, then x*y is a left cancellative element; 
(3) if x is left cancellative and y is right cancellative, then x*y is left cancellative; 

(4) if x*y is right cancellative, then y is right cancellative; 

(5) If for allaeS, a? =a, then it is associative. That is, S is a band. 


Proof. (1) Suppose that x is a left cancellative element in S. If (Vp, q €S) p*x = q*x, then: 


x*(x*(x%p)) = (x*(x%p))*x = ((x%p)*x)*x = (x%p)*(x*x) 
= x"((x"x)*p) = x*(x"(p*x)) = x*(x*(q*x)) 
= x"((x*x)*q) = (x%q)*(x*x) = ((x*q)*x)*x 
= (x*(x%q))*x = x*(x*(x%q)). 
From this, applying left cancellability, x*(x*p) = x*(x*q). From this, applying left cancellability two 
times, we get that p= q. Therefore, x is right cancellative. 
(2) If x and y are left cancellative, and (Vp, q€S) (x*y)*p = (x*y)*q, there are: 
x*(x*(y*p)) = x*((x*p)*y) = (x*y)*(x*p) 
= (x*p)*(x*y) (by Proposition 5 (1)) 
= x((x*y)*p) = x((xy)*p) = x((xy)*q) = x((x*y)*q) 
= (x*q)*(x*y) = (x*y)*(x*q) = x*((x*q)*y) 
= x *(x*(y*q)). 
Applying the left cancellation property of x, we have y*p = y*q. Moreover, since y is left cancellative, 
we can get that p = q. Therefore, x*y is left cancellative. 


(3) Suppose that x is left cancellative and y is right cancellative. If (Vp, q€eS) (x*y)*p = (x*y)*q, 
there are: 
apy) = (0*y)"p = (x"y)"q = X"(q"y). 


Applying the left cancellation property of x, we have p*y = q*y. Moreover, since y is right 
cancellative, we can get that p = q. Therefore, x*y is left cancellative. 


(4) If x*y is right cancellative, and p*y = q*y, p, q€S, there are: 
p*(x*y) = (p*y)*x a (q*y)*x ea q*(x*y). 


Applying the right cancellation property of x*y, we have p = q. Hence, we get that y is 
right cancellative. O 


(5) Assume that for all a€S, a2=a. Then, V 1, s, t€S, 


r*(s*t) = (r*(s*t))*(r*(s*t)) = 1*((r*(s*t))*(s*t)) (1) 
= r*(r*((s*t)*(s*t))) = r*(r*(s*t)). 
Similarly, according to (1) we can get r*(t*s) = r*(r*(t*s)). And, by Proposition 5 (1), we have 


r*(r*(s*t)) = r*((r*t)*s) = (r*8)*(r*t) = (r*t)*(r*s) 
= r*((r*s)*t) = r*(r*(t*s)). 
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Combining the results above, we get that r*(s*t) = r*(r*(s*t)) = r*(r*(t*s)) = r*(t*s). Moreover, by 
Definition 6, (r*s)*t = r*(t*s). Thus 
(r*s)*t = r*(t*s) = r*(s*t). 


This means that S is a semigroup, and for all acS, a? =a. 
Therefore, we get that S is a band. O 


Example 9. TA-groupoid of order 4, given in Table 9. It is easy to verify that (S, *) is a band, due to the fact that 
x*x=x,y*y=yzZ*zZ=Z,u*Uu=U. 


Table 9. Cayley table on S = {x, y, z, u}. 


< x y Zz u 
x x x x x 
y y y 7 y 
Zz u u Z u 
u u u u u 


Definition 7. Assume that (S71, *;) and (Sz, *2) are TA-groupoids, S1xSz = {(a, b)\acS1, beSo}. Define the 
operation * on S1 X Sp as follows: 


(a1, Az) * (by, by) = (ay*1 by, Az*2b2), for any (a1, az), (by, b2)€S1XSp. 
Then (S1XSo, *) is called the direct product of (Sy, *1) and (S2, *). 
Theorem 5. [f (51, *;) and (So, *) are TA-groupoids, then their direct product (S1 X S2, *) isa TA-groupoid. 


Proof. Assume that (41, a2), (by, b2), (C1, C2)€S1 X So. Since 


((a1, a2) * ((b1, b2)) * (C1, C2) = (41 *1 01, az *2 br) * (C1, €2) 
= ((a *1 b1)*101, (42 *2 b2)*2 €2) = (41 “1 (C1 *1 01), a2 *2 (C2 *2 b2)) 
= (41, 42) * (cy *1 by, C2*2 bz) = (41, a2) * ((C1, C2) * (61, b2)). 


Hence, (5; X S9, *) is a TA-groupoid. O 


Theorem 6. Let (S1, * 1) and (S2, * 9) be two TA-groupoids, if x and y are cancellative (x €S1, y €S>), then (x, 
y) €S1 XSz is cancellative. 


Proof. Using Theorem 5, we can get that S; x Sy is a TA-groupoid. Moreover, for any (81, $2), (t1, t2) € 
S1 X So, if (x, y) * (S1, 82) = (x, y) * (t1, tz), there are: 


(xS1, YS2) = (xt, yto) 
X81 = Xt, YS2 = Ylo, 


Since x and y are cancellative, so s1 = t1, $y = ty, and (s1, 82) = (t, fz). 
Therefore, (x, y) is cancellative. 0 


5. Tarski Associative Neutrosophic Extended Triplet Groupoids (TA-NET-Groupoids) and Weak 
Commutative TA-NET-Groupoids (WC-TA-NET-Groupoids) 


In this section, we first propose a new concept of TA-NET-groupoids and discuss its basic 
properties. Next, this section will discuss an important kind of TA-NET-groupoids, called weak 
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commutative TA-NET-groupoids (WC-TA-NET-groupoids). In particular, we proved some well-known 
properties of WC-TA-NET-groupoids. 


Definition 8. Let (S, *) be a neutrosophic extended triplet set. If 
(1) (S, *) is well-defined, that is, (Vx, yeS) x*y € S; 
(2) (5S, *) is Tarski associative, that is, for any x, y, z €S (x*y)*z = x*(z*y). 


Then (S, *) is called a Tarski associative neutrosophic extended triplet groupoid (or TA-NET-groupoid). A 
TA-NET-groupoid (S, *) is called to be commutative, if (V x, y € S) x*y = y*x. 


According to the definition of the TA-NET-groupoid, element a may have multiple neutral 
elements neut(a). We tried using the MATLAB math tools to find an example showing that an element's 
neutral element is not unique. Unfortunately, we did not find this example. This leads us to consider 
another possibility: every element in a TA-NET-groupoid has a unique neutral element? Fortunately, 
we successfully proved that this conjecture is correct. 


Theorem 7. Let (S, *) be a TA-NET-groupoid. Then the local unit element neut(a) is unique in S. 
Proof. For any aéS, if there exists s, t €{neut(a)}, then J m, néS there are: 


a*s=s*a=aanda*m=m*a=s;a*t=t*a=aanda*n=n*a=t. 


(1) s =t *s. Since 
s=a*m=(t*a)*m=t*(m*a)=t*s. 


(2) t=t*s. Since 
t=n*a=n"*(s*a)=(n*a)*s=t*s. 


Hence s = t and neut(a) is unique for any a¢S. O 


Remark 1. For element a in TA-NET-groupoid (S, *), although neut(a) is unique, we know from Example 10 
that anti(a) may be not unique. 


Example 10. TA-NET-groupoid of order 6, given in Table 10. While neut(A) = A, fanti(A)} ={A,T, L, 9, K}. 
Table 10. Cayley table on S = {A,T, I, 8, K, A}. 


= A K 


PR ora 
rPeobRbREE 
rR oHADI A 
roeoARrxHe]s™ 
PHA ee] © 
PI oA 
rPeoRbRPEE| pS 


Theorem 8. Let (S, *) be a TA-NET-groupoid. Then V x€S: 


(1)  neut(x) *neut(x) = neut(x); 
(2) neut(neut(x)) = neut(x); 
(3) anti(neut(x))e {anti(neut(x))}, x = anti(neut(x)) *x. 


Proof. (1) For any x€S, according to x*anti(x) = anti(x)*x = neut(x), we have 


neut(x)*neut(x) = neut(x)*((anti(x)*x) = (neut(x)*x)*anti(x) = x*(anti(x)) = neut(x). 
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(2) ¥xeS, by the definition of neut(neut(x)), there are: 
neut(neut(x))*neut(x) = neut(x)*neut(neut(x)) = neut(x). 
Thus, 


neut(neut(x))*x = neut(neut(x))*(x*neut(x)) = (neut(neut(x))*neut(x))*x = neut(x)*x = x; 
x*neut(neut(x)) = (x*neut(x))*neut(neut(x)) = x*(neut(neut(x))*neut(x)) = x*neut(x) = x. 


Moreover, we can get: 
anti(neut(x))*neut(x) = neut(x)*anti(neut(x)) = neut(neut(x)). 
Then, 


(anti(neut(x))*anti(x))*x = anti(neut(x))* (x*anti(x)) = anti(neut(x))*neut(x) = neut(neut(x)); 
x*(anti(neut(x))*anti(x)) = (x*anti(x))*anti(neut(x)) = neut(x)*anti(neut(x)) = neut(neut(x)). 


Combining the results above, we get 


neut(neut(x))*x = x*neut(neut(x)) = x; 
(anti(neut(x))*anti(x))*x = x*(anti(neut(x))*anti(x)) = neut(neut(x)). 


This means that neut(neut(x)) is a neutral element of x (see Definition 4). Applying Theorem 6, we 
get that neut(neut(x)) = neut(x). 


(3) For all xeS, using Definition 8 and above (2), 


anti(neut(x))*x = anti(neut(x))*(x*(neut(x))) = (anti(neut(x))*neut(x))*x 
= neut(neut(x))*x = neut(x)*x = x. 


Thus, anti(neut(x))*x =x. 0 


Example 11. TA-NET-groupoid of order 4, given in Table 11. And neut(a) = a, neut(B) = B, neut(6) = 6, 
fanti(a)} = {a, 6, e}. While anti(a) = 6, neut(anti(a)) = neut(d) = 6 # a = neut(a). 


Table 11. Cayley table on S = {a, B, 6, €}. 


- a B Fa 
a a a a a 
p B B B B 
6 a a to) ) 
Fa a a to) E 


Theorem 9. Let (S, *) be a TA-NET-groupoid. Then V xe S, ¥ m, nefanti(a)}, V anti(a)€f{anti(a)}: 


(1) m*(neut(x)) = neut(x)*n; 

(2)  anti(neut(x))*anti(x)€fanti(x)}; 

(3)  neut(x)*anti(n) = x*neut(n); 

(4) neut(m)*neut(x) = neut(x)*neut(m) = neut(x); 
(5) (n*(neut(x))*x = x*(neut(x)*n) = neut(x); 


(6) neut(n)*x = x. 
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Proof. (1) By the definition of neutral and opposite element (see Definition 4), applying Theorem 6, 
there are: 


(2) By Theorem 7(2), there are: 


m*x = x*m = neut(x), n*x = x*n = neut(x). 
m*(neut(x)) = m*(n*x) = (m*x)*n = neut(x)*n. 
x*lanti(neut(x))*anti(x)] = [x*(anti(x))]*anti(neut(x)) = neut(x)*anti(neut(x)) 
= neut(neut(x)) = neut(x). 
[anti(neut(x))*anti(x)]*x = anti(neut(x))*[x*(anti(x)] =anti(neut(x))*neut(x) 
= neut(neut(x)) = neut(x). 


Thus, anti(neut(x))*anti(x)€{anti(x)}. 


(3) For any xeS, ne{anti(a)}, by x*n = n*x = neut(x) and n*anti(n) = anti(n)*n = neut(n), we get 
x*neut(n) = x*[anti(n)*n] = (x*n)*anti(n) = neut(x)*anti(n). 


This shows that neut(x)*anti(n) = x*neut(n). 


(4) For any x€S, me{anti(x)}, by x*m = m*x = neut(x) and anti(m)*m = m*anti(m) = neut(m), there are: 


neut(m)*neut(x) = neut(m)*(x*m) = (neut(m)*m)*x = m*x = neut(x). 
neut(x)*neut(m) = neut(x)*[m*(anti(m))] = [neut(x)*anti(m)]*m. 


Applying (3), there are: 
neut(x)*neut(m) = [neut(x)*anti(m)]*m = [x*(neut(m))]*m = x*(m*(neut(m)) = x*m= neut(x). 


That is, 
neut(m)*neut(x) = neut(x)*neut(m) = neut(x). 


(5) By x*n = n*x = neut(x), there are: 


[n*(neut(x))]*x = n*(x*(neut(x))) = n*x = neut(x). 
x*[neut(x)*n] = (x*n)*(neut(x)) = neut(x)*neut(x) = neut(x). 


Thus, [1*(neut(x))]*x = x*[neut(x)*n] = neut(x). 


(6) For any xeS, nefanti(x)}, by x*n = n*x = neut(x), 
neut(n)*x = neut(n)*[x*(neut(x))] = [neut(n)*neut(x) ]*x. 
From this, applying (4), there are: 
neut(n)*x = [neut(n)*neut(x)]*x = neut(x)*x = x. 
Hence, neut(n)*x = x. O 


Proposition 6. Let (S, *) be a TA-NET-groupoid. Then V x, y, z €S: 


(1) y*x =z*x, implies neut(x)*y = neut(x)*z; 
(2) y*x =z*x, ifand only if y*neut(x) = z*neut(x). 
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Proof. (1) For any x, yéS, if y*x = z*x, then anti(x)*(y*x) = anti(x)*(z*x). By Definition 6 and Definition 8 


there are: 
anti(x)*(y*x) = (anti(x)*x)*y = neut(x)*y; 
anti(x)*(z*x) = (anti(x)*x)*z = neut(x)*z. 


Thus neut(x)*y = anti(x)*(y*x) = anti(x)*(z*x) = neut(x)*z. 


(2) For any x, yéS, if y*x = z*x, then (y*x)*anti(x) = (z*x)*anti(x). Since 
(y*x)*anti(x) = y*(anti(x)*x) = y*neut(x); (z*x)*anti(x) = z*(anti(x)*x) = z*neut(x). 


It follows that y*neut(x) = z*neut(x). This means that y*x = z*x implies y*neut(x) = z*neut(x). 
Conversely, if y*neut(x) = z*neut(x), then (y*neut(x))*x = (z*neut(x))*x. Since 


(y*neut(x))*x = y*(x*neut(x)) = y*x; (z*neut(x))*x = z*(x*neut(x)) = z*x. 
Thus, y*x = z*x. Hence, y*neut(x) = z*neut(x) implies y*x = z*x. O 
Proposition 7. Suppose that (S, *) is a commutative TA-NET-groupoid. Vx, y€S: 
(1)  neut(x) * neut(y) = neut(x * y); 
(2) anti(x) * anti(y) € {anti(x * y)}. 
Proof. (1) For any x, y€S, since S is commutative, so x * y = y* x. From this, by Proposition 5(1), we have 


(x*y)*(neut(x)*neut(y)) = (y*x)*(neut(x)*neut(y)) = (y*neut(y))*(neut(x)*x) = y*x = x*y; 
(neut(x)*neut(y))*(x*y) = (neut(x)*neut(y))*(y*x) = (neut(x)*x)*(y*(neut(y)) = x*y. 


Moreover, using Proposition 5(1), 


(anti(x)*anti(y))*(x*y) = (anti(x)*anti(y))*(y*x) = (anti(x)*x)*(y*anti(y)) = neut(x)*neut(y); 
(x*y)*(anti(x)*anti(y)) = (x*y)*(anti(y)*anti(x)) = (x*anti(x))*(anti(y)*y) = neut(x)*neut(y). 


This means that neut(x)*neut(y) is a neutral element of x*y (see Definition 4). Applying Theorem 6, 
we get that neut(x)*neut(y) = neut(x*y). 


(2) For any anti(x)€{anti(x)}, anti(y)€{anti(y)}, by the proof of (1) above, 
(anti(x)*anti(y))*(x*y) = (x*y)*(anti(x)*anti(y)) = neut(x)*neut(y). 
From this and applying (1), there are: 
(anti(x)*anti(y))*(x*y) = (x*y)*(anti(x)*anti(y)) = neut(x*y). 
Hence, anti(x)*anti(y) €{anti(x*y)}. 0 


Definition 9. Let (S, *) be a TA-NET-groupoid. If (Wx, yeS) x * neut(y) = neut(y) * x, then we said that S is a 
weak commutative TA-NET-groupoid (or WC-TA-NET-groupoid). 


Proposition 8. Let (S, *) be a TA-NET-groupoid. Then (S, *) is weak commutative © S satisfies the following 
conditions (Wx, yeS): 


(1) neut(x)*neut(y) = neut(y)*neut(x). 
(2) neut(x)*(neut(y)*x) = neut(x)*(x*neut(y)). 
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Proof. Assume that (S, *) is a weak commutative TA-NET-groupoid, using Definition 9, there are 
(Vx, yeS): 
neut(x)*neut(y) = neut(y)*neut(x), 
neut(x)*(neut(y)*x) = neut(x)*(x*neut(y)). 


In contrast, suppose that S satisfies the above conditions (1) and (2). there are(Vx, yeS): 


x*neut(y) = (neut(x)*x)*neut(y) = neut(x)*(neut(y)*x) = neut(x)*(x*neut(y))= 
(neut(x)*neut(y))*x =(neut(y)*neut(x))*x = neut(y)*(x*neut(x)) = neut(y)*x. 


From Definition 9 and this we can get that (S, *) is a weak commutative TA-NET-groupoid. O 


Theorem 10. Assume that (S, *) is a weak commutative TA-NET-groupoid. Then V x, y€S: 


(1) neut(x)*neut(y) = neut(y*x); 
(2) anti(x)*anti(y) €fanti(y*x)}; 
(3) (Sis commutative) = (S is weak commutative). 


Proof. (1) By Proposition 5 (1)), there are: 


[neut(x)*neut(y)]*(y*x) = [neut(x)*x]*ly*neut(y)] = [neut(x)*x]*[neut(y)*y] = 
[neut(x)*y]*[neut(y)*x] = [y*neut(x)]*[x*neut(y)] = Ly*neut(y)]*[x*neut(x)] = y*x. 


And, (y*x)*[neut(x)*neut(y)] = [y*neut(y)]*[neut(x)*x] = y*x. That is, 
[neut(x)*neut(y)]*(y*x) = (y*x)*[neut(x)*neut(y)] = y*x. 
And that, there are: 


[anti(x)*anti(y)]*(y*x) = [anti(x)*x]*Ly*anti(y)] = neut(x)*neut(y); 
(y*x)*[anti(x)*anti(y)] = [y*anti(y)] * lanti(x)*x] = neut(y)*neut(x) = neut(x)*neut(y). 


That is, 
[anti(x)*anti(y)]*(y*x) = (y*x)*[anti(x)*anti(y)] = neut(x)*neut(y). 


Thus, combining the results above, we know that neut(x)*neut(y) is a neutral element of y*x. 
Applying Theorem 6, we get neut(x)*neut(y) = neut(y*x). 


(2) Using (1) and the following result (see the proof of (1)) 
[anti(x)*anti(y)]*(y*x) = (y*x)*lanti(x)*anti(y)] = neut(x)*neut(y) 


we can get that anti(x)*anti(y)€{anti(y*x)}. 
(3) If S is commutative, then S is weak commutative. 


On the other hand, suppose that S is a TA-NET-groupoid and S is weak commutative. 
By Proposition 5 (1) and Definition 9, there are: 


x*y = (x*neut(x))*(y*neut(y)) = (x*neut(y))*(y*neut(x)) = (neut(y)*x)*(neut(x)*y) 
= (neut(y)*y)*(neut(x)*x) = y*x. 


Therefore, S is a commutative TA-NET-groupoid. 0 
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6. Decomposition Theorem of TA-NET-Groupoids 


This section generalizes the well-known Clifford’s theorem in semigroup to TA-NET-groupoid, 
which is very exciting. 


Theorem 11. Let (S, *) be a TA-NET-groupoid. Then for any x €S, and all m €{anti(a)}: 


(1) neut(x)*mefanti(x)}; 

(2) m*neut(x) = (neut(x)*m)*neut(x); 
(3)  neut(x)*m = (neut(x)*m)*neut(x); 
(4) m*neut(x) = neut(x)*m; 

(5)  neut(m*(neut(x))) = neut(x). 


Proof. (1) For any x€S, me{anti(x)}, we have m*x = x*m = neut(x). Then, by Definition 6, Theorem 7 (1) 
and Proposition 5 (1), there are: 


x*[neut(x)*m] = (x*m)*neut(x) = neut(x)*neut(x) = neut(x); 
[neut(x)*m]*x = [neut(x)*m]*[x*neut(x)] = [neut(x)*neut(x)]*(x*m) = [neut(x)*neut(x)]*neut(x) = neut(x). 


This means that neut(x)*me€{anti(x)}. 


(2) If xeS, me{anti(x)}, then m*x = x*m = neut(x). Applying (1) and Theorem 8 (1), 
m*neut(x) = neut(x)*[neut(x)*m]. 
On the other hand, using Theorem 7 (1) and Proposition 5 (1), there are: 
neut(x)*[neut(x)*m] = (neut(x)*neut(x))*[neut(x)*m] = [neut(x)*m]*[neut(x)*neut(x)] = [neut(x)*m]*neut(x). 


Combining two equations above, we get m*neut(x) = (neut(x)*m)*neut(x). 


(3) Assume that me€{anti(x)}, then x*m = m*x = neut(x) and m*neut(m) = neut(m)*m = m. 
By Theorem 7 (1), Proposition 5 (1) and Theorem 8 (4), there are: 


neut(x)*m = [neut(x)*neut(x)]*(neut(m)*m) = (neut(x)*m)[neut(m)*neut(x)] = (neut(x)*m)*neut(x). 


That is, neut(x)*m = (neut(x)*m)*neut(x). 
(4) It follows from (2) and (3). 


(5) Assume me{anti(x)}, then x*m = m*x = neut(x). Denote t = m*neut(x). We prove the 
following equations, 
t*neut(x) = neut(x)*t = t; t*x = x*t = neut(x). 


By (3) and (4), there are: 
t*neut(x) = (m*neut(x))*neut(x) = (neut(x)*m)*neut(x) = neut(x)*m = m*neut(x) = t. 
Using Definition 6, Theorem 7 (1) and Theorem 8 (1), there are: 


neut(x)*t = neut(x)*[m*(neut(x))] = (neut(x)*neut(x))*m = neut(x)*m = m*neut(x) = t. 
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Moreover, applying Proposition 5 (1), Theorem 7 (1) and Definition 6, there are: 


t*x = [m*(neut(x))]*x = [m*neut(x)] * (neut(x)*x) = (m*x)*[neut(x)*neut(x)] 
= neut(x)*[neut(x)*neut(x)] = neut(x). 
x*t = x*[m*(neut(x))] = [x*neut(x)]*m = x*m = neut(x). 


Thus, 
t*neut(x) = neut(x)*t = t; t*x = x*t = neut(x). 
By the definition of neutral element and Theorem 6, we get that neut(x) is the neutral element of t 


= m*neut(x). This means that neut(m*(neut(x))) = neut(x). O 


Theorem 12. Let (S, *) be a TA-NET-groupoid. Then the product of idempotents is still idempotent. That is for 
any Yr, Y2 €S, (Yr * y2) * (Yr * Yo) = Yr * Yo. 


Proof. Assume that y7, y2 €S and (y1*y1 = 71, Y2*Y2 = Y2), then: 


(y1*Y2)*(y1*Y2) = yr 1 (Y1*Y2)*yol = yr "lyr *(y2*y2)] = y1*(y1*y2). 
From this, applying Definition 4 and Definition 6, 


Y1"Y2 = [neut(yz*y2)]*(y1*y2) = Lanti(ys *y2)*(y1*y2)I*(y1*y2) = anti(yz*Y2)*T(y1*y2) "(1 *Y2)] 
= anti(yz*Y2)*[y1*(y1*y2)] (By (y1*Y2)*(y1*Y2) = y1*(y1*y2)) 
= [anti(y,*y2)*(y1*y2)]*y1 = neut(y1*y2)*y1. 


Thus, 
(y1*Y2) "(yr Ya) = yr *(Y1*Y2) = (Yr *Y2)*Y1 
= [neut(yy*y2)*yi]"y1 (By y1*y2 = [neut(y1*y2)]*y1) 
= neut(y*y2)*(y1"y1) = neut(y1*y2)*y1 = y1"Y2. 


This means that the product of idempotents is still idempotent. 0 


Example 12. TA-NET-groupoid of order 4, given in Table 12, and the product of any two idempotent 
elements is still idempotent, due to the fact that, 


(z1* Z)*(Zy* Z2) = 24" Z2, (Z1* 23)*(Zy* 23) = Z1* 23, (Z1* 24) * (Zy* Zg) = 2” Za, 
(Z2* Z3)*(Z* Z3) = Z2* 23, (Z2* Z4)*(Z2* Z4) = Z2* Za, (Z3* Z4)*(Z3* Z4) = Z3* Za. 


Table 12. Cayley table on S = {27, Z2, 23, Z4}. 


sg Z1 Z2 23 Z4 
Z1 Z1 Z1 ZI Z4 
Z2 Z2 Z2 Z2 Z4 
23 Z] 21 23 24 
Z4 Z4 Z4 Z4 Z4 


Theorem 13. Let (S, *) be a TA-NET-groupoid. Denote E(S) be the set of all different neutral element in S, 
S(e) = {a€S| neut(a) = e} (V ecE(S)). Then: 


(1) S(e) is asubgroup of S. 
(2) for any ey, e2€E(S), e; #2 > S(e1) N S(ez) = 0. 
(3) S = Ucexs)5(e). 
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Proof. (1) For any me S(e), neut(m) = e. That is, e is an identity element in S(e). And, using Theorem 7 
(1), we get e *e=e. 
Assume that m, neS(e), then neut(m) = neut(n) = e. We’re going to prove that neut(m*n) = e. 
Applying Definition 6, Proposition 5 (1), 


(m*n)*e = m*(e*n) = m*n; 
e*(m*n) = (e*e)*(m*n) = (e*n)*(m*e) = (e*n)*m 
= (e*n)*(e*m) = (e*m)*(e*n) = m*n. 


On the other hand, for any anti(m)e€{anti(m)}, anti(n)€{anti(n)}, by Proposition 5 (1), we have 


(m*n)*[anti(m)*anti(n)] = (m*anti(n))*(anti(m)*n) = [(m*anti(n))*n]*anti(m) 
= [m*(n*anti(n))]*anti(m) = (m*neut(n))*anti(m) = (m*e)*anti(m) 
= m*anti(m) = neut(m) = e. 
lanti(m)*anti(n)]*(m*n) = [anti(m)*n]*[m*anti(n)] = anti(m)*[(m*anti(n))*n] 
= anti(m)* [m*(n*anti(n))] = anti(m)*(m*neut(n)) = anti(m)*(m*e) 
= anti(m)*m = neut(m) = e. 


From this, using Theorem 6 and Definition 4, we know that neut(m*n) = e. Therefore, m*n¢S(e), 
i.e., (S(e), *) is a sub groupoid. 

Moreover, VY meS(e), AqgeS such that qe{anti(m)}. Applying Theorem 10 (1)(2)(3), q*neut(m) € 
{anti(m)}; and applying Theorem 10 (5), neut(q*neut(m)) = neut(m). 

Put ¢t = q*neut(m), we get 


t = q*neut(m)e{anti(m)}, 
neut(t) = neut(q*neut(m)) = neut(m) = e. 


Thus té{anti(m)}, neut(t) = e, i.e., teS(e) and t is the inverse element of m in S(e). 
Hence, (S(e), *) is a subgroup of S. 


(2) Let xeS(e7) N S(e2) and ey, e2€E(S). We have neut(x) = e1, neut(x) = e9. Using Theorem 6, e; = ep. 
Therefore, e7 # €2 > S(e1) N S(e2) = O. 


(3) For any x¢S, there exists neut(x)€S. Denote e = neut(x), then e€E(S) and x€S(e). 
This means that S = Upeg(s)S(e). O 


Example 13. Table 13 represents a TA-NET-groupoid of order 5. And, 
neut(m,) = m4, anti(m,) = m1; neut(m7) = m3, anti(my) = mp; 


neut(m3) = m3, anti(m3) = {m3, ms}; neut(mg) = mg, anti(mg) = m4; neut(ms) = ms, anti(ms) = ms. 


Table 13. Cayley table on S = {m1, m2, m3, m4, m5}. 


my m7 m3 m4 ms 
my m4 m4 my my my 
m2 m3 m3 m2 m2 m2 
m3 my my m3 m3 m3 
m4 my my m4 m4 m4 
m5 m2 m2 m3 m3 m5 


Denote S; = {m1, mg}, Sz = {m2, m3}, S3 ={ms5]}, then S1, Sz and S3 are subgroup of S,and S = S; U So 
US3, $514 N S27 = 0,5, NS3 =0,5.N $3 =90. 
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Example 14. Table 14 represents a TA-NET-groupoid of order 5. And, 


neut(x) = x, anti(x) = x; neut(y) = y, {anti(y)} = {y, v}; 
neut(z) = y, {anti(z)} = {z, v}; neut(u) = u, fanti(u)} = ly, z, u, v}; neut(v) = v, anti(v) = v. 


Denote S1 = {x}, Sp = fy, z}, S3 = {ul}, Sa = {ov}, then S1, So, S3 and S4 are subgroup of S, and 
S =S;, US) US3 U S4, $1 1 So = 0, 54 N $3 = 0,5, NS, = 0, 527NS3 =0,52NS,=0,53NS,=90. 


Table 14. Cayley table on S = {x, y, z, u, 0}. 


a x y Zz u v 
x x x x x x 
y u y Zz u y 
Zz u Z y u Zz 
u u u u u u 
v u y Z u v 


Open Problem. Are there some TA-NET-groupoids which are not semigroups? 


7. Conclusions 


In this study, we introduce the new notions of TA-groupoid, TA-NET-groupoid, discuss some 


fundamental characteristics of TA-groupoids and established their relations with some related algebraic 
systems (see Figure 2), and prove a decomposition theorem of TA-NET-groupoid (see Theorem 13). 
Studies have shown that TA-groupoids have important research value, provide methods for studying 


other non-associated algebraic structures, and provide new ideas for solving algebraic problems. 


This study obtains some important results: 


(7) 


The concepts of commutative semigroup and commutative TA-groupoid are equivalent. 

Every TA-groupoid with left identity element is a monoid. 

A TA-groupoid is a band if each element is idempotent (see Theorem 4 and Example 9). 

In a Tarski associative neutrosophic extended triplet groupoid (TA-NET-groupoid), the local unit 
element neut(a) is unique (see Theorem 7). 

The concepts of commutative TA-groupoid and WC-TA-groupoid are equivalent. 

In a TA-NET-groupoid, the product of two idempotent elements is still idempotent (see Theorem 
12 and Example 12). 

Every TA-NET-groupoid is factorable (see Theorem 13 and Example 13-14). 


Those results are of great significance to study the structural characteristics of TA-groupoids and 


TA-NET-groupoids. As the next research topic, we will study the Green relations on TA-groupoids and 


some relationships among related algebraic systems (see [23,25,28]). 
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Abstract: Neutrosophic components (NC) under addition and product form different algebraic 
structures over different intervals. In this paper authors for the first time define the usual product 
and sum operations on NC. Here four different NC are defined using the four different intervals: 
(0, 1), [0, 1), (0, 1] and [0, 1]. In the neutrosophic components we assume the truth value or the false 
value or the indeterminate value to be from the intervals (0, 1) or [0, 1) or (0, 1] or [0, 1]. All the 
operations defined on these neutrosophic components on the four intervals are symmetric. In all the 
four cases the NC collection happens to be a semigroup under product. All of them are torsion free 
semigroups or weakly torsion free semigroups. The NC defined on the interval [0, 1) happens to be 
a group under addition modulo 1. Further it is proved the NC defined on the interval [0, 1) is an 
infinite commutative ring under addition modulo 1 and usual product with infinite number of zero 
divisors and the ring has no unit element. We define multiset NC semigroup using the four intervals. 
Finally, we define n-multiplicity multiset NC semigroup for finite n and these two structures are 
semigroups under + modulo 1 and {M(S),+, x} and {n-M(S),+, x} are NC multiset semirings. 
Several interesting properties are discussed about these structures. 


Keywords: neutrosophic components (NC); NC semigroup; multiset NC; n-multiplicity; 
multiset NC semigroup; special zero divisors; torsion free semigroup; weakly torsion free semigroup; 
infinite commutative ring; group under addition modulo 1; infinite neutrosophic communicative 
ring; multiset NC semirings 


1. Introduction 


Semigroups play a vital role in algebraic structures [1-5] and they are applied in several fields 
and it is a generalization of groups, as all groups are semigroups and not vice versa. Neutrosophic sets 
proposed by Smarandache in [6] has become an interesting area of major research in recent days both 
in the area of algebraic structures [7-11] as well as in applications ranging from medical diagnosis 
to sentiment analysis [12,13]. The study of neutrosophic triplets happens to be a special form of 
neutrosophic sets. Extensive study in this direction have been carried out by several researchers 
in [8,14-17]. Here we are interested in the study of neutrosophic components (NC) over the intervals 
(0, 1), (0, 1], [0, 1) and [0, 1]. So far researchers have studied and applied NC only on the interval 
[0, 1] though they were basically defined by Smarandache [18] on all intervals. Further they have 
not studied them under the usual operation + and x. Here we venture to study NC on all the four 
intervals and obtain several interesting algebraic properties about them. 

Smarandache multiset semigroup studied in [19] is different from these semigroups. Further 
these multiset NC semigroups are also different from multi semigroups in [20] which deals with multi 
structures on semigroups. 
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Any algebraic structure becomes more efficient for application only when it enjoys some strong 
properties. In fact a set endowed with closed associative binary operation happens to be a semigroup. 
This semigroup structure does not yield many applications like algebraic codes or commutative rings 
or commutative semirings. Basically to have a vector space one needs at least the basic algebraic 
structure to be a group under addition. The same is true in case of algebraic codes. However none of 
the intervals [0, 1] or (0, 1) or (0, 1] can afford to have a group structure under +. One can not imagine 
of a group structure under product for no inverse element can be got for any element in these intervals. 
But when we consider the interval [0, 1) we see it is a group under addition modulo 1. 

In fact for any collection of NC which are triplets to have a stronger structure than a semigroup 
we need to have a strong structure on the interval over which it is built. That is why this paper studies 
the NC on the interval [0, 1). These commutative rings in [0, 1) can be used to built both algebraic 
codes on the NC for which we basically need these NC to be at least a commutative ring. With this 
motivation, we have developed this paper. 

This paper further proves that multiset NC built on the interval [0, 1) happens to be a commutative 
semiring paving way to build multiset NC algebraic codes and multiset neutrosophic algebraic codes 
which can be applied to cryptography with indeterminacy. 

The paper is organized as follows. Section one is introductory in nature. Section 2 recalls the 
basic concepts of partial order, torsion free semigroup and neutrosophic set. Section 3 introduces NC 
on the four intervals [0, 1], (0,1), [0, 1) and (0, 1] and mainly prove they are infinite NC semigroups 
which are torsion free. The new notion of weakly torsion free elements in a semigroup is introduced in 
this paper and it is proved that NC semigroups built on intervals [0, 1] and [0, 1) are weakly torsion 
free under usual product x. We further prove the NC built using the interval [0, 1) happens to be an 
infinite order commutative ring with infinite number of zero divisors and it has no unit. In Section 4 
we prove multiset NC built using these four intervals are multiset neutrosophic semigroups under 
usual product x. We prove only in case of [0, 1) the multiset NC is a ring with infinite number of zero 
divisors and in all the other interval, M(S) is a torsion free or weakly torsion free semigroup under x. 
Only in case of the interval [0, 1), M(S) is semigroup under modulo addition 1. In Section 5 we define 
n-multiplicity multiset NC on all the intervals and obtain several interesting properties. Discussions 
about this study are given in Section 6 and the final section gives conclusions and future research 
based on their structures. 


2. Basic Concepts 


In this section we introduce the basic concepts needed to make this paper a self contained one. 
We first recall the definition of partially ordered set. 


Definition 1. There exist some distinct elements a,b € S such that a < bora > b, and other distinct elements 
b,c € S such that neither b < c nor b > c, then we say (S, <) is a partially ordered set. We say (S,<) isa 
totally ordered set if for every pair a,b,€ S we havea <borb>a. 

The set of integers is a totally ordered set and the power set of a set X; P(X) is only a partially ordered set. 


Next we proceed on to define torsion free semigroup. 


Definition 2. A semigroup {S, x} is said to be a torsion free semigroup if fora,b € S,a #b,a" # b" for any 
1<n<o. 


We recall the definition of semiring in the following from [21]. 


Definition 3. For anon empty set S,{S,+, x} is defined as a semiring if the following conditions are true 


1. {S,+} is a commutative semigroup with 0 as its additive identity. 
2. {S, x} isa semigroup. 
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3. ax(b+c)=axb+axc foralla,b,c, € S follows distribution law. 


If {S, x} is a commutative semigroup we call {S,+, x } as a commutative semiring. 


For more, see [21]. 
For example, set of integers under product is a torsion free semigroup. Finally we give the basic 
definition of neutrosophic set. 


Definition 4. The Neutrosophic components (NC) is a triplet (a, b, c) where a is the truth membership function 
from the unit interval [0, 1], b is the indeterminacy membership function and c is the falsity membership function 
all of them are from the unit interval [0, 1]. 


For more about Neutrosophic components (NC), sets and their properties please refer [6]. 
Next we proceed onto define the notion of multiset. 


Definition 5. A neutrosophic multiset is a neutrosophic set where one or more elements are repeated with same 
neutrosophic components or with different neutrosophic components. 


Example 1. M = {a(0.3,0.4,0.5),a(0.3,0.4, 0.5), b(1,0,0.2),b(1,0,0.2),c(0.7,1,0)} is a neutrosophic 
multiset. For more refer [18]. However we in this paper use the term multiset NC to denote elements of 
the form {5(0.3, 0.4,1),3(0.6,0,1), (0,0.7,0.5)} so 5 is the multiplicity of the NC (0.3, 0.4, 1) and 3 is the 
multiplicity of the NC (0.6, 0, 1) and 1 is the multiplicity of the NC (0, 0.7, 0.5). 


For more about multisets and multiset graphs [18,22]. 


3. Neutrosophic Components (NC) Semigroups under Usual Product and Sum 


Throughout this section {x,y,z} will denote the truth value, indeterminate value, false value 
where x,y,z belongs to [0,1], the neutrosophic set. However we define special NC on the intervals 
(0, 1), (0, 1] and [0, 1). We first prove S; = {(x,y,z)/x,y,z € (0,1)} is a semigroup under product and 
obtain several interesting properties about NC semigroups using the four intervals (0, 1), (0, 1], [0, 1) 
and [0, 1]. 


Example 2. Let a = (0.3,0.8,0.5) and b = (0.9,0.2,0.7) be any two NC in S;. We define product a x b = 
(0.3, 0.8, 0.5) x (0.9, 0.2, 0.7) = (0.3 x 0.9, 0.8 x 0.2,0.5 x 0.7) = (0.27, 0.16, 0.35). It is again a neutrosophic 
set in S}. 


Definition 6. The four NC Sy = {(x,y,z)/x,y,z © (0,1)}, S2 = {(x,y,z)/x,y,z € [0,1)}, S3 = 
{(x,y,z)/x,y,z € (0,1]} and S4 = {(x,y,z)/x,y,z € [0,1]} are all only partially ordered sets for if a = (x, 
y, z) and b =(s,r, t) are in S; then a < b ifand only ifx <s,y <1,z < t; but not all elements are ordered in 
S;, that is why we say S; are only partially ordered sets, and denote it by (S;, <);where < denotes the classical 
order relation over reals; 1 <i < 4. 


For instance if a = (0.3,0.7,0.5) and b = (0.5, 0.2,0.3) are in S; then a and b cannot be compared. 
If d = (0.8,0.5,0.7) and c = (0.6,0.2,0.5), thend > core < d. 
In view of this we have the following theorem. 


Theorem 1. Let 5; = {(x,y,z)/x,y,z € (0,1)} be the collection of all NC which are such that the elements 
x, y and z do not take any extreme values. 


1. {5 4, x} is an infinite order commutative semigroup which is not a monoid and has no zero divisors. 
2. Everya = (x,y,z) in S, will generate an infinite cyclic subsemigroup under product of S; denoted by 
(P, x). 
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Pe 


3. The elements of P forms a totally ordered set, (for ifa = (x,y,z) € P we seea* =a Xa <a). 


4, {S&,, x} has no idempotents and {5}, x } is a torsion free semigroup. 


Proof. Proof of 1: Clearly if a = (x,y,z) and b = (r,s,t) are in S), thena x b = (x x r,y x s,z x t) isin 
Sy;asx x r,y x sand z xt € (0,1). Hence, {S1, x } is a semigroup under product. Further as number 
of elements in (0, 1) is infinite so is S;. Finally as the product in (0, 1) is commutative so is the product 
in S;. Hence the claim. (1,1, 1) is not in S; as we have used only the open interval (0, 1), we see {Sj, x } 
is not a monoid. S; has no zero divisors as the elements are from the open interval which does not 
include 0, hence the claim. 

Proof of 2: Let a = (x,y,z) be in S, we seea xa = (xX x,y Xy,z XZ) = a*, and so on 
axax...Xa=a" = (x",y",z") and n can take values from (0,00). Thus a in S generates a cyclic 
subsemigroup of infinite order, hence the claim. 

Proof of 3: Let P = (a), a generates the semigroup under product, it is of infinite order and from 
the property of elements in (0, 1); 4 > a? > a? > and so on > a". Hence the claim. 

Proof of 4: If any a = (x,y,z) € S1 as x,y,z € (0,1), and x, y and z are torsion free so is a. We see 
a’ #a for anya € S}. Further if a 4 b for non € (0,00); a" = b". Hence the claim. 


Definition 7. The four NC 51,52,S3 and S4 mentioned in definition 6 under the usual product x forms a 
commutative semigroup of infinite order defined as the NC semigroups. 


Theorem 2. Let Sp = {(x,y,z)/x,y,z € [0,1)} be the collection of NC. {S2, x } is only a semigroup and not 
a monoid and has infinite number of zero divisors. Further all other results mentioned in Theorem 1 are true 
with an additional property if a 4 b; (a,b € Sz) we have 


lim a” = lim b” = (0,0,0) 
n—-oo n—o0o0 


as (0, 0, 0) € Sp. 


Proof as in case of Theorem 1. 
In view of this we define an infinite torsion free semigroup to be weakly torsion free if a A b; but 
lim a” = lim b” 
n—0o n—- oo 
Thus Sp is only a weakly torsion free semigroup. 
It is interesting to note S; is contained in Sz and in fact S; is a subsemigroup of S.The differences 
between S, and 5 is that S» has infinite number of zero divisors and the lim a” = (0,0,0) exists in Sz 
n—-oo 


and Sj is torsion free but Sz is weakly torsion free. 


Theorem 3. Let S3 = {(x,y,z)/x,y,z € (0,1]} be the collection of NC. {S3, x} is a monoid and has no 
zero divisors. 


Results 2 to 4 of Theorem 1 are true. Finally S; is a subset of 53, in fact S; is a subsemigroup of 53. 
The main difference between Sj and 53 is that S3 is a monoid and S, is not a monoid. The difference 
between Sp and $3 is that S3 has no zero divisors but S2 has zero divisors and S3 is a monoid. 

Next we prove a theorem for 54. 


Theorem 4. Let Sy = {(x,y,z)/x,y,z € [0,1]}. {S4, x} is a semigroup and is a monoid and has zero 
divisors. Other three conditions of Theorem 1 is true, but Sq like So is only a weakly torsion free semigroup. 


Proof as in case of Theorem 1. We have S; contained in Sz and S» is contained in S4 and S, 
contained in S3 and $3 is contained in Sq. 
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However, it is interesting to note Sz and S3 are not related in spite of the above relations. 

Now we analyse all these four neutrosophic semigroups to find out, on which of them we can 
define addition modulo 1. S; does not include the element (0, 0, 0) as 0 is not in (0, 1), so S1 is not even 
closed under addition modulo 1. So S; in not a semigroup or a group under plus modulo 1. Since 53 
and S,4 contains (1, 1, 1) we cannot define addition modulo 1; hence, they can not have any algebraic 
structure under addition modulo 1. Now consider {S2,+}, clearly {S2,+} is a group under addition 
modulo 1. 

In view of all these we have the following theorem. 


Definition 8. The NC {S2,+} under usual addition modulo 1 is a group defined as the NC group denoted by 
{S2, +} 


Theorem 5. {52,+} is a group under addition modulo 1. 


Proof. For any y,x € S2,x + y (mod 1) € Sp. (0,0, 0) € S2 acts as additive identity. Further for every x 
there is a unique y € S2 with x + y = (0,0, 0). Hence the theorem. 


Definition 9. The NC S2 under the operations of the usual addition + modulo 1 and usual product x forms a 
commutative ring of infinite order defined as the NC commutative ring denoted by {S2,+, x } 


Theorem 6. {S2,+, x} is a commutative ring with infinite number of zero divisors and has no multiplicative 
identity (1, 1, 1). 


Proof. Follows from the Theorem 1 and the fact Sz is closed under + modulo 1 by Theorem 5. 
The distributive property is inherited from the number theoretic properties of modulo integers. As 1 is 
not in [0,1); (1, 1, 1) is not in S2, hence the result. 


Next we proceed on to define multiset NC semigroups in the following section. 


4. Multiset NC Semigroups 


In this section we proceed on to define multiset NC semigroups using 51, 52,53 and S4. We see 
M(S 1) = {Collection of all multiset NC using elements of S; }. On similar lines we define M(S2), M(S3) 
and M(S4) using 52,53 and S4 respectively. We prove {M(S2),+, x} is a multiset neutrosophic 
semiring of infinite order. 

Recall [18], A is a multi neutrosophic set, then A = {5(0.3, 0.7, 0.9), 12(0.6.0.2,0.7),8(0.1,0.5,0.1), 
(0.6, 0.7,0.5) }; that is in the multiset neutrosophic set A; (0.3, 0.7, 0.9) has occurred 5 times; (0.6, 0.2, 
0.7) has occurred 12 times or its multiplicity is 12 in A and so on. 

Let M(S1) = {Collection of all multisets using the elements from S; }, M(S;) is an infinite collection. 
We just show how the classical product is defined on M(S}). 

Let A = {9(0.3,0.2,0.4), 2(0.6, 0.7,0.1), (0.1,0.3,0.2)} and B = {5(0.1, 0.2, 0.5), 10(0.8,0.4,0.5)} in 
M(S},) be any two multisets. We define the classical product x of A and B as follows; 


A x B = {9(0.3,0.2,0.4) x 5(0.1,0.2,0.5),9(0.3,0.2,0.4) x 10(0.8, 0.4, 0.5), 
2(0.6,0.7,0.1) x 5(0.1,0.2,0.5),2(0.6,0.7,0.1) x 10(0.8, 0.4, 0.5), 
(0.1,0.3,0.2) x 5(0.1, 0.2, 0.5), (0.1,0.2,0.5) x 10(0.8,0.4,0.5)} 

= {45(0.03, 0.04, 0.2), 90(0.24, 0.08, 0.2), 10(0.06, 0.14, 0.05), 

20(0.48, 0.28, 0.05), 5(0.01, 0.06, 0.1), 10(0.08, 0.08, 0.25) }; 


A x Bis in M(Sj), thus {M(S,), x } is a commutative semigroup of infinite order defined as the 
multiset NC semigroup. 
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Definition 10. Let M(S;) be the multi NC using elements of S;(i = 1,2,3,4), {M(Sj;), x } on the usual 
product x is defined as the multiset neutrosophic semigroup for i = 1,2,3 and 4. 


Definition 11. Let {S2, x} be the multiset NC semigroup under x , elements of the form (a,0,0), (0,b,c) 
and so on which are infinite in number with a,b,c € S2 contribute to zero divisors. Hence multisets using these 
types of elements contribute to zeros of the form n(0,0,0); 1 <n < oo. As the zeros are of varying multiplicity 
we call these zero divisors as special type of zero divisors. 


We will provide examples of them. 


Example 3. Let R = {(S2), x} be the multiset NC semigroup under product. Let A = (0.6, 0, 0) and B = 
(0, 0.4, 0.5) be in R, A x B = (0,0, 0). Take D = {9(0.6,0.9,0)} and E = 9(0, 0, 0.4) in R; we get Dx E = 
{81(0,0,0)}. Take W = {7(0,0.5,0),4(0,0.6,0)} and V = {(0.7,0,0.4),20(0.8, 0,0) } be two multisets in R; 
W x V = {7 x 44(0,0,0) +7 x 20(0,0,0) +4 x 44(0,0,0) +4 x 20(0,0,0)} = {704(0,0,0)} is a special 
type of zero divisor of R. 

Thus M(Sz) is closed under the binary operation x. 


Theorem 7. The neutrosophic multiset semigroups {M(S;), x} for i = 1, 2, 3, 4 are commutative and of 
infinite order satisfying, the following properties for each M(S;);i = 1, 2, 3, 4. 


1. {M(S1), x} has no trivial or non-trivial special type of zero divisors and no trivial or non-trivial 
idempotents. 

2. {M(Sz), x} has infinite number of special type of zero divisors and no non-trivial idempotents. 

3.  {M{(S3), x} has no trivial or non-trivial special zero divisors but has (1, 1, 1) as identity and has no non 
trivial idempotents. 

4,  {M(Sq), x} has non-trivial special type of zero divisors and has (1, 1, 1) as its identity and has idempotents 
of the form {(0,1,0), (1,1,0), (0,0,1), (1, 0,1) and so on }. 


Proof. 1. Follows from the fact that 5; has no zero divisors and idempotents as it is built on the 
interval (0, 1). 

2. Evident from the fact S2 is built on [0, 1) so has special type of zero divisors by definition but no 
idempotent. 

3. True from the fact S3 is built on (0, 1], so (1, 1, 1) € M(S3). 

4. $4 which is built on [0, 1] has infinite special type of zero divisors as (0, 0, 0) € S4 by Definition 11 
and (1, 1, 1) € M(S4) and has idempotents of the form {(0,1,0), (1,1,0), (0,0,1), (1,0,1) and 
so on }. 

Hence the claims of the theorem. 


Now we proceed onto define usual addition on M(S;) 

S1 = {(x,y,z)/x,y,z € (0,1)} in not even closed under addition. For there are x,y € (0,1) such 
that x + y is 1 or greater than 1, so these elements are not in (0, 1), hence our claim. 

Recall Sy = {(x,y,z)/x,y,z € [0,1)}. We can define addition modulo 1 and product under that 
addition both S2 and [0,1) are closed. 

Let a = (0.7,0.6,0.9) and b = (0.5,0.9,0.4) be in S2, we find a+ b mod 1. 

a+b = (0.7,0.6,0.9) + (0.5,0.9,0.4) = (0.7 + 0.5(mod 1),0.6 + 0.9(mod 1),0.9 + 0.4(mod 1)) = 
(0.2, 0.5, 0.3) is in Sp. (0, 0, 0) in S2 acts as the additive identity. 

For every a € Sp there is a unique b € Sp such that a+ b = (0,0,0)mod 1. Thus (S2,+) is a NC 
group of infinite under addition modulo 1. Further (S2, x) is a semigroup under product of infinite 
order which is commutative and not a monoid as (1, 1, 1) is notin Sp. 

Now we illustrate how addition is performed on any two neutrosophic multisets in M(Sz). 

Let A = {7(0.3, 0.8, 0.45), 9(0.02, 0.41, 0.9), (0.6, 0.3,0.2)} and B = {5(0.1,0,0.9),2(0.6,0.5,0)} be 
any two multisets of M(S2). To find the sum of A with B under addition modulo 1. 
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A+B = { 35{(0.3, 0.8, 0.45) + (0.1, 0, 0.9)]mod 1, 45[(0.02, 0.41, 0.9) + (0.1, 0, 0.9)]mod 1, 5[(0.6, 0.3, 
0.2) + (0.1,0, 0.9)]mod 1, 14[(0.3, 0.8, 0.45) + (0.6, 0.5,0)]mod 1, 18[(0.02, 0.41, 0.9) + (0.6, 0.5, 0)|mod 1, 
2[(0.6, 0.3, 0.2) + (0.6, 0.5, 0)Imod 1} = {35(0.4, 0.8, 0.35), 45(0.12, 0.41, 0.8), 5(0.7, 0.3, 0.1), 14(0.9, 0.3, 
0.45), 18(0.62, 0.91, 0.9), 2(0.2, 0.8, 0.2)} 

is in M(S2). This is the way addition modulo 1 operation is performed. For M(S3) and M(S4) we 
can not define usual addition modulo 1 as (1, 1, 1) € M(S3) and M(Sq). 

Next we proceed on to describe the product of any two elements in M(S2). We take the above A 
and B and find A x B. A x B = {35{(0.3,0.8,0.45) x (0.1, 0, 0.9)], 45[(0.02, 0.41, 0.9) x (0.1, 0, 0.9)], 5[(0.6, 
0.3, 02) x (0.1, 0, 0.9)], 14[(0.3, 0.8, 0.45) x (0.6, 0.5 0)], 18[(0.02, 0.41. 0.9) x (0.0.6, 0.5, 0)], 2[(0.6, 0.3, 0.2) 
x (0.6, 0.5, 0)]} = {35(0.03, 0, 0.405), 45(0.002,0, 0.81), 5(0.06, 0, 0.18), 14(0.18, 0.4, 0), 18(0.012, 0.205, 0), 
2(0.36, 0.15, 0)}, is in M(Sp). 


Theorem 8. {M(S2),+} is a multiset NC semigroup under addition modulo 1. 


Proof. M(Sz) is closed under the binary operation addition modulo 1. Thus M(S>) is the neutrosophic 


multiset semigroup under + modulo 1. 


Now we proceed on to define a special type of zero divisors. In view of this we have the 
following theorem. 


Theorem 9. R = {M(S2), x} is an infinite commutative multiset NC semigroup, which is not a monoid and 
has special type of zero divisors. 


Proof. We see M(S2) under the binary operation product is closed and is associative as the base set Sz 
is associative and commutative and is closed under the binary operation product. Thus {(S2), x } is 
commutative semigroup of infinite order. Further M(S2) does not contain (1, 1, 1) so {M(Sz), x } is 
not a monoid. 

From the above definition and description of special zero divisors R has infinite number 


of them. 


We have the following theorem. 


Theorem 10. {M(S2),+, x} is a NC multiset commutative semiring of infinite order which has infinite 
numbers of special type of zero divisors. 


Proof. Follows from Theorem 8 and Theorem 9. 


Next we proceed on to define n- multiplicity neutrosophic multisets and derive some properties 
related with them. M(S3) and M(S,4) are just multiset NC semigroups under product and in fact they 
are monoids. Further M(S,) has infinite number of special zero divisors. 


5. n-Multiplicity Neutrosophic Set Semigroups Using S,, 52,53 and S4 


In this section we define the new notion of n-multiplicity NC using 51, 52,53 and S4. We prove 
these n-multiplicity NC are of infinite order but what is restricted is the multiplicity n, that is any 
element cannot exceed multiplicity n; it can maximum be n, where n is a positive finite integer. Finally 
we prove {M(S2),+, x } where S27 = [0,1) is a NC n-multiset commutative semiring of infinite order. 

We will first illustrate this situation by some examples before we make an abstract definition 
of them. 


Example 4. Let 4-M(S,) = {collection all multisets with entries from Sy = {(x,y,z)/x,y,z € 
(0,1)}, such that any element in S, can maximum repeat itself only four times}. Here n = 
4, A = {4(0.5,0.7,0.4),3(0.1,0.9,0.7), 4(0.1,0.2,0.3),4(0.7,0.8, 0.4), 4(0.8, 0.8, 0.8), 2(0.9,0.9, 0.9), 
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3(0.7,0.9,0.6), (0.6,0.1,0.1)} be a 4-multiplicity multiset from 4-M(S;). We see the NC 
(0.5, 0.7, 0.4), (0.1, 0.2, 0.3), (0.7, 0.8,0.4) and (0.8, 0.8,0.8) have multiplicity four which is the highest 
multiplicity an element of 4-M(S1) can have. The NC (0.1, 0.9, 0.7) and (0.7,0.9,0.6) have multiplicity 
3. The multiplicity of (0.9, 0.9, 0.9) is two and that of (0.6, 0.1, 0.1) is one. Clearly S does not contain 
the extreme values 0 and 1 as Sy, is built using the open interval (0, 1). However on M(S,) we can not 
define addition. 


Thus 4-M(S;) can not have the operation of addition defined on it. Now we show how the 
operation x is defined on 4-M(Sj) for the some A, B € 4-M(S;). Now 


A x B = {3(0.3,0.7,0.8),2(0.5, 0.9, 0.6), 4(0.2, 0.3, 0.4)} x {(0.1, 0.3, 0.7), 2(0.5,0.7,0.1)} 
= {3(0.03, 0.21, 0.56), 2(0.05, 0.27, 0.42), 4(0.02, 0.09, 0.28), 
6(0.15, 0.49, 0.08), 4(0.25, 0.63, 0.06), 8(0.1, 0.21, 0.04) } 


we now use the fact we can have maximum only 4 multiplicity of an element so we replace 
6(0.15, 0.49, 0.08) by 4(0.15, 0.49, 0.08) and 8(0.1, 0.21, 0.04) by 4(0.1, 0.21, 0.04). Now the thresholded 
product is {(3(0.03, 0.21, 0.56), 2(0.05, 0.27, 0.42), 4(0.02, 0.09, 0.28), 4(0.15, 0.49, 0.08), 4(0.25, 0.63, 0.06), 
4(0.1, 0.21, 0.04))} € 4-M(S}). 

{4-M(S1), x} is a commutative neutrosophic multiset semigroup of infinite order and the 
multiplicity of any element cannot exceed 4. 

This semigroup is not a monoid and it has no special zero divisors or zero divisors or units. 


Definition 12. 12 Let n-M(S;) ={ collection of all multisets with entries from S; of at-most multiplicity 
n;2 <n <oo}(1 <i < 4).n-M(S;) under usual product, x is defined as the n-multiplicity NC semigroup, 
1<i<4. 


In view of this we have the following theorem. 


Theorem 11. Let n-M(S;) = {t(x,y,z)|x,y,z € Sj;1 < t < n} be the n-multiplicity neutrosophic multisets 
(Lats 4) 


1. n-M(S;) is not closed under the binary operation ‘+’ under usual addition, for i = 1, 3 and 4. 
n-M(S;) is a (n-multiplicity neutrosophic multiset) semigroup under the usual product for i = 1, 2, 3 
and 4, 

3. {n-M(S;), x } isa monoid for i = 3 and 4. . 

4, {n-M(S;), x } has no special zero divisors if S; = S, and S3 but they have no non trivial idempotents. S2 
and special zero divisors and no non trivial idempotents, but S4 has both non trivial special zero divisors 
and non trivial idempotents. 


Proof. Proof of 1: If A = {(0.3,0.8,0.9)} and B = {(0.4,0.3,0.1)} €n-M(S;). A+B = {(0.7, 1.1, 
1.0)} ¢ n-M(S;) as S; when built using S3 and S4 and by example 4 n-M(S,). Only M(Sz) is closed 
under addition. 

Proof of 2: Since (S;, x) is closed under product so is n-M(S;) with replacing the numbers greater 
than n by n in the resultant product; i = 1,2,3 and 4 are semigroups, hence the claim. 

Proof of 3: As (1,1,1) € $3 and Sq so is inn-M(5S3) and n-M(Sz4) respectively so they are monoids. 

Proof of 4: n-M(S;) has no special zero divisors in case of S; and S3. Finally S$; = {(x,y,z)|x,y,z € 
S;}, has zero divisors and special zero divisors in case of Sz and Sq for i = 2 and 4, and non trivial 
idempotents contributed by 0’s and 1’s only in case of S54. Hence the theorem. 


Example 5. Let 5-M(S2) = {Collection of all neutrosophic multisets which can occur at most 
5-times that is the multiplicity is 5 with elements from Sy = {(x,y,z)|x,y,z € [0,1)}} Let A = 
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4(0.2,0.5,0.7),3(0.1,0.2,0.3),5(0.3,0.1,0.2), (0.1,0.2,0.8) € 5-M(S2) We see the multiplicity of (0.3, 0.1, 
0.2) is 5 others are less than 5. 

Let A = {3(0.3, 0.2, 0), 4(0.5, 0.6, 0.9), 5(0.1, 0.2, 0.7)} and B = {4(0.8, 0.1, 0.9), 2(0.6, 0.6, 0.6)} € 
5-M(S2). Now we first find A x B = {5(0.24, 0.02, 0), 5(0.4, 0.06, 0.81), 5(0.08, 0.02, 0.63), 5(0.06, 0.12, 
0.42)} € 5(M(Sp). 

A+B = {5(0.1, 0.3, 0.9), 5(0.9, 0.8, 0.6), 5(0.3, 0.7, 0.8), 5(0.9, 0.3, 0.6), 5(0.1, 0.2, 0.5), 5(0.7, 0.8, 
0.3)} € 5-M(S2). Addition is done modulo 1. However we have closure axiom to be true under + for elements 
in So and in case of 51; 0 € S; = (0, 1)). This closure axiom is flouted. 

Tf addition modulo 1 is done we have to see that 1 is not included in the interval and 0 is included in that 
interval so we need to have only closed open interval [0, 1). Under these two constraints only we can make S2 as 
well as M(S2) and n-M(Sz) as semigroups under addition modulo 1. 


We can built strong structure only using the [0, 1). 


Theorem 12. Let n-M(S>) = Collection of all multisets of S built using Sy = {(x,y,z)|x,y,z € [0,1)} with 
multiplicity less than or equal ton;2 <n < 

{ n-M(S2), x} is a commutative neutrosophic multiset semigroup of infinite order and is not a monoid, 
n-M(S2) has infinite number of zero divisors. 


Proof. If A and B € n-M(S2) we find A x B and update the multiplicities in A x B to be less than or 
equal ton so that A x B € n-M(S2). by Theorem 11(2). 
Clearly (1,1,1) ¢ n-M(S2) so is not a monoid. 


Theorem 13. B = {n-M(S2),+, x}, the n-multiplicity multiset NC is a commutative semiring of infinite 
order and has no unit, where Sy = {0,1). 


Proof. Follows from the fact { n-M(S2), +} is a commutative semigroup under addition modulo 1, 
Theorem 11(1) and Theorem 12 and {n-M(S2), x} is a commutative semigroup under x. Hence 
the claim. 


6. Discussions 


The main motive of this paper is to construct strong algebraic structures with two binary 
operations on the NC. Here we are able to get a NC commutative ring structure using the base 
interval as [0, 1). This will lead to future research of constructing Smarandache neutrosophic vector 
spaces and Smarandache neutrosophic algebraic codes using the same interval [0, 1). Now using the 
same interval [0, 1), we construct multiset NC and n-multiset NC 2 < n < o. On these we were able 
to built only neutrosophic multiset(n-multiplication set) commutative semiring structure. Now using 
these we can construct Smarandache multiset neutrosophic semi vector spaces which will be taken as 
future research. So this is significant first step to develop other strong structures and apply them to 
NC codes and NC cryptography. 


7. Conclusions 


In this paper, authors have made a study of NC on the 4-intervals (0, 1) (0, 1], [0, 1] and [0, 1). 
We define usual + and x on these intervals which is very different from the study taken so far. The main 
properties enjoyed by these NC semigroups are developed. Further of these intervals only the interval 
[0, 1) gives a nice algebraic structure viz an abelian group under usual addition modulo 1, which in 
turn helps in constructing NC commutative ring under usual addition modulo 1 and product, the ring 
has infinite number of zero divisors, whereas all the other intervals are semigroups/monoids which 
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are torsion free or weakly torsion free of infinite order under x. Further in this paper we introduce the 
notion of multiset NC semigroups using these four intervals under product. Furthermore, the multiset 
NC forms a commutative semiring with zero divisors only when the interval [0, 1) is used. Finally we 
introduce n-multiplicity multiset using these NC. They are also semigroups which is torsion free or 
weakly torsion free under product. 

For future research we will be using the product and addition modulo 1 in the place of min and 
max in Single Valued Neutrosophic Set (SVNS) and would compare the results with the existing ones 
when applied as SVNS models to real world problems. 

Apart from all these we can use these NC, multiset NC and n-multiplicity multiset NC to built 
NC codes which is one of the applications to neutrosophic cryptography which will be taken up by the 
authors for future research. 
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Abstract: In this manuscript, we focus on the brief study of finding the solution to and analyzingthe 
homogeneous linear difference equation in a neutrosophic environment, i.e., we interpreted the 
solution of the homogeneous difference equation with initial information, coefficient and both as 
a neutrosophic number. The idea for solving and analyzing the above using the characterization 
theorem is demonstrated. The whole theoretical work is followed by numerical examples and 
an application in actuarial science, which shows the great impact of neutrosophic set theory in 
mathematical modeling in a discrete system for better understanding the behavior of the system in an 
elegant manner. It is worthy to mention that symmetry measure of the systems is employed here, 
which shows important results in neutrosophic arena application in a discrete system. 


Keywords: fuzzy set theory; difference equation; neutrosophic number; simplified neutrosophic 
symmetry measure 


1. Introduction 


1.1. Uncertainty Theory and Neutrosophic Sets 


The uncertainty theory becomes a very helpful tool for real life modeling in discrete and continuous 
systems. The different theories of the fuzzy uncertainty theory have been given a new direction 
since the setting of the fuzzy set, invented by Professor Zadeh [1]. This is generalized representation 
of [1] is established as an intuitionistic fuzzy set theory by Atanassov [2]. Atarasov gave a novel 
designusing the intuitionistic fuzzy theory, where he demonstrated the idea of a membership function 
and non-membership function by which degree of belongingness and non-belongingness, respectively, 
can be measured in a set. Liu and Yuan [3] ignited the perception of a triangular intuionistic fuzzy 
set, which is the affable blend of a triangular fuzzy number and a intuionistic fuzzy set theory. Ye [4] 
set up the idea for a trapezoidal intuionistic fuzzy set. Smarandache [5] found his more generalized 
idea as a neutrosophic set, considering terms of the truth membership function, the indeterminacy 
membership function, and the falsity membership function. This theory become more beneficial and 
germane, rather than the common fuzzy and intuitionistic fuzzy theory settings. 
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Several researchershave already worked in the neutrosophic field, some of which have developed 
the theory [6,7], while some have applied the related theories in an applied field [8,9]. Various kinds of 
forms and extensions of the Neutrosophic set, such as the triangular neutrosophic set [10], the bipolar 
neutrosophic sets [11-14], and the multi-valued neutrosophic sets [15], were also found. 


1.2. Difference Equation in an Uncertain Environment 


There exist some works associated with difference equation and uncertainty. Mostly, researchers 
have worked on the difference equation allied with fuzzy and intuitionistic fuzzy environments. We are 
now giving details descriptions of some related published work. In the literature [16], Deebaet al. found 
a strategy for solving the fuzzy difference equation with an interesting application. The model involving 
CO2 levels in blood streamflow is thinkingin the view ofthe fuzzy difference equation by Deebaet 
al. [17]. Lakshmikantham and Vatsala [18] talk abou tdifferent basic theories and properties of fuzzy 
difference equations. Papaschinopoulos et al. [19,20] and PapaschinopoulosandSchinas [21] discuss 
more findings in a similar context. Papaschinopoulos and Stefanidou [22] provide an explanation 
on boundedness with asymptotic behavior of a fuzzy difference equation. Umekkanet al. [23] give 
a finance application based on discrete system modeling in a fuzzy environment. Stefanidou et 
al. [24] treat the exponential-type fuzzy difference equation. The asymptotic behavior of a second 
order fuzzy difference equation is considered by Din [25]. The fuzzy non-linear difference equation is 
considered by Zhang et al. [26], where Memarbashi and Ghasemabadi [27] corporate with a volterra 
type rational form by Stefanidou and Papaschinopoulos [28]. The economics application is considered 
by Konstantinos et al. [29]. Mondal et al. [30] solve the second-order intuitionistic difference equation. 
Non-linear interval-valued fuzzy numbers and their relevance to difference equations are shown in [31]. 
National income determination models with fuzzy stability analysis in a discrete system are elaborately 
discussed by Sarkar et al. [32]. The fuzzy discrete logistic equation is taken and stability situations are 
found in the literature [33]. Zhang et al. [34] show the asymptotic performance of a discrete time fuzzy 
single species population model. On discrete time, a Beverton—Holt population replica with fuzzy 
environment is illustrated in [35]. Additionally, a different view of the fuzzy discrete logistic equation 
is taken under uncertainty in [36]. The existence and stability situation of the difference equation with 
a fuzzy setting is found by Mondal et al. [37]. Important results are also found for fuzzy difference 
equations by Khastan and Alijani [38] and Khastan [39]. 


1.3. Novelties of the Work 


In this connection of the above idea, few advances can still be prepared, which include: 


(1) The homogeneous difference equation, solved and analyzed with a neutrosophic initial condition, 
neutrosophic coefficient, and neutrosophic coefficient and initial together as a different section, 
which was not done earlier. 

(2) Establishment of the corresponding characterization theorem for the neutrosophic set with a 
difference equation. 

(3) Different theorems, lemmas, and corollary drawn for the purpose of the study. 

(4) Numerical examples of the difference equation with a neutrosophic number, solved and illustrated 
for better understanding of our observations. 

(5) An application in actuarial science, illustrated in a neutrosophic environment for better 
understanding of the practical application of the proposed theoretical results. 


1.4. Structure of the Paper 


In Section 1, we recall the related work and write the novelties of our study. The preliminary 
concepts are addressed in Section 2. The difference equation with a neutrosophic variable is defined 
and corresponds with a necessary theory, for which a lemma is prepared for the study in Section 3. 
Section 4 shows the solution of the neutrosophic homogeneous difference equation. Two numerical 
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examples are shown in Section 5. In Section 6, we take an appliance of an actuarial science problem in 
the neutrosophic data and solve it. The conclusion and future research scope are written in Section 7. 


2. PreliminaryIdea 


Definition 1. Neutrosophicset: [6] Let X be a universe set. A single-valued neutrosophic set A on X is 
distinct as A = {(Ta(x), I4(x), Fa(x)) : x € X}, where T,(x), I4(x), Fa(x) : X > [0,1] is the degree of 
membership, degree of indeterministic, and degree of non-membership, respectively, of the element x € X, 
such that 0 < Ta(x) + Ia(x) + Fa(x) <3. 


Definition 2. Neutrosophicfunction: If we take the set of all real numbers as notation R and real valued 
fuzzy numbers as notation R¢-, then the function W:R = [0,1] is called a fuzzy number valued function if w 


satisfies the subsequent properties. 


) Wis the upper semi continuous. 

(2) Wis the fuzzy convex, ie., W(As] + (1-A)s2) = min{W(s1), W(s2)} for all s1, so € Rand A € [0,1]. 
(3) W isnormal, ie., aso € R, such that W(so) = 1 

) Closure of supp(W) is compact, where supp(W) = {s € R| W(s) >o}. 


Definition 3. Triangular neutrosophic number: [40] If we consider the measure of the truth, for 
which indeterminacy and falsity are not dependent, then a Triangular Neutrosophic number is taken as 
N= (10,11, 12; $0, $1, $2; Wo, W1, W2), where the truth membership, falsity, and indeterminacy membership 
function is treated as follows: 


y—To 
oat when 19 < y <1 
T<(y) 1 when y =11 
NW = r-y 
ri when 1 < y <1 


0 otherwise 


and 


“IY when so < y <5} 


51—SQ 
0 when y= sj 
Fo = 2 
nly) = when $1 < y < 582 


1 otherwise 


W1-Yy 
eT when wo < y < wy 
LG) 0 wheny = Ww, 
N = Y-W} 
N i when w, <y <w2 


1 otherwise 


where O< TR(y) +F aly) +1 gly) SLYEN. 


The parametric setting of the above number is (N), es = 


[TNewl (a), TNew2 (a); INew1 (B), INeu2 (B); FNeu1 (y), Freu2 (y)I, 
where 
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N3(y) = 1 - p(w — Wo) 
Nay) = w1 + y(w2 -w1) 


Here,0<a,B,y<land0<a+fB+y<3 
The verbal phrase with the number can be written as in Table 1: 


Table 1. The verbal phrase of different uncertain settings and neutrosophic numbers. 


Type of Uncertain Parameter Verbal Phrase Used Functionsand Their Roles 


Membership function for measuring 


Triangular Fuzzy Number [Low, Medium, High] degree of belongingness 


Membership and non-membership 


Triangular Intuitionistic [Low, Medium, High; Very Low, 7 : 
: : function for measuring degree of 

Fuzzy Number Medium, Very High] : : 
belongingness and non-belongingness 
[Low, Medium, High; Very Low, Truthiness, falsity, and indeterminacy 

. ‘ Medium, Very High; Between low function for measuring 

Jeepers NeuioropieNumber and very low; Medium; Between __ the degree of truth belongingness, strictly 

high and very high] non-belongingness and indeterminacy 


Definition 4. Hukuhara difference on neutrosophic function: Let E* be the set of all neutrosophicfunctions, 
6, £6R. If Ais a neutrosophic number, w € E* and @ suit the relation s = w + t, then w is assumed to be the 
Hukuhara difference of $ and t, denoted by w = St. 


3. Difference Equation with a Neutrosophic Variable 


Definition 5. A difference equation (sometime named as a recurrence relation) is an equation that relates the 
consecutive terms of a sequence of numbers. 


A qth order difference equation in the linear form can be articulated: 
Xn+q = AyXn4+q-1 + d2Xn+q-2 Sa AgXn + by (1) 


where dj, d,...,dq and by, are constants, which are known. 
If b, = 0 for all n, then Equation (1) is the homogeneous difference equation. On the other hand, 
it will be the non-homogeneous difference equation if b, # 0, where by is treated as the forcing factor. 
We consider an autonomous linear homogeneous difference equation of the form: 


Kor SS Ox MOLD) (2) 
with the initial condition x,-9 = xo. The solution of Equation (2) can then be written as: 


Xn = 0"Xo (3) 


Theorem 1. [41] Let m ¢ N, m > 2. A linear homogeneous system of them first order difference equation is 
given in matrix form as: 
Xn41 = AXy (4) 


T 
where, Xj, = bere cen cy and A = (zene Gf Sly Qpang 
The solution of Equation (3) can then be written as: 
Xn = A"Xo,neN (5) 


The difference Equation (1) is considered as the neutrosophic difference equation if any one of the 
following conditions are added: 
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(i) |The initial condition or conditions are the neutrosophic number (Type I); 
(ii) The coefficient or coefficients are the neutrosophic number (Type II); 
(iii) The initial conditions and coefficient or the coefficients are both neutrosophic numbers (Type II). 


Theorem 2. Characterization theorem: Let us consider the neutrosophic difference equation problem: 


Xn41 = f (Xn/n), (6) 
with initial value X;—9 = Xp as a neutrospohic number, where f : E* x Zs > E*, such that 


(1) The parametric form of the function is: 


(2) The functions EL, xh ,(a),1,a), fla), XR (4) 


y 


fin (®n(B)s Xu (BB). Loa Oe ARV Y) and fen 
continuous functions, i.e., for any €;> 0 4a 6, > 0, such that: 


1a), fey(X7 4 (B)r XR,y(B)-™B), 


x ,n,y) are taken as 
n Y Ryn Y Y 


rte 


1 (yl 1 1 (1 1 
ie asite)) XR (@)/M, x) aries (a), XR ny (a), m,) <ey 


for alla € [0,1] with M(x},,,(@), XR (OM, a) - (2. (a), Gea (a),m,a)lI < 6, and for any €)>04 


an 69 > 0, such that: 
ate), Xk (@)/N, an) = fem(XL ny (a), XR mp (a),n2, a) <€ for all a € (0, 1] 


with I(t, (a), XR (eM, ax) - i (a), ce (a), nz, a) < 62, where n, n1 and nz € Z50. 


In a similar way, the continuity of the remaining four functions, i Ae 8); mca be B), 


pace (B), any (B),n, B), le): ee )yt) y) and Fee); Xen (Vet, y), can be defined. 
The difference Equation (6) then reduces to the system of six difference equations, as follows: 


1 1 (1 1 
XT n+ (a)= fe lerale), XR n(&)/M, a) 


XR (a) = Rn XLn(@)- ce CO ) 
2G i (B) _ malt 
Xan B) = fen(®Ln(B), RnB) 2, 


aa (y) = Eley (y), aoe (vy), n, y) 


Vs =e ee) 


with the initial conditions: 


Xt =o) > Xi 9(@) 
XRn=0(4) = XRo(a) 
2 nao (B) = X1,9(8) 
Rn=o(B) = XRo(B) 
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eas (vy) = ae (7) 


me (vy) = oe (y) 


Note 1. By the characterization theorem, we can see that a neutrosopic difference equation is transformed into 
a system of six difference equations in crisp form. In this article, we have taken only a single neutrosophic 
difference equation in a neutrosophic environment. Hence, the difference equation converted into six crisp 
difference equations. 


Definition 6. Strong and weak solutions of aneutrosophic difference equation: The solutions of difference 
Equation (6), with initial condition (3.7) to be regarded as: 


(1) Astrong solution if 


and 


opel, ap 
OT4 Ory 
Flin) < 0, Fylten | > 0 
for every a, B,y € [0,1]. 
(2) A weak solution if 
Xf () = XRn(@) 


and 


ap ap 
0 1 7] 1 
yin) > 0, Fyn (y)] <0 
for every a, B,y € [0,1]. 
Definition 7. Let p and q_ be neutrosophic numbers, where Pliagy) = 


[pi (a), ph(a); p2(B),P2(B)P2)- PRI), Flcapy) = [ab(a). aha): 42(B), 42 (8); 42). aR(y)], for all 
a, B,y € [0,1]. The metric on the neutrosophic number space is then defined as: 


Pr(@) ~ 9R(@)|, \pz(B) - 92 (B) | PRB) ~ 9 (B)L, [3 ) - 92) | PRO) - 9} 


d(p,q) = sup max {lpi (a) — qi (a)|, 


Note 2. For some cases, the solution may not become strictly strong or weak solution type. In this scenario, a 
specific time interval or specific interval of x, B, or y becomes the strong or weak solution. The main objective is 
to find the strong solutions. For scenariosin which neitherthe strong nor weak solutions occur, we call them 
non-recommended neutrosophic solutions. We strongly recommended taking strong solutions. 
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4. Solution of Neutrosophic Homogeneous Difference Equation 


Considering linear homogeneous difference equations: 
Un41 = Aun (7) 
In a neutrosophic sense, another inequivalent form of is (7) taken as: 
Unt1 — aun = 0 (8) 
Remarks 1. Equations (7) and (8) are equivalent in a crisp sense, but in fuzzy sense they are not equivalent. 


Proof 1. If we take the fuzzy difference Equation (7), it becomes Theorem 1. 


[Un+1] (apy) = Bala) 


or 
[eet Dr HR aa (YO ngs BY MR gs Bi na “Reta Y)] 
=al[ut (a), uh ,(@);u?,, (B), 0% (8): (7). I) 
ie., 
Ue ig (@) _ aur, (a) 
Cee (a) _ Up (a) 
uF ,44(B) = auz,,,(B) 6 
We 41 (B) = aU , (B) 
WP ni (Y) = 4Uz, (Y) 
Wee) = WR, (Y) 


but when we take (8), it becomes Theorem 1. 


Hensal (apy) ~ @Hnl (apy) = 0 


or 
ee Oe Oa aR (Bae aes a) 
welled ()th(a)su2 (8) 02, (B)sa8 (ea | =o 
ie., 
ee (a) — ate (a) =0 
UR nd (2) —auj (a) =0 
uP 44(B) — au? ,(B) = 0 
UF 141 (B) — au, (B) = 0 
WP ni (Y) ~ MUR, (7) = 0 
UR yi (Y) ~My (VY) = 0 
or 


WF ni (B) = MWR » (B) 

Wn 1B) = aur, (B) (10) 
We mig (y) -_ aU (y) 

We gy y= au; nl) 


Clearly, from (9) and (10), we conclude that they are different. 
Therefore, in a crisp sense, (7) and (8) are the same, but not in a neutrosophic sense. 0 
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Theorem 3. Supposea and uo are positive neutrosophic numbers, then A is a unique positive solution for 
Equation (7). 


Proof 2. Let the (a, B, y)-cut of the positive neutrosophic number uo be defined 
as [ola p,y) = [Mto(), URo (i UZ o(B), uR0(B)s UEo(Y), URW] and Bla, 6, 


[al (cx), ah (oc); a? (B),a2(B); ab (vy), ab (y)|Wo,B,y € [0,1], and 0 < o+B+y <1, and if ty = 
[E1, &9, &33 11/712, 137 Ci, Q, C3] then, 


uy g(a) = &1 + (Eo - &1) 
Uk (a) = &3 — a(E3 - €2) 
ur 9(B) = m2 -B(m - m) 
ur 9(B) = n2 + B(ns ~ n2) 
uP (7) =O -y(C2- 41) 
uP (7) = & +y(G - ©) 


Suppose there exists a sequence of netrosophic numbers u,, of Equation (7), with the positive 
netrosophic number uo. Taking the (a, B, y)-cut of Equation (7), we have: 


[Un+al(apy) = lenlapy)= (l(a) Hnliapy) 


or 


[ib ig (@), UR nt (a); WF na (B)y WR ni (B)s te ess 3 W417) | 


= [aL (a), ap (sap (B),aR(B)s a7 (7-45 (0) || of), HR ols HF o(B). Weo(B)i Heol), HRol)| mm 


Equation (11) then forwards the following system of the crisp homogeneous linear difference 
equation for all a, B, and y € [0,1], as follows: 


Wy nya (@) = 47 (@)uy (a) 

Up ni) = aa (a)up (a) 
Ln+1 (B) — a; (B)UF , (B) (12) 
(8) = a2 (Bu, (6) 
“Ln (vy) = ah (yu, (7) 


and Equation (12) has unique solutions [u} (a), Up (a); us rer ue _,(B); uP ay up (7) with an 


initial condition [ut )(a), uh (a); 12 9(B), uz o(B); 03 (7), 03. 5(7)]. 
(The unique solution concept of a difference equation is taken from [42]) 
Therefore, using Equation (3), solutions are as follows: 


ul (a) = (ah (a) "wt y(a) 
wh ,(@) = (ak(a)) uw g(a) 
ut 4(B) = (aZ(B)) #2 9(8) ae 
uw, ,(B) = (a2 (B))’ 02 (8) 
u(y) =( (7) 23 g(r) 
u(r) = (a) 23. (7) 
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We show that [uh (a), ina); ue AB) ue (Bye u(y); 8 (y)|, where each components 
u 


( 
are given (by 4.5) with the initial condition [ut a), Rol); UF y(B), UR o(B); uP y(y), #8 (”)], 
which indicates the (a, B, y)-cut of solution u,, of (7) with initial condition 19, so that: 


[unl apy) = [Uh nl), Uy (i UE n(B), HR, (Bs UE (Y) Wu (Y)| (14) 


Now, 


Therefore, [uh (a), URn (a); us (B), Wen (B); We (y), Wen (y)| represents a positive neutrosophic 
number, such that wu, = aug is the solution of (7). 
To prove the uniqueness of the solution, let us assume that there exists an alternative solution ty 


for Equation (4.1). Proceeding in asimilar way, we then have: 


[Al a,py) = [Min (4), Un ()s UE (BY Un (B)s Hen (Ve UR (Y)| for alll (a, B,y) € [0,1]. (15) 


Therefore, from Equations (14) and (15), we obtain [fn] apy) = [un] (a,p,y) for all (a,B,y) € [0,1], 
i.e., My = Un. Thus, the theorem is proved. 0 


Theorem 4. Let a and ug are positive neutrosophic numbers. There also exists a unique positive solution for 
Equation (8). 


Proof 3. The proof of this theorem is almost similar to Theorem (3). O 


Theorem 5. Let a and ugb epositive neutrosophic numbers, 
and max{a} (a), a} (ex); a? (B),a%(B); a2 (7), a3 (y)} <1, Va,fB,y € [0,1] and supp(uo) ¢ [My,N4], 
where My, Nj are finite positive real numbers. All the sequences of positive neutrosophic solution of Equation (7) 
are then bounded and persist. 


Proof 4. Let un be a sequence of positive neutrosophic solutions of Equation (7). 
Since max{al (cc), ah (cc); a? (B), a2 (B); a3 (y),a3(y)} < 1, Va,B,y € [0,1] and supp(uo) ¢ [Mi,Nj], 
where Mj,N; are finite positive real numbers, it is evident from Equation (9) that all the component 
solutions of neutrosophic positive solution un converge to 0 as n > © ie., Un > Onetro aS N > ©, 
where (Oneutro) es oe (0, 0; 0, 0;0,0]. Since every convergent sequence is bounded, the sequence of 


positive neutrosophic solutions uy of Equation (7) is bounded. O 


Theorem 6. Let a and ug bepositive neutrosophic numbers and 


max{a} (c), a} (a); a? (B), a2 (B); a? (y),a3(y)} < 1 Va _,B,y € [0,1] and supp(uo) Cc [Mi,Ni], 
where My, N, are finite positive real numbers. All the sequences of positive neutrosophic solutions of Equation 
(8) are then bounded and persist. 


4.1. Solution of Homogeneous Difference Equation of Type I 


Consider Equation (4.1) with the fuzzy initial condition u;,~9 = Up as a neutrosophic number. 
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Let [alia,p.y) = [uhola), whole): w2 (8), w2o(B): oly) oy), YaBy € [0] 
and 0 < a+B+y < 3, where, [wol(q,) is the (a, B, y)-cut of up and, if uw = 


[E1, &2,€3; M1, 12,13; C1, Co, Ca], then 


Uy (a) = €, +. a(€2 - &) 
Uk (a) = &3 — a(E3 - €2) 
uF 9(B) = n2— B(n2- m) (16) 
uF 9(B) = n2 + B(ns — N12) 
uP (7) =O-yv(l2-%) 
uP gly) = Co + y(C3 - Ca) 
4.1.1. The Solution When a > 0 Is a Crisp Number and ug Is a Neutrosophic Number 
Taking the (a, B, y)-cut of Equation (7), we have the following equations: 
re) = aur ,, (a) 
Memes (@) = atte (@) 
“n+1 8) = “hn (B) (17) 
UR n+l (6) = AUR 4 (B) 
WP nly) = auz (7) 
Weng) = WR, (Y) 
Solutions of the above equations are: 
uy (a) = aus (a) 
Wh 4 () = a" Up (a) 
U2 5 (B) = aa (8) ae 
Wn (B) = aU 9(B) 
uP (7) = a"; (7) 
WR (VY) = 4"UR oY) 
4.1.2. The Solution When a = 1 and the Initial Value ug is a Neutrosophic Number 
In this case, a sequence of solutions is given by 
uh (a) = uh g(a) 
uh (a) = uh (a) 
Hi 9(B) = "08 as 
UR (B) = URO (B) 
uP (VY) = Up (7) 
We (V) = URo(Y) 
which lead to convergent solutions. 
4.1.3. The Solution When a < 0 and the Initial Value ug Is a Neutrosophic Number 
Let a = —y, > 0, the real valued number. 
From Equation (7), we then have 
[nia (@),Fn+1(@)] = -H[z,(@),n(a)| (20) 
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Therefore, we obtain the following: 


The first pairs of equations can be written in the matrix form as: 


Hn 41() J-( 0-H 
UR ni (4) “HO 


Ui nei (@) = — HR 
We 41 () = = HU, 
Unt (B) = — Hip, 
Uri (B) = — HU 
We ni) = — [ut 
WR ng (2) = ~ HUE, 


= 


a 


= 


= 
a a a a 


x 


= 


= 


| 


From Equation (22), let the co-efficient matrix be Aj = 


Therefore, 


Therefore, the solution of (4.1.6), using Theorem (3.1), is given by: 


1 1 
Uy (2) — arl “Lo 
UR n(@) UR, 


"0 


0 


When n is an even natural number, the general solutions are: 


When n is odd natural number, the general solutions are: 


ul (a) = pul 4(a) 
uh (a) = pul (a) 
ue (B) oa HUF 4 (B) 
WR, (B) = Wu 9 (B) 
up (7) = HEE o(y) 
Wen (Y) = UR () 
th (a) = —wrah g(a) 
Wey (@) = — Huy g(a) 
WP (B) = — "UR g(B) 
Wen (B) = HU 9 B) 
uP (7) = — BUR () 
WR (VY) = HUE (Y) 


Rg Rk 


Yr WD 


u 


1 
L, 
1 
R, 


0 


-u 


(a) 


uy (a) 


n(&) 


=u 
0 


| 


when n is an even natural number 


_ 
( — H when n is an odd natural number 


(21) 


(22) 


(23) 


(24) 


(25) 


4.1.4. The Solution When a > 0 Is Aneutrosophic Number and the Initial Value ug Is a Crisp Number 


Let [4] (a, g, y) = [al (a),a 
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Taking the (a, B, y)-cut of Equation (7), we have the following equation: 


Weng (@) = a; (aur, (4) 
Hemet (2) = aR ()UR (2) 
“ins ) = a7 (B)ur, ,(B) 
uz (8) = a2 (Buz, (B) 
WP na?) =a )u; (VY) 
Weng) = FR(V)UR AY) 


uh (a) = (ah (a))" uo 
uh (a) = (ah(a)) uo 
uf 4(B) = (02(8)) uo 
u2, ,(B) = (a2(B)) uo 
u? (7) = (a3 (y))"wo 
uw (vy) =(&(y))' uo 


(26) 


(27) 


4.1.5. The Solution When a < 0 Is a Neutrosophic Number and the Initial Value ug Is a Crisp Number 


Let a — 


where LU 


is a positive fuzzy number. 


[uh (a), h(a); uF (B), ua (B); Wy), wy), ¥ oe, By € [0,1], and0<a+B+y <3. 
Equation (7) then splits into the following equations: 


Ming (@) = “He (A) @) 
UR np (@) = — uy (a)uy (a) 
WF ni (B) = HRB) UR, (B) 
ensiB) = —17 (Bur, ,(B) 
WF ng) = ~HRO)Y RAY) 
Weng (V) = “HLH: AY) 


In the matrix form, the first pairs of equations of Equation (28) can be written as: 


where, 


and 
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The solution of Equation (30) when n is even is: 


in) 
ies i ‘ 
uh (a) = (uh (a) (uka))* wo 
2 oy ae 2/a\\2 
ut »(B) = (uz (B) #R(B)) wo ee 
UF» (B) = («7 (6) we(B))" Ho 
uP (Y) = (HE) Hel)" Ho 
ten) = (HEY) HR(Y)) "Ho 
In this case, solutions become crisp numbers, i.e., Un (a) = (u(a) F(a)) uo. 
The solution of Equation (30) when n is odd: . 
uh al) = ~(uh(@)) * (uR(@)) * 
Me (@) = “(up (@) )) * (up(a)) * no 
uz, (B) = -(u? (8) * (uR(B)) * Ho sy 
Wan(B) = ~(HL(B) )) * (uR(B) * Ho 
uP lV) = (UL) * (uR@) © 40 
WB (y) =—(uP(y) )) * (u(y) 7 uo 
4.1.6. The Solution When a > 0 and ug Are Bothneutrosophic Numbers 
Let 
Fa, p,y) = [aL (a), aga); af (B)-aR(B); a7 (7), aR(7)] 
ola, p.r) = [ML o(@), Rol); Hi 0B), HRo(B): M707), HRo(7)] 
Ya,B,y €[0,1])and0<a0+8+y <3. 
The solution of Equation (16), which follows from Equation (26), is thengiven by: 
u}u(@) = (ap (a) uf (a) 
whl) = (ah(@))" hola) 
ut »(B) = (a7 (B)) wi o(B) 
2 2 nN» (33) 
URn (B) = (a2, (6) wie (B) 
WP (Y) = (a7(7)) wf o(7) 
ten) = (@R(7)) HR o(7) 


4.1.7. The Solution When a < 0 and ug Are Both Neutrosophic Numbers 


Leta =—p, u>0. Let [i] (q py) =[HL(@), HR (a); H2(B), HR (B): HEC) HRY) and [Hol ia, g, ») = 
) 


[ut (a), wh (a); 0? 9(B), wR 9(B); 0 (7), 13 (7) 
Va,p,y €[0,1])and0<a+BR+y <3. 
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The solution of Equation (16), which is follows from Equation (31), is then given by: 


ut 4(@) = (up (a) ug(a)) "uf (a) 
te (®) = (47 (a) uR(@)) “We o(a) 
wf, 4(B) = (uZ(B) HR (B)) 7 0B) 
ten (B) = (HB) He(B)) Heo (B) 
uP 4 (V) = (ERO) HRV) 1h) 
u3 (v) = (u(y) HRC)? Cy) 


(34) 


The above equations show that the solution for n is even only. When 1 is odd, the solutions, 


which follow from Equation (32), are as follows: 


ut y(@) = (ula) ® (ual) * ub (a) 
thy() = -(ub(a)) * (UR(@)) = hola) 
12,8) = —(H2 (8) * (R10) * 9298) 
HBy(B) = -(02(6)) * (HR) 7 wo (A) 
18 40) = (e80) * (#0) * Ho) 
13, (7) =-(13()) * (w)) 7 18.90) 


4.2. Solution of Homogeneous Difference Equation of Type II 


4.2.1. The Solution When a = 1 and the Initial Condition ug Is a Neutrosophic Number 


Taking the (a, B, y)-cut of Equation (8), we have the following: 


Hi ag (@) = Ur (2) 
Wri (a) a uy (2) 
WF nt (B) = UR n (B) 
v2, (8) = 02, (6) 
UF 941 (@) = WR (2) 
UR att (a) a up, (@) 


In the matrix form, the first pairs of Equation (36) can be written as: 


When 1 is odd, the solutions are: 


(35) 


(36) 


(37) 


(38) 


(39) 


For both cases, when either n is even or odd, ur (a) and Up ,(@) leads to a convergent solution. 
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Ina similar way, solutions of remaining equations are as follows: 


when n is even: 


When n is odd: 


4.2.2. The Solution When a > 0, a Real Valued Number, and the Initial Condition ug Is a 
Neutrosophic Number 


Taking the (a, B, y)-cut of (8), we get the following equations: 


In the matrix form, the first pair of Equation (42) can be written as: 


UR atl 


ae (a) — ap (a) =0 
WR 41 (2) - au, (a) =0 
ui (B) -auk(p) = 0 
ut" (B)—au!(f) = 0 
Wr ni (Y) ~ UR, (Y) = 0 
Weng (Y) ~ Uz, (vy) = 0 


uy ,(B) = Up o(B) 
UR n (B) = it (B) 
Ut (VY) = UE) 
Ue () = URo(Y) 
uy ,(B) = Ug (B) 
ul (B) = ul (B) 
Ur (7) = URo(Y) 
Ue (VY) = ULV) 


The solutions of (43) are, when 1 is even: 


Ina similar way, the solutions of the remaining Equation (42) are as follows: 


When 1 is even: 


When n is odd: 


it a) = a" uy (a) 
Up, (a) = a" Up (a) 
Uh a= a" Up (a) 
UR, (a) = a" uy o(a) 


Wp (B) = a"U; o(B) 
UR n (B) = a" UR (B) 
uy (Y) =a"uy (7) 
UR (V7) = a"Up (7) 
uy ,(B) = a"Utp 9 (B) 
ul (B) =a"! o(B) 
Uy (Y) =a" (7) 
UR, (7) = 4"Uy (7) 


(40) 


(41) 


(42) 


(43) 


(44) 


(45) 


(46) 


(47) 


Symmetry 2020, 12, 1091 


4.2.3. The Solution When a < 0 and When the Initial Condition ug Is a Neutrosophic Number 


Let a = -—m ,m > 0, a real valued number. 


From Equation (8), after taking the (a, 8, y)-cut, we have the following sets of equations: 


Solving the above equations, we get: 


Wi tt (a) 
UR ns (a) 
ee (B) 
UR tt (B) 
Ui aaa (7) 
URntl (7) 
Hae = 
URn a 
ui »(B) 
Wn (B) 
ur (7) 
WRAY) = 


| 
| 
5 


I 
| 
= 
wa He we we we 
= 


| 
| 
5 


= 
= 


Bere Re Pe mere 


+ mu 


+ mu 


= 


| 

= 

Se aos 
= f 
DAwSMwANOKNAROE 


| 
= 
= 


= 


| 
= 
= 


a 


= 


(48) 


(49) 


4.2.4. The Solution When a > 0 Is a Positive Neutrosophic Number and the Initial Condition uo Is Nota 


Neutrosophic Number 


Let [Al (a, ,») = [az(a)ea 
Taking the (a, B, y)-cut of Equation (8), we have the following equation: 


R(@): 47 (B), ae (B)i 


at (y),ak(y))¥ x, B,y € [0,1], and0<a+B+y<3. 


Weng (@) = af (aR, (@) 
pone @) = 44(@) 
WF 41 (B) = 47 (B)uR ,,(B) 
12 (6) =a2(B)u2.,(B) 
WP ng) = (VUE, (Y) 
Weng (VY) = OR (YUE a (Y) 


(50) 


In the matrix form, among the above equations, the first pair of Equation (50) can be written as: 


| 


Wh ny (@) = ( 
Weng (@) a 


The solution of Equation (51), when n is even: 


Uy (4) = 
UR (a) = 
fey= 
(B) = 
)= 
j= 


u 


u 


p 
yh 


WR CY 


/ 
Ryn 


1 
L 
1 
R 
2 
3 
ur 


2 
L 


mn 
a =) =) 
Ry ON OR oR 


“—™ 
=) 


—n 
a 
mw mw 
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0 ap(a) | 
T(q) 0 u 


(51) 


(52) 
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When 1 is odd: foal 
Uh g(@) = (ah(a)) * (cha) 7 10 
wala) = (aCe) = (@(e)) 
HE g(B) = (8) (0R(0) (53) 
Ua y(B) = (028) * (oR (B)) 7 v0 
uP ,(”) = (200) * (00)) * 
u(y) = ((y)) * («3 (y) 7 wo 


4.2.5. The Solution When a < 0 Is a Neutrosophic Number and when the Initial Condition up Is a 
Crisp Number 


Leta =-m, m> 0. Let [fi|(q, g ,) =[m} (a), mt (a); m?(B), m2 (B); m>(y),m3(y)] and 


ola») = [eles tages wl) Whol BY heh) 
Ya,B,y €[0,1]and0<a0+B8+y<3. 
Taking the (a, B, y)-cut of Equation (8), we have the following equations: 


UE g(a) = ~My (ou (@) 
rep (2) = May (BR (@) 
U2 9 ai(B) = 4 (B)u2 (8) i 
We n41(B) = — MR » (BUR, (B) 
Png (Y) = Me (y) UP) 
Weng (Y) = ~My UR »(Y) 
The general solutions of the above equations are as follows: 
Un (a) = (my (a))""uo 
URn(a) = (—mpr(a))"Uo 
Utn(B) = (—mr(B))""uo 
un(B) = (~ma(B))" uo a 
Utn(y) = (-mr(y))"uo 
URn(Y) = (—mp(y))"Uo 
4.2.6. The Solution When the Initial Condition ug and a > 0 Are Both Neutrosophic Numbers 
Let [l(a,gy) = ei(a),a nO); a7), 2R(B)s ECV) ARY)] and (Holia,p.y) = 
[+h (a), wh g(a); uz o(B), #2 9(B); w2 (7), o(7)| 
Ya,B,y € [0,1] and0 < a+ aoe <3. 
In this case, the solutions are given, following from Equation (50): 
when 1 is even: ” 
uh y(t) = (ap (a) aR (a) u} (a) 
uh (a) = (at(a) a (2). Up o(@) 
uf 4(B) = (@[(B) 9% (6) 17 o(B) = 
te n(B) = (a7 (6) aR(B)) wo (B) 
uf () = (@8V) aR) 1 9(0) 
Uh CV) = (ay) aR) "HR (7) 
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when n is odd: 


Hi lA) = (apa) ® (g(a) * Ro(@) 
ntl n=1 
Up, (&) = (a} (a)) : (ak(a)) ; Ur g(a) 
nd nd 
ut 4(B) = (@(B)) * (2% (B)) * Ho (B) ee 
ntl n= 
wR n(B) = (a7(B)) * (aR(B)) * ui o(B) 
u=1 ntl 
u(y) = (a2 (y)) : (7) * Hol) 
ub (v) = (ab (y)) * (ab (y)) 7 12 (7) 
4.2.7. The Solution When the Initial Condition ug and a < 0 Are Both Neutrosophic Numbers 
Leta = -m,m > 0. Let [iligg,) = : ey mz? (B), mp (B); m>(y),m3(y)| and 
[ol (a, p, y) = [Ub g(a), Ubg (a): uF (B), ur o(B)s UB g(7), u29(7)] 
Ya,B,y € [0,1] and0<a0+8+y <3. 
Ina similar way, as seen in Equation (54), we have the following solutions. 
The general solutions of the above equations are as follows: 
uh gt) = (am (a))"a a) 
Up () = (—Mr(@))"Up o(@) 
uf n(B) = (m8) "F9(P) es 
Hy (B) = (—me()) to (P) 
ub (9) = my)" hg) 
3 (y) = (-mely))"W2 oy) 
5. Numerical Example 
Example 1. Solve the difference equation: 
Mya = (2,4, 6; 14,972) 4; 5), (59) 


with the initial condition Uj,—9 = (50,60, 70; 55, 60,75; 50, 60, 80) 


Solution 1. [f the [u,| (a, B, y) #8 the (a, B, y)-cut of a sequence of neutrosophic numbers, then its components 
are as follows: 


uz ,(@) = (2+ 2a)"(50 + 10a) 
uh (a) = (6-2a)"(70 - 10a) 
2 (6) = (4-38)" (60-58) 
2" (B) = (4+ B)" (60 +15) 
L(Y) = (4-2y)"(60 - 10y) 
Wr () = (4+y)"(60 + 207) 


(60) 


Remarks 2. We plot the solution for n = 2. From the above Table 2 and Figure 1, we see that ur nl®) is 
an increasing function and Up ,(%) is a decreasing function, with respect to x. On the other hited u e 1B) 
is a decreasing function and wR ,(B) is an increasing function, with respect to 8. Additionally, Ww (y) isa 


decreasing function and up, ,(Y) is an increasing function, with respect to y. Therefore, using the concept of 
Definition 3.2, we call the Sion a strong solution. 
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Table 2. Solution for n = 2. 


apy up (@) trl)  (B) te BD) tt) 
0 200.00 2520.00 960.00 960.00 960.00 960.00 
0.1 246.84 2321.16 814.55 1033.81 851.96 1042.22 
0.2 299.52 2132.48 682.04 1111.32 751.68 1128.96 
0.3 358.28 1953.72 562.18 1192.60 658.92 1220.34 
0.4 423.36 1784.64 454.72 1277.76 573.44 1316.48 
0.5 495.00 1625.00 359.37 1366.87 495.00 1417.50 
0.6 573.44 1474.56 275.88 1460.04 423.36 1523.52 
0.7 658.92 1333.08 203.96 1557.34 358.28 1634.66 
0.8 751.68 1200.32 143.36 1658.88 299.52 1751.04 
0.9 851.96 1076.04 93.79 1764.73 246.84 1872.78 
1 960.00 960.00 55.00 1875.00 200.00 2000.00 


T 


g — u} (a) 
S — up, (a) 
@BY — uj,(B) 
° — URn(B) 
— u},(”) 
: — Win) 


oO 


Pees 


Figure 1. Graph for n = 2. 
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Remarks 3. We plotted the solution for n = 5. From the above Table 3 and Figure 2, we see that ur n(%) is 
an increasing function and Up ,(%) is a decreasing function, with respect to x. On the other hand, us n(P) 
is a decreasing function and UR, (B) is an increasing function, with respect to 8. Additionally, Ww (y) isa 


decreasing function and Wn (y) is an increasing function, with respect to y. Therefore, using the concept of 
Definition 6, we call the solution a strong solution. 


Table 3. Solution for n = 5. 


aBY Uy (@) tr () Wn (B) urn B) Yt) 
0 1600.00 544,320.00 61,440.00 61,440.00 61,440.00 61,440.00 
0.1 2628.35 452,886.16 41,259.65 71,251.56 46,748.74 71,830.84 
0.2 4140.56 374,497.60 26,806.90 82,335.47 35,070.38 83,642.38 
0.3 6297.12 307,640.56 16,748.05 94,820.44 25,898.19 97,025.57 
0.4 9293.59 250,934.66 9982.01 108,844.70 18,790.48 112,143.03 
0.5 13,365.00 203,125.00 5615.23 124,556.48 13,365.00 129,169.68 


0.6 18,790.48 163,074.53 2937.57 142,114.45 = 9293.59 148,293.34 
0.7 25,898.19 = 129,756.67 1398.99 161,688.22 6297.12 169,715.30 
0.8 35,070.38 102,248.05 587.20 183,458.85 4140.56 193,651.01 
0.9 46,748.74 79,721.65 206.06 207,619.30 2628.35 220,330.69 

1 61,440.00 61,440.00 55.00 234,375.00 1600.00 250,000.00 
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Figure 2. Graph for n = 5. 


We interpret the solution for fixed a, 6, y = 0.4 and different n in Table 4 and Figure 3. 


Table 4. Solution for a, f, y = 0.4 and different n. 


n My (2) Hen @) Hin B) Hn B) HY) Hen) 
1 151.20 343.20 162.40 290.40 179.20 299.20 
2 381.93 1513.38 410.23 1101.80 510.47 1135.19 
3 964.79 6673.49 1036.26 4180.33 1454.14 4307.01 
4 2437.12 29,427.69 2617.65 15,860.57 4142.31 16,341.19 
5 6156.31 129,765.52 6612.33 60,176.40 11,799.88 61,999.93 
6 15,551.16 572,219.06 16,703.10 228,314.58 33,613.43 235,233.20 
7 39,283.04 2,523,279.35 42,192.90 866,245.64 95,752.00 892,495.51 
8 99,231.00 11,126,750.35 106,581.44 3,286,612.28 272,761.37 3,386,206.59 
9 250,662.64 49,064,949.17 269,230.24 12,469,696.48 776,994.32 12,847,566.07 
10 633,186.78 216,358,699.65 680,089.51 47,311,126.78  2,213,363.93 48,744,797.29 
25000000 + 
3) 
20000000 ~ 
¢ ul,(@) 
15000000 ~ B Up, (a) 
4 uz »(B) 
10000000 ~ < uz, (B) 
( Ur») 
50000000 + g-= eu) 
nm 
w 
0 +——— ttt g a 
) 2 6 10 12 
n ——_____> 


Figure 3. Graph for a, 6, y = 0.4 and different n. 


Example 2. Solve the difference equation: 


Un+1 —4Un = 0 
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with initial condition U,—9 = (50,60, 70; 55, 60,75; 50, 60, 80) 


Solution 2. If [u,] (a, B, y) #8 the (a, B, y)-cut of a sequence of neutrosophic numbers, then it’s components are 
as follows: 

when n is even: 
ur n(&) = 4"(50 + 102) 


7! 


uh , (a) = 4"(70 - 10a) 
uh ,,(B) = 4"(60 — 5B) 
a” (B) = 4"(60 + 15) (62) 
Uy (VY) = 4"(60 - 10y) 
Wp y() = 4"(60 + 207) 
when n is odd: ul (a) = 4"(70 — 10a) 
uh (a) =4"(50 + 10a) 
ul, (B) =4"(60 + 15) 
ui (6) = 4"(60 — 5B) (63) 
uh (7) = 4"(60 + 207) 
uh (7) =4"(60 - 107) 


As previous examples, we easily interpret the solutions in a different manner. 


6. Application of the Method in Actuarial Science 


Let us consider that a sum So is invested at a compound interest of i per unit amount and per unit 
of time and S; is the amount at the end of time ¢. We then get the difference equation associated with 
the problem, which is: 

Stay = Set iS, = (1 + i)St (64) 


If, for some reason, i may vary, we are interested to find the possible amount after a certain 
time interval. 

For this problem, let us consider hypothetical data and solve it. Suppose a person has initially 
invested S;9 = 10000$ in a firm, where they get about 4% interest (which may be considered a 
neutrosophic value). 

As per Table 1, if we take the verbal phrase for a triangular neutrosophic number, we then set the 
interest rate as follows: 


For the truth part: low as 3%, medium as 4%, high as 5%; 

For the falsity portion: very low as 2%, medium as 4%, very high as 6%; 

For the indeterminacy part: between low and very low 2.5%, medium 4%, between high and very 
high 5.5%, 


ie., we can take i = (3,4,5;2,4,6;2.5,4,5.5)% per annum rate. We wish to predict the amount of 
money after 10 years. 
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Therefore, we get the fuzzy difference equation 
S41 = Sp +18; = (1 +i)S) (65) 


With the initial conditions S;-9 = 10000$ and i = (3,4,5;2,4, 6;2.5,4,5.5)%. 


Solution 3. Equation (65) is equivalent to 
St41 = Sp +iS; = (1+ (0.03, 0.04, 0.05; 0.02, 0.04, 0.06; 0.025, 0.04, 0.055) ) S¢ 


or 


St41 = (1.03, 1.04, 1.05; 1.02, 1.04, 1.06; 1.025, 1.04, 1.055) S; (66) 


with the initial condition Sy; 9 = 10000$. 
The solution of (66) can be written using the concept of (19), as follows: 


St (a) = sh 03 + 0.01a)' 
Sk (4) = 10000(1.05 - 0.012)! 
S? ,(B) = ae 04 — 0.028)! 6 
52 ,(B) = 10000(1.04 + 0.02p)' 


53 (y) = 10000(1.04 - 0.015)" 
58 ,(v) = 10000(1.04 + 0.015y)' 


Remarks 4. (1) We plot the solution for t = 10. From the above Table 5 and Figure 4, we see that Sh (%) is 
an increasing function and Shen (Oe) is a decreasing function, with respect to x. On the other hand, St, (B) 
is a decreasing function and Sin (B) is an increasing function, with respect to B. Additionally, a (y) isa 
decreasing function and ae (y) is an increasing function, with respect to y. Therefore, using the concept of 
Definition 3.2, we call the solution a strong solution. (2) From Table 5, we can see that we find the crisp solution 
atx=1, 8,y = 0 (since, at x = 1, B,y = 0, the neutrosophic number becomes a crisp number) and for 
t = 10 is equal to 14802.4428. Therefore, we can say that after 10 years, the most probable chance to get the 
money is 14802.4428$.(3) If we consider x = O and 8, y = 1, i.e., in the case that we get the most uncertain 
solution interval, we observe that the truthiness of the solution belongs to the interval [13439.1638, 16288.9463], 
the falsity belongs to the interval [12189.9442, 17908.4770], and the indeterminacy belongs to the interval 
[12800.8454, 17081.4446]. 


Table 5. Solution for t = 10. 


a B,Y Si} (a) Spe(@) Si (B) Sr) SEY) Sei 

0 13,439.1638 16,288.9463 14,802.4428 14,802.4428 14,802.4428 14,802.4428 
0.1 13,570.2126 16,134.4766 14,520.2313 15,089.5813 14,590.3264 15,017.3306 
0.2 13,702.4105 15,981.3266 14,242.8714 15,381.7230 14,380.9496 15,235.0219 
0.3 13,835.7662 15,829.4861 13,970.2889 15,678.9453 14,174.2808 15,455.5492 
0.4 13,970.2889 15,678.9453 13,702.4105 15,981.3266 13,970.2889 15,678.9453 
0.5 14,105.9876 15,529.6942 13,439.1638 16,288.9463 13,768.9430 15,905.2433 
0.6 14,242.8714 15,381.7230 13,180.4776 16,601.8849 13,570.2126 16,134.4766 
0.7 14,380.9496 15,235.0219 12,926.2814 16,920.2240 13,374.0675 16,366.6791 
0.8 14,520.2313 15,089.5813 12,676.5060 17,244.0464 13,180.4776 16,601.8849 
0.9 14,660.7259 14,945.3915 12,431.0828 17,573.4357 12,989.4133 16,840.1284 

1 14,802.4428 14,802.4428 12,189.9442 17,908.4770 12,800.8454 17,081.4446 
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Figure 4. Graph for t = 10. 


7. Conclusions and Future Research Scope 


In this paper, we find the solution strategy for solving and analyzing homogeneous linear difference 


equations with neutrosophic numbers, i.e., we found the solutions of the homogeneous difference 


equations with initial conditions and coefficients, both as neutrosophic numbers. We demonstrate the 


solution of different cases using the neutrosophic characterization theorem, which is established in this 
paper. The strong and weak solution concepts are also applied to different results. 


(1) 


(2) 
(3) 
(4) 


Moreover, the outcomes of the study are as follows: 


The difference type of the homogeneous difference equation is solved in a neutrosophic 
environment and the symmetric behavior between them is discussed. 

The characterization theorem for the neutrosophic difference equations are established. 

The strong and weak solution concept is applied for the neutrosophic difference equation. 
Different examples and real-life applications in actuarial science are illustrated for better 
understanding of neutrosophic difference equations. 


For some limitations, we did not study the different perspectives of related research in the theory 


of difference equations with uncertainty in this present work. From this work, anyone can take 


motivation and find a new theory and results in the following field, as follows: 


(1) 
(2) 


(3) 


The solution of difference equation can be found with different types of uncertainty, such as Type 
2 fuzzy, interval valued fuzzy, hesitant fuzzy, rough fuzzy environment. 

Finding several methods (analytical and numerical) for solving non-linear first and higher order 
difference equations or system of difference equations with uncertainty. 

Solving the real-life model associated with the discrete system modeling with uncertain data. 


Asa final argument, we can surely say that this research is very helpful to the research community 


who deals with discrete system modeling with uncertainty. 


167 


Symmetry 2020, 12, 1091 


Author Contributions: Conceptualization, S.P.M.; Data curation, A.A. (Abdul Alamin); Formal analysis, 
S.A.; Resources, S.P.M. Software; Supervision, A.A. (Ali Ahmadian); Visualization, A.A. (Ali Ahmadian); 
Writing—original draft, A.A. (Abdul Alamin) and S.A.; Writing—review & editing, A.A. (Ali Ahmadian), S.S. and 
M.S. All authors have read and agreed to the published version of the manuscript. 


Funding: This research received no external funding. 


Conflicts of Interest: The authors declare no conflict of interest. 


References 

1. Zadeh, L. Fuzzy sets. Inf. Control. 1965, 8, 338-353. [CrossRef] 

2.  Atanassov, K.T. Intuitionistic fuzzy sets. Fuzzy Sets Syst. 1986, 20, 87-96. [CrossRef] 

3. Li, J.; Niu, Q.; Dong, X.-C. Similarity Measure and Fuzzy Entropy of Fuzzy Number Intuitionistic Fuzzy Sets. 
Adv. Intell. Soft Comput. 2009, 54, 373-379. [CrossRef] 

4. Ye, J. Prioritized aggregation operators of trapezoidal intuitionistic fuzzy sets and their application to 
multicriteria decision-making. Neural Comput. Appl. 2014, 25, 1447-1454. [CrossRef] 

5. | Smarandache, F. A Unifying Field in Logics Neutrosophy: Neutrosophic Probability, Set and Logic; American 
Research Press: Rehoboth, DE, USA, 1998. 

6. Wang, H.; Smarandache, F; Zhang, Y.; Sunderraman, R. Single Valued Neutrosophic Sets. 
Multisspace Multistructure 2010, 4, 410-413. 

7. Ye, J. Single-Valued Neutrosophic Minimum Spanning Tree and Its Clustering Method. J. Intell. Syst. 2014, 
23, 311-324. [CrossRef] 

8. Peng, J.-J.; Wang, J.-Q.; Wang, J.; Zhang, H.-Y.; Chen, X.-H. Simplified neutrosophic sets and their applications 
in multi-criteria group decision-making problems. Int. J. Syst. Sci. 2015, 47, 1-17. [CrossRef] 

9. Peng, X.; Smarandache, F. New multiparametric similarity measure for neutrosophic set with big data 
industry evaluation. Artif. Intell. Rev. 2019, 53, 3089-3125. [CrossRef] 

10. Chakraborty, A.; Mondal, S.P.; Ahmadian, A.; Senu, N.; Salahshour, S.; Alam, S. Different Forms of Triangular 
Neutrosophic Numbers, De-Neutrosophication Techniques, and their Applications. Symmetry 2018, 10, 327. 
[CrossRef] 

11. Chakraborty, A.; Mondal, S.P.; Alam, S.; Ahmadian, A.; Senu, N.; De, D.; Salahshour, S. Disjunctive 
Representation of Triangular Bipolar Neutrosophic Numbers, De-Bipolarization Technique and Application 
in Multi-Criteria Decision-Making Problems. Symmetry 2019, 11, 932. [CrossRef] 

12. Deli, I.; Ali, M.; Smarandache, F. Bipolar Neutrosophic Sets and their Application Based on Multi-Criteria 
Decision Making Problems. In Proceedings of the 2015 International Conference on Advanced Mechatronic 
Systems (ICAMechS), Beijing, China, 22-24 August 2015; Institute of Electrical and Electronics Engineers 
(IEEE): Piscataway, NJ, USA, 2015; pp. 249-254. 

13. Lee, K.M. Bipolar-Valued Fuzzy Sets and their Operations. In Proceedings of the International Conference 
on Intelligent Technologies, Bangkok, Thailand, 12-14 December 2000; pp. 307-312. 

14. Kang, M.K.; Kang, J.G. Bipolar fuzzy set theory applied to sub-semigroups with operators in semi groups. 
J. Korean Soc. Math. Educ. Ser. B Pure Appl. Math. 2012, 19, 23-35. 

15. Smarandache, F. Neutrosophic Perspectives: Triplets, Duplets, Multisets, Hybrid Operators, Modal Logic, 
Hedge Algebras and Applications; Degree of Dependence and Independence of the (Sub) Components 
of Fuzzy Set and Neutrosophic Set. Neutrosophic Sets and Systems; Pons Publishing House: Stuttgart, 
Germany, 2016; Volume 11, pp. 95-97. 

16. Deeba, E.Y.; De Korvin, A.; Koh, E.L. A fuzzy difference equation with an application. J. Differ. Equ. Appl. 
1996, 2, 365-374. [CrossRef] 

17. Deeba, E.; De Korvin, A. Analysis by fuzzy difference equations of a model of CO2 level in the blood. 
Appl. Math. Lett. 1999, 12, 33-40. [CrossRef] 

18. Lakshmikantham, V.; Vatsala, A. Basic Theory of Fuzzy Difference Equations. J. Differ. Equ. Appl. 2002, 8, 
957-968. [CrossRef] 

19. Papaschinopoulos, G.; Papadopoulos, B.K. On the fuzzy difference equation x_(n+1)=A+B*_n. Soft Comput. 
2002, 6, 456-461. [CrossRef] 

20. Papaschinopoulos, G.; Papadopoulos, B.K. On the fuzzy difference equation x_(n+1)=A+x_1vx_(n-m). 


Fuzzy Sets Syst. 2002, 129, 73-81. [CrossRef] 


168 


Symmetry 2020, 12, 1091 


21. 


22. 


23. 
24. 


25. 


26. 


27, 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 
37. 


38. 


39. 


40. 


41. 


42. 


Papaschinopoulos, G.; Schinas, C.J. On the fuzzy difference equation Xy,41 fa = + ae J. Differ. Equ. Appl. 
2000, 6, 85-89. [CrossRef] oe 

Papaschinopoulos, G.; Stefanidou, G. Boundedness and asymptotic behavior of the solutions of a fuzzy 
difference equation. Fuzzy Sets Syst. 2003, 140, 523-539. [CrossRef] 

Umekkan, S.A.; Can, E.; Bayrak, M.A. Fuzzy difference equation in finance. IJSIMR 2014, 2, 729-735. 
Stefanidou, G.; Papaschinopoulosand, G.; Schinas, C.J. On an exponential—-Type fuzzy Difference equation. 
Advanced in difference equations. Adv. Differ. Equ. 2010, 2010, 1-19. [CrossRef] 

Din, Q. Asymptotic Behavior of a Second-Order Fuzzy Rational Difference Equation. J. Discret. Math. 2015, 
2015, 1-7. [CrossRef] 

Zhang, Q.H.; Yang, L.H.; Liao, D.X. Behaviour of solutions of to a fuzzy nonlinear difference equation. Iran. J. 
Fuzzy Syst. 2012, 9, 1-12. 

Memarbashi, R.; Ghasemabadi, A. Fuzzy difference equations of volterra type. Int. J. Nonlinear Anal. Appl. 
2013, 4, 74-78. 

Stefanidou, G.; Papaschinopoulos, G. A fuzzy difference equation of a rational form. J. Nonlinear Math. Phys. 
2005, 12, 300-315. [CrossRef] 

Chrysafis, K.A.; Papadopoulos, B.K.; Papaschinopoulos, G. On the fuzzy difference equations of finance. 
Fuzzy Sets Syst. 2008, 159, 3259-3270. [CrossRef] 

Mondal, S.P.; Vishwakarma, D.K.; Saha, A.K. Solution of second order linear fuzzy difference equation by 
Lagrange’s multiplier method. J. Soft Comput. Appl. 2016, 2016, 11-27. [CrossRef] 

Mondal, S.P.; Mandal, M.; Bhattacharya, D. Non-linear interval-valued fuzzy numbers and their application 
in difference equations. Granul. Comput. 2017, 3, 177-189. [CrossRef] 

Sarkar, B.; Mondal, S.P.; Hur, S.; Ahmadian, A.; Salahshour, S.; Guchhait, R.; Iqbal, M.W. An optimization 
technique for national income determination model with stability analysis of differential equation in discrete 
and continuous process under the uncertain environment. Rairo Oper. Res. 2019, 53, 1649-1674. [CrossRef] 
Zhang, Q.; Lin, F On Dynamical Behavior of Discrete Time Fuzzy Logistic Equation. Discret. Dyn. Nat. Soc. 
2018, 2018, 1-8. [CrossRef] 

Zhang, Q.; Lin, F; Zhong, X. Asymptotic Behavior of Discrete Time Fuzzy Single Species Model. Discret. Dyn. 
Nat. Soc. 2019, 2019, 1-9. [CrossRef] 

Zhang, Q.; Lin, FB.; Zhong, X.Y. On discrete time Beverton-Holt population model with fuzzy environment. 
Math. Biosci. Eng. 2019, 16, 1471-1488. [CrossRef] [PubMed] 

Khastan, A. Fuzzy logistic difference equation. Iran. J. Fuzzy Syst. 2018, 15, 55-66. 

Mondal, S.P.; Alam Khan, N.; Vishwakarma, D.; Saha, A.K. Existence and Stability of Difference Equation in 
Imprecise Environment. Nonlinear Eng. 2018, 7, 263-271. [CrossRef] 

Khastan, A.; Alijani, Z. On the new solutions to the fuzzy difference equation xn+1=A+Bxn. Fuzzy Sets Syst. 
2019, 358, 64-83. [CrossRef] 

Khastan, A. New solutions for first order linear fuzzy difference equations. J. Comput. Appl. Math. 2017, 312, 
156-166. [CrossRef] 

Abdel-Basset, M.; Mohamed, M.; Hussien, A.N.; Sangaiah, A.K. A novel group decision-making model 
based on triangular neutrosophic numbers. Soft Comput. 2018, 22, 6629-6643. [CrossRef] 

Jensen, A. Lecture Notes on Difference Equation; Department of mathematical Science, Aalborg University: 
Aalborg, Denmark, 18 July 2011; (It is lecture notes of the courses “Introduction to Mathematical Methods” 
and “Introduction to Mathematical Methods in Economics”). 

Elaydi, S.N. An Introduction to Difference Equations; Springer: Berlin/Heidelberg, Germany, 1995. 


@) © 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access 
article distributed under the terms and conditions of the Creative Commons Attribution 
BY 


(CC BY) license (http://creativecommons.org/licenses/by/4.0/). 


169 


symmetry (mbPI) 


Article 
Neutrosophic Modeling of Talcott Parsons’s Action 
and Decision-Making Applications for It 


Cahit Aslan 1, Abdullah Kargin 2*® and Memet Sahin 2 


1 Department of Sociology, Psychology and Philosophy Teaching, Education Faculty, Cukurova University, 


Balcali, 01330 Saricam/Adana, Turkey; aslanc@cu.edu.tr 
Department of Mathematics, Gaziantep University, 27310 Gaziantep, Turkey; mesahin@gantep.edu.tr 
* Correspondence: ak23977@mail2.gantep.edu.tr; Tel.: +90-055-4270-6621 


check for 
Received: 15 May 2020; Accepted: 3 July 2020; Published: 13 July 2020 g updates 


Abstract: The grand theory of action of Parsons has an important place in social theories. Furthermore, 
there are many uncertainties in the theory of Parsons. Classical math logic is often insufficient to 
explain these uncertainties. In this study, we explain the grand theory of action of Parsons in 
neutrosociology for the first time. Thus, we achieve a more effective way of dealing with the 
uncertainties in the theory of Parsons as in all social theories. We obtain a similarity measure for 
single-valued neutrosophic numbers. In addition, we show that this measure of similarity satisfies 
the similarity measure conditions. By making use of this similarity measure, we obtain applications 
that allow finding the ideal society in the theory of Parsons within the theory of neutrosociology. 
In addition, we compare the results we obtained with the data in this study with the results of 
the similarity measures previously defined. Thus, we have checked the appropriateness of the 
decision-making application that we obtained. 


Keywords: neutrosociology; modeling of grand theory of action of Talcott Parsons; single-valued 
neutrosophic number; measure of similarity; decision-making applications 


1. Introduction 


There are many uncertainties in the world. Classical math logic is usually insufficient to explain 
uncertainties. Thus, we are not always able to say for a situation or an event whether it is true or wrong 
in an absolute manner. For example, we cannot always say the weather is hot or cold. While the weather 
is hot according to some, it may be cold for others. Therefore, Smarandache obtained the neutrosophic 
logic and neutrosophic set to deal with uncertainties more objectively in 1998 [1]. “T’ is the membership 
degree, ‘I’ is the uncertainty degree and ‘F’ is the non-membership degree in the neutrosophic logic 
and neutrosophic sets. “T, I, F” are defined independently. In addition, a neutrosophic number has the 
form (T, I, F). Furthermore, neutrosophic logic is a generalization of fuzzy logic [2] and intuitionistic 
fuzzy logic [3] since fuzzy and intuitionistic fuzzy logic’s membership, non—membership degrees are 
defined dependently. Thus, many researchers have obtained new structures and new applications on 
neutrosophic logic and sets [4-15]. 

In Section 2 of this study, we provide a literature review. In Section 3, we give related works. 
In Section 4, we include the definitions of neutrosophic sets [1], single-valued sets [6], similarity 
measures in [7] and [16], the theory of social action of Parsons [17], Hausdorff measure [18] and 
Hamming measure [18]. In Section 5, we re-model the social action theory of Parsons which is modeled 
in neutrosociology. In Section 6, we obtain a similarity measure for single-valued neutrosophic sets and 
prove that this measure meets the requirements of the similarity measure. In Section 7, we create the 
decision-making algorithm that we can choose the ideal society among the societies for the social action 
theory of Parsons in neutrosociology with the help of similarity measure in Section 6. In Section 8, 


171 


Symmetry 2020, 12, 1166 


we give sensitivity analysis for numeric example in Section 7; in Section 9, we give comparison methods. 
We compare the results we obtained with the data in this study with the results of the similarity 
measures previously defined. Thus, we have checked the appropriateness of the decision-making 
application we obtained; in Section 10, we discuss what we obtained in this study and make suggestions 
for studies that can be obtained by making use of this study; in Section 11, we give conclusions. 


2. Literature Review 


Similarity measure and decision-making practices emerge as an important application theory, 
especially after the definition of the fuzzy sets and neutrosophic sets. Many researchers have tried to deal 
with uncertainties by making new applications on neutrosophic sets, using similarity measures, TOPSIS 
method, VIKOR method, multicriteria method, Maximizing deviation method, decision tree methods, 
gray relational analysis method, etc. Recently, Sahin et al. studied combined classic neutrosophic sets 
and double neutrosophic sets [19]; Sahin et al. obtained decision-making applications for professional 
proficiencies in neutrosophic theory [16]; Ulugay et al. introduced decision-making applications for 
neutrosophic soft expert graphs [20]; Olgun et al. studied neutrosophic logic on the decision tree [21]; 
Wang et al. studied an extended VIKOR method with triangular fuzzy neutrosophic numbers [22]; 
Biswas et al. introduced TOPSIS method for decision-making applications [23]; Sahin et al. obtained 
a maximizing deviation method in neutrosophic theory [24]; Biswas et al. studied gray relational 
analysis method for decision-making applications [25]. 


3. Related Works 


Smarandache claims that sociopolitical events can be studied mathematically [4]. In addition, 
he claims that it is possible to design a tool to describe an equation, an operator, a mathematical 
structure or a social phoneme. Studying the past gives us an idea about the future, at least partially. 
For this reason, we need to construct neutrosophic theories that may describe the new possible types 
of social structures with a neutrosophic number form. Since the social word contains a high degree 
of subjectivity that causes a low level of unanimity, these theories necessarily address uncertainty. 
Most of the data we come across in the field of sociology may be vague, incomplete, contradictory, 
biased, hybrid, ignorant, redundant, etc. Therefore, they are neutrosophic in nature and neutrosophic 
sciences dealing with indeterminacy should be involved in the study of sociology [4]. 

For the very same reasons, Smarandache proposed a model to be used in neutrosophic studies. 
He states that a neutrosophic extension of an element x with a neutrosophic number form. 

Parsons, who built his theory on methodological and meta-theoretical debates in the field of 
social science, also paid special attention to hermeneutic to explain the extent of the individual's 
voluntary involvement in action [26]. He made structural and functional explanations to maintain 
social balance and harmony [21]. While Parsons saw culture as values and norms that guide the 
actions of individuals in social life, he conceptualized the structure as a system of intertwined and 
independent parts [27]. According to Parsons, cultural objects are autonomous. He did this by 
distinguishing between the cultural and social systems. He also viewed society as a general system of 
action. In addition, many researchers have studied Parsons’s social action theory [26-36]. 

In this study, Parsons’s social action theory was aimed to re-model neutrosociology. As in all social 
theories, the social action theory of Parsons could not escape uncertainty [21]. Hence, the handling 
of it in neutrosociology theory would make this theory more useful. Therefore, we have obtained a 
similarity measure with single-valued neutrosophic numbers and included applications where this 
measure can be used as the neutrosophic equivalent of the ideal society in this theory. 


4. Preliminaries 


This section includes the definitions of neutrosophic sets [1], single-valued neutrosophic sets [6], 
similarity measures [7,16] and theory of social action of Parsons [17], Hausdorff measure [18] and 
Hamming measure [18]. 
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Definition 1 ([17]). Parsons, who built his theory on methodological and meta-theoretical debates in the field 
of social science, also paid special attention to hermeneutic to explain the extent of the individual’s voluntary 
involvement in action (so, which is neutrosophic). He made structural and functional explanations to maintain 
social balance and harmony. While Parsons saw culture as values and norms that guide the actions of individuals 
in social life, he conceptualized the structure as a system of intertwined and independent parts. According to 
Parsons, cultural objects are autonomous. He did this by distinguishing between the cultural and social systems. 
He also viewed society as a general system of action. 


Definition 2 ([1]). Let X be a universal set. Neutrosophic set S; is identified as S = {(x:T a(x), La(x), Fa(x)>, 
x € X}. Where; on the condition that 0~< Tax) + Tacx) + Fac) $3*; the functions T:U — ]0~,1*[ is truth 
function, IU — ]0~,1*[ is uncertain function and F:U — ]0~,1*| is falsity function. 


Definition 3 ([6]). Let X be a universal set. Single-valued neutrosophic number set S; is identified as 
S = {(x:T g(x), Taiz) Fai) >, ¥ € XI. Where; on condition that 0< T(x) + Tacx) + F(x) $3; the functions T:X 
= [0,1] is truth function, I:X — [0,1] is uncertainly function and F:X — [0,1] is falsity function. 


Definition 4 ([6]). Let A = {(x:<T a(x), T(x), Faia) >} and B = {(x:<T gx), Ip(x), Fp¢x) >! are single-valued 
neutrosophic numbers. If A = B; then T a(x) = Tpx), La(x) = [pcx and Fax) = Feyx): 


Definition 5 ([6]). Let A = {(x:<T (x), Lax), Fai) >/ and B = {(x:<T (4), [p(x), Facx)>/ are single-valued 
neutrosophic sets for x € U. If A < B; then for VW x € U; Tay) < TB(x), Lac) < LB(x) and Fax) < Fax): 


Properties 1 ([7]). Let A, Az and A3 are three single-valued neutrosophic numbers and S be a similarity 
measure. S provides the following conditions. 


i. 0 <S(Aj, Az) <1 

ii.  S(Ay, Az) = S(A2, A1) 

ili. S(A1, Az) = 1eA, = Ad. 

iv. If Ay < Ap < Ag then, (Ay, A3) <S(Aj, Ao). 


Definition 6 ([16]). Let Ay = <T1, 1, F1> and Az = <T>, In, F2> be two single-valued neutrosophic numbers. 


Sn(A1, Az) = 
_ min{|3(T1-T2)-2(Fi-Fo) AF -Falh 
: (2/3) [ Graxtfa( Te) 26 FE -Fan/5)01 
min{|4(T1-T2)-3(—-b)|la-bl } 
{max{|4(T1-T2)-3(4-b) | J -bl}/7}+1 
min{|5(T -T2)—2(Fy -F2)-3(h -I2)|1T1 -T2|} 
{max{|5(Ty T2) 2(Fy Fp) 3(i In) IT1 To|}/10}41 


+ 


+ 


is a similarity measure. 
Definition 7 ([18]). Let Ay = <T1, 1, F1> and Az = <To, In, F2> be two single-valued neutrosophic numbers. 
Sn(A1,A2) = 1-max{|T) — T2I,lh - Ip|, \Fi - Fol} 
is a Hausdorff similarity measure. 
Definition 8 ([18]). Let Ay = <T1, I,, Fy> and Az = <T>, In, F2> be two single-valued neutrosophic numbers. 
$H(Ai,A2) = 1- (IT, — Tal + 1h — fo] + IFi — Fel) /3 


is a Hamming similarity measure. 
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5. Neutrosophic Modeling of Parson’s Theory of Action 


According to the perfection of action categories of Parsons, it is inevitable to have deep doubts in 
every society and between layers of a particular society. However, “there is no ideal society in the sense 
that Marx defines, within each society the definition of ideal changes according to the place of a person 
within the society. By those who are at the top layer, the society is defined as ideal, by those at the 
lowest layer, it is far from being ideal, and by those in the mid-layer, who can sometimes be completely 
ignorant of what is an ideal society, it can be described as a fluctuating phenomenon depending on 
circumstances. Therefore, we always have a neutrosophic ideal society with an opposite and neutral 
triad. Naturally, this is valid for all societies since there are always people with more privileges than 
the others. Even in any a democratic society, some people have more privileges although they may 
form a small minority” [4]. 

Parsons developed a theory of action to explain how the macro and micro aspects of a particular 
social order show structural integrity together with the participation of its members. He took into 
account the voluntary participation of the individual in the social life on one hand, and structural 
continuity on the other. Here, it is assumed that the individual acts under the motivation of the social 
structure while taking action. According to him, social sciences should consider a trio considering the 
purposes, ends and ideals when examining actions. 


Grand Theory of Action 


The basic paradigm of Parson viewed society as a general system of action is based on the 
understanding of ‘rational social action’ of Weber [28]. However, according to Weber, sociology is a 
science that tries its interpretive understanding of social action to achieve a causal explanation of its 
course and its effects [36]. 

This interpretation is enriched from the perspective of the sociologist. Thus, social actions become 
neutrosophic. Others may agree, partially agree or disagree (1, 0, 0). Likewise, in the theory of 
Parson, the possibility of all members of society to participate in social values and norms that regulate, 
and guide human relations rather than individual activities is questionable, uncertain. Here we must see 
neutrosophic triplets. 

According to Parson’s theory, all social actions are based on five pattern variables. These: 


Affectivity versus affective neutrality; 
Self-orientation versus collective orientation; 
Universalism versus particularism; 


Quality versus performance; 


GY RO: Ns = 


Specificity versus diffuseness. 


Parsons believes that these variables classify expectations and the structure of relationships, 
making the intangible action theory more understandable. However, according to Parsons, pattern 
variables are twofold, and each pattern variable indicates a problem or riddle that must be solved by 
the actor before the action can be performed. At the same time, there is a wide variety between the 
traditional society and the modern society. However, these can be seen as binary for neutrosophic 
sociological analysis (1, 0), it is very difficult to determine which of the individual’s behaviors are 
modern or traditional. Therefore, each of them should be considered as triple neutrosophic (1, 0, 0). 
The feminists’ response to Parsons’ family view can be given as an example. According to Parsons, 
the instrumental leadership role in the family structure in modern societies should be given to the 
spouse-father, on which the family’s reputation and income are based [32]. However, according to 
feminists, this statement by Parsons is nothing more than the continuation of the status quo [35]. 
In addition, these pattern variables (stereotypes) do not say how people will behave when faced with 
role conflict, and we will once again encounter uncertainty. This uncertainty can only be answered 
by neutrosociology. 
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The society model that Parsons has compared to the biologic model of an organism is based on the 
understanding of “living systems” that continues in a balanced way. According to him, a change in any 
part of the social system leads to adaptive changes in other parts [33]. There are four main problems an 
all-action system must solve. These are adaptation, goal-attainment, integration and latent pattern 
maintenance (AGIL). In short, these are referred to as AGIL in Table 1. 


Table 1. Pure adaptation, goal-attainment, integration and latent pattern maintenance (AGIL) model 
for all living systems [33]. 


A Instrumental Consummatory G 
External Adaptation Goal-attainment 
Internal Latent pattern maintenance Integration 

L I 


“Adaptation” (A) is concerned with meeting the needs of the system from its environment and 
how resources are distributed within the system. Here, the system should provide sufficient resources 
from the environment and distribute it within itself. Social institutions are related to interrelated social 
rules and roles system that will meet social needs or functions and help solve social system problems. 
For example, economy, political order, law, religion, education and family are basic institutions for 
these. If a social system will continue to live, it needs structures and organizations that will function to 
adapt to its environment. The most dominant of these institutions is the economy. In “achieving the 
goal” (G), it is determined that the system reaches the specific target and which of these targets has 
priority. In other words, it should mobilize the resources and energies of the system and determine 
the priorities among them. “Integration” (I) refers to the coordination and harmony of parts of the 
system so that the system functions as a whole. To keep the system running, it must coordinate, 
correct, and regulate the relationships between the various actors or units in the system. “Latent 
pattern maintenance” (L) shows how to ensure the continuity of the action within the system according 
to a certain order or norm. The system should protect its values from deterioration and ensure the 
transfer of social values. Thus, it ensures the compliance of the members of the system. Especially 
family, religion, media and education have basic functions. Thanks to these, individuals gain a moral 
commitment to values shared socially [30]. 

The General Action Level is as follows in Table 2: 


Table 2. General Action Level [30]. 


A G 
The behavioral organism The personality system 
The cultural system The social system 
L I 


Ultimately we get this series: The social the system, the fiduciary the cognitive. 

Let us rebuild this series neutrosociology: (1, 0, 0) (1, 0, 0) (1, 0, 0). 

If we go back to the beginning, “Behavioral organic, Personality system, Cultural system and 
Social system” must work continuously to ensure social balance. This will be through “socialization” 
and “social control”. If socialization “works”, all members of the society will adhere to shared values, 
make appropriate choices between pattern variables, and do what is expected of them in harmony, 
integration and other issues. For example, people will marry and socialize their children (L), and the 
father in the family will gain bread as it should be (A) [35]. 
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6. A New Measurement of Similarity for Single- Valued Neutrosophic Numbers 


Definition 9. Let Ay = <T,, 11, Fy>, Az = <T2, In, F2> be two single-valued neutrosophic numbers. We define 
measure of similarity between A, and Az as follows 
min{ 3(T1-T2)°+(1-ln)*, |2(T1-T2)—(-n)|/3} 


Sn(Ay, A2) = 1 - (2223) SS ii ii 
{max{ 3(T,-T2)?+(h-n)*, |2(T1-T2)—(-In) |/3}/2}+1 


ay min{ [3(T1-T2)?+(F1—F2)*, |2(T1-T2)— (Fi -F2)|/3} 
{max{ [3(T,-T2)°+ (F1-F2)*, |[2(T1-T2)- (Fi -F2)|/3}/2}+1 
min{ 4f2(Ty—Ta)?+(hy—Ha)?+(F1 Fa), [(T1-To)— (2) (FF) [/5) 


tmax{ f2(T-T2)?+ (hla)? + (FF 2), [3(T1-T2)-(la) (FF) |/5/2)41 


We show that the measure of similarity in Definition 9 meets the requirements in Properties 1. 


Theorem 1. Let Sy be the measure of similarity in Definition 9. Sx provides the following features. 


i. 0 <Syn(Aj, Az) <1 

ii. Sn(A1, Az) = Sn(A2, A1) 

iii. Sn(Ay, Az) = 1ifand only if Ay = Ap. 

iv. If Ay < Az < Az, then Sn(A1, A3) < Sn(A1, Az). 


Proof: (i) Since A; and A are single-valued neutrosophic numbers, we have 


min{ x3(T1-T2)*+(i-a)*, |2(T1-T2)-(h-h)|/3} 
max{ }=1/, 
{max{ .[3(Ty-T2)?+(h—-b)’, |2(T,-T2)—(h-b)|/3}/2}+41 


min{ 43(T,-T2)°+(-2)*, |2(T1-T2)—(h-I2)|/3} 


min{ b= 0; 
{max{ )3(T1-T2)°+(h-h)”, |2(T1-T2)- (hha) |/3}/2}4-1 
in{ 4(3(T,-T2)? +(Fy-F2)*, |2(T;-T2)-(Fy-F2)|/3 
roa itl fT TaP (FF) CT Ta)-CFrFOSY yy 
{max{ {BCP |2(T1-T2)—(Fi-F2)|/3}/2}4+1 


id Y3(T1-T2)?+(Fi-Fa)”, |2(T1-Tz)-(Fi-F2)|/3} 

{max{ «f3(T1-T2)?+(F1 Fa), |2(T-T2)-(F1-F2)|/3}/2}4+1 a 
min{ Y2(T1-Te)2-+(h-b)2-+(Fi-Fa)2, S(T) (FSP) 75 
{max y(t, T2)°+ (h-hh)? +(Fi-F2)*, [3(T1-T2)-(h-la)- (FF) |/5}/2}+1 
rene yt T2)?+(h-h)? +(Fi-F2)”, |3(T1-T2)- (la) — (Fi -Fa)|/5}/2}+1 


min{ 


max{ = 1/2 


Therefore, 


min{Sy (Ay, Az)} = 1-2/3(1/2+1/2+1/2) = 1-1 


—~ = 0, 
max{Sy(Ay, A2)} = 1-2/3(0 + 0 + 0) = 1-0 = 1. 


Hence, 0 < Sn(Aj, Az) <1. 
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(ii) 
atte esi) 2(T,-T2)—(h—-)|/3} 
Sn(A1, A2) = 1-(2/3)| me 17-12) +(h-b)*, [2(T1-T2)-(h-b)| 
(mast 3(T1-T2)°+ (hb), [2(Ta-Te)-(h-f)|/3)/214+ 


min{ a emeNs +(F,-F2)*, |2(171-T2)—-(Fi—-F2)|/3} 


{max 4) 3(Ty—To)-+(Fy—Fo)?, [2(T1—T2) -(F1-F2)|/3}/2}+1 
min{ 2(Ty-T2)?-+(y-p)? + (Fy Fa), [3(T1-T2)— (ya) —(F1-F)|/5} 
{max{ «f2(T; T2)°+(y-b)?+(Fy-F2)’, ee ee +1 
min{ 4[3(T2-T1)°+(2-h)”, |2(T2-T1)-(a-h)|/3} 
{max{ 4{3(T2-T1)"+ (In-h)*, |2(T2-T1)—(a—h) | /3}/2}41 
min{ 3(T)—Ti2)?+(Fo—Fi)?, [2(T2-T1)-(Fo-F1)|/3} 
{max «)3(T2—T1)-+(Fo—F1)?, [2(T2—T)—(Fo—F1)|/3}/2}+1 
—_min{ J2(P.-T1)? + (lah)? + (FoF), [BTM )~(a-hy)—(F-F1)|/5} 
| (max{ 4[2(T T)?+(lp-h)? +(Fo-Fi)”, [3(T2-T1)—(a—-lh) -(Fo-Fi)|/5}/2}41 
= Sy(A2, A1). 


=1-2/3.{ 


(iii) We assume that 


Sn(A1, A2) 1 - (2/3)| mint 3(T—Ta)+(h=l), 2 [2(Ty-T2)-()-h)|/3} 
N 1, 2) = = I PE 82D TUTTE EMT TA 
(max{ «f3(Ty-T2)?-+ (1b), [2( |2(T1-T2)—(y-In)|/3} /2}+ 


min{ )3(T1- —Tp)?+(F1—F2)*, |2(T1-T2)—(F1—-F2)|/3} 


{max{ Dy HE, |2(T,-T2)—(Fi—F2)|/3}/2}+1 
min{ 2(Ty T2)?+(1—Io)° + (Fi-Fo)”, |3(T1-T2)—(h a) —(F-Fa)|/5} 


=1 


T 
{max{ 4f2(T; 7)? + (h-hh)? +(Fi-F2)”, [3(T1-T2)—(h-le)- (Fi -F2)|/5}/2}4-1 
Therefore, 


min{ f3(Ty-T2)°+(h-la)”, [2(T1-T2)- (hh) |/3} 
{max{ [3(Ty-T2)?+(h—-b)’, |2(T1-T2) (In) |/3}/2}41 
min{ [3(T—T)?+(Fi-F2)*, [2(Ta—-T)—(F1-Fa)|/31 


{max{ (act HE Ey, |2(Ty-T2)—-(Fy-F2)|/3}/2}+1 
min{ 2(T,-To)?-+(-Io)°+ (Fi Fa), [3(T1-T2)— (ala) —(F1-F2)|/5} 


T 
{max{ [2(T, T)? + (hh)? +(Fi-F2)”, [3(T1-T2)—(h-le)- (Fi -F2)|/5}/2}41 


So, 
min{ 4f3(T1-T2)’+(h-b)’, [2T1-T2)-(h-h)|/3} 
88S SS———S—oOoOooOS OO “— =a Oand 
{max{ [3(Ty-T2)? +(h-b)’, |2(Ty-T2)—(-Ip) |/3}/2}+1 
min{ 3(Ty-To)?-+(F\-F2)?, |2(T1-T2)—(Fi—F2)|/3} 
{max{ sty FP), |2(Ty-T2)—(Fy-F2)|/3}/2}+1 
min{ «|2(Ty—T2)?+(h la)? +(F1—F2)°, [3(T1-Ta)—(h a) ~(F-Fa)|/5) 


{max 4f2(T; T2)?+(}—-ln)? +(F1—-F2)”, [3(T1-T2) —(-n)— (F1 -F2)|/5}/2)+41 


=); 


= 0. 


Therefore, 


min{ V3(T1 - To)? + (i -In)’, 
min{ V3(T1 —T2)? + (Fi - Fe)’, 
min{ 207: ~Tz)? + (fy — hh)? + (Fy — Fo)’, 


2(Ty — T2) — (fh - )|/3} = 
2(T —T2) - (Fy - F2)|/3} = 0, 
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Now, we write all the cases that can make these statements 0 one-by-one. 
(a) We assume that 


2(T, —T2)* + (h-hh)? + (Fi -F2)° = 0. (1) 
Therefore, it is 
TT) hab ree 


Here, it is obtained that T; — Tz = 0, ly — In = 0 and F; — F2 = 0. Hence, we get Ty) = T2, lh = Ib 
and Fy = Fp. By Definition 4, A; = Ad. 
(b) Let 


3(T -T2° +( -hy = 0, (2) 


3(Ty —T2)* + (Fi-F2)* = 0. (3) 


By (2) and (3), we obtain 3(T, Tz)” + ( ~ b)” =O and 3(Ty ~ Tz)” + (F, Fz)’ = 0. 

Therefore, we obtain T; — Tz = 0, 1 — Iz = 0 and Fy — Fz = 0. Hence, we obtain T) = 12, = Ip 
and F; = F. By Definition 4, Ay = Ap. 

(c) We assume that 


3(T1 -T2)° + (h-h)* = 0, (4) 

|2(T1 - T2) — (Fi -Fa)| = 0, (5) 
By (4), we have 

T, -To= Oand], -In = 0. (6) 


Hence, we obtain that F; — Fz = 0 by (5) and (6). 
Hence, 7) = T2, i = Iz and F, = Fp. By Definition 4, we get A; = Ap. 


(d) We assume that 
|2(71 - Tz) - ( -b)|/3 = 0, (7) 
|2(T1 - Tz) - (Fi -F2)|/3 = 0, (8) 
3(T1 - T2) - (h - I) - (Fi -Fa)|/5 = 0. (9) 
By (7) and (8), we obtain 
yee oes ae ee (10) 


Hence, T; — Tz = 0 by (9) and (10). 
Hence, 7) = T2,l) = In and Fy = Fp. By Definition 4, A; = Ap. 
We assume that A; = Az. Therefore, by Definition 4, it is T, = Tz, I, = In, F; = Fp. Because of this, 


we have 
3(T1-T2)°+(h-2)*, |2(71-T2)-(-n)|/3} 
Sw(Aq, Av) = 1- (2/3) min{ 3(T1-T2)+(h-h)’*, |2(T1-T2)-(h-h)| 
{max{ ¥/3( Ty- T2) 24 (h- bh) , |2( Ty- T2)- (iy —In)|/3} /2}+ 


min{ )3(T1- —Ty)?-+(F1—F2)*, |2(T1-T2)—(F1—-F2)|/3} 


{max{ Rue ecie soe |2(T,-T2)—-(Fy—F2)|/3}/2}+1 
min{ 2(T; To) +(l1-h)? +(Fi-Fa)*, |3(T1-T2)-(-h) (h-hh) = (FF) |/5} 
T 


{max{ 4f2(Ty To)’ +(-lb)? +(F1-F2)”, [3(T1-T2)—(h)—n)— (F1 -F2)|/5}/2)+41 


=0 
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(iv) We assume that A; < Az < A3. By Definition 5, it is T; < Tz < T3, > lb > 13, Fy = Fo = Fs. 
Hence, we obtain that 


min{ +3(T1 —T2)” + (lh —b)*, |2(T1 - T2) - (h - 2) |/3} < 1, 
max{ 3(T1 - Tz)” + (lh -b)”, |2(T1 - Ta) = (h - 2) |/3}/2} $1, 
min{ V3(T1 ~T3)° + (h-4s)*, |2(T1 -T3) - (h-s)|/3} <1, 
max{ V3(T1 -13)° + (h-1s)’, |2(T1 -T3) - (h -1s)|/3}/2} <1. 


Therefore, we have 


min{ 43(T1 -T2)? + (ly - In)’, |2(T1 - Tz) - (h -b)|/3} < 

min{ 43(Ty —T3)° + (ly - 13)”, |2(71 - Ts) — ( -13)|/3 1, 
max{ Ge -T2)° + (h-b)’, |2(T1 -T2) - (h - b)|/3}/2} < 
max{ V3(T1 ~T3)* + (ly - 13), |2(T, - Ts) - (4) -13)|/3}/21- 


Hence, 


min{ 43(T1 —T2)? + ( -)’, |2(T1 - Tz) - (h - b)|/3} 


{max{ 4/3(T) —T2)? + (hh —)*, |2(T1 — Tz) - (hy - b)|/3}/2} +1 


min{ 4[3(T1 - Tz)? + ( — 2)’, |2(T1 - Tz) - (hh - 2) |/3} 


—_—_——————————————E (11) 
{max{ 4[3(T1 — Tz)? + (ly - 2), |2(T1 - Tz) - (a - 2) |/3}/2} +1 


In addition, 


min{ eC ~T2)* + (Fy -F2)*, |2(Ty - T2) - (Fi — F2)|/3} < 1, 
max{ V3(T1 — Tp)? + (Fy -Fo)*, |2(Ty - T2) - (Fi — F2)|/3}/2} < 1 
min{ V3(T1 —T3)* + (Fy -Fs)*, |2(T, —T3) - (Fi -F3)|/3} <1, 
max{ 4{3(T, — T3)° + (F1 -Fs)*, |2(T1 — Ts) — (Fi — F3)|/3}/2} <1 


Therefore, we obtain that 


mint V3(T1 ~T2)* + (Fy -F2)*, |2(Ty - T2) - (Fi - F2)|/3} < 
min{ V3(T1 ~T3)* + (Fy —F3)*, |2(T1 - T3) - (Fi - F3)|/3}, 
max{ [3(T — To)” + (Fy — Fa)*, |2(T1 — T2) — (Fi — F2)|/3}/2} < 


max{ [3(T1 —T3)° + (F1-Fs)°, [2(T1 - Ts) - (Fi - F3)|/3}/2}- 


Hence, 


min{ Nee ~T 2)? + (Fy - Fa)", |2(T1 —T2) - (Fi — F2)|/3} 


{max{ Relea —T>)* + (Fy —F2)*, |2(T1 — Tz) - (Fy - Fa)|/3}/2} +1 
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min{ V3(T1 —T2)* + (Fi -F2)’, 


2(T1 — Tz) - (F1 - Fa)|/3} 


(12) 
{max{ V3(T1 ~T>)* + (Fy —F2)*, |2(T1 — T2) - (Fi - F2)|/3}/2)} +1 
In addition, 
min{ 4{2(Ty —T2)? + (ly - bb)? + (Fi - Fo)”, |3(T1 — T2) — (a — bb) - (Fi -Fa)|/5} <1 
max{ «f2(Ty T,)? + (I) —h)? + (Fi - Fx), (8(T1 - T2) - (hh -b) - (Fi - Fa)|/5}/3 <1, 
min{ 2(T; T3)° + (ly - 13)? + (Fy — Fs)”, |3(T1 - Ts) ~ (ly — Is) - (Fi - F3)|/5} <1 
max{ a Ge ~T3)* + (ly, - Is)? + (Fi Fs)’, (3(T1 - Ts) - (hy - Is) - (Fi - Fs)|/5}/3 <1, 
Hence, we have 
min{ 4{2(Ty —T2)? + (ly — Ib)? + (Fi - Fe)’, [3(T1 — T2) — (lh - fb) - (Fi - Fa) |/5} < 
min{ [2(T — Ts)? + (Ih — Ia)? + (Fr —Fa)?, (B(T1 ~Ts) - (ln - Ia) ~ (Fi -Fs)|/5, 
max{ «f2(Ty T2)* + (hy - Ib)? + (Fi, — F2)*, [3(T1 - T2) - (hh - 12) - (Fu — Fa)|/5}/2 <1, 
max{ 207; ~T3)* + (ly -1s)? + (Fi - Fs)”, (8(T1 - Ts) - (hh - Is) - (Fi — Fs)|/5}/2 
Hence, 
min{ (V2(T; Te + (I; bh) + (Fy Fo)’, 3(T — To) - Gh - bb) -— — F2)|/5} 
(max{ f2(T; T2)? + (ly - hh)? + (Fi — Fx)”, |8(T1 - T2) - (lh — bb) - (Fi - Fa) |/5}/2} +1 
min{ sf2(T, -T3)? + ( — Is)? + (Fi — Fs), [3(T1 - Ts) - (h - Is) - (1 -Fs)|/5) ie 
(max{ «J2(Ty - Ts)? + (h - 15)? + (Fi - Fa) 


3(Ty — T3) — (I — Is) — (Fy -F3)|/5}/2} +1 
By (11), (12) and (13), we have 


1 (2/3)| min{ [3(T,-T3)"+(f-Is)*, |2(T-T3)—(1,-I3)|/3} 
{max{ 4/3(T1-T3)°+(-b), |2(T1-T3)- (Is) |/3}/2}+ 
mint 3 (T,-T3)"-+(Fy-F3)?, |2(T1-T3)—(Fi-F3)|/3} 
{max{ A cremate |2(T,-T3)-(Fy—-F3)|/3}/2}+1 
_min{ J2(T\-T3)?+(h—Is)? + (F1-F)?, [3(L1-T3) ~(h-Ia)~(“Is)—(F-F)|/5} 


{max { /2(T; T3)°+(h-1h)?+ (Fy -F3)°, p-T)-(h-h)-(Fi-F)|/5} 2141 . 
in{ 3(T1-T2)?+(1-lb)”, |2(T1-T2)—(—-In) |/3} 
1- (2/3)| min{ 43(T1-T2)°+(h-h)*, |2(T1-T2)-(h-b)| 
{max { f3(T1-T2)°+()-b)’, ptni-T2)-(h-h)|/3} 2441 
mint 3(T1—T2)?-+(F1-Fe)”, [2(Ta-Ta)~(F1-F2)1/3} 
{max{ Acoma ae |2(T,-T2)—(Fi—F2)|/3}/2}+1 
min{ «]2(Ty—T2)?+(ly—Ip)°+(F1-F2)*, [8(T1-T2)—(h—la)—(Fi-F)|/5) 


tna f(T T2)°+(h-h)? +(Fi-F2)”, (1 -Ta)-(h-h)-(Fi-Fa)|/5}/2)41 


Hence, we get Sn(A1, A3) < Sn(Aj, Az) as desired. O 
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7. Decision-Making Applications for Neutrosophic Modeling of Talcott Parsons’s Action 


In this section, we give an algorithm for applications that allow us to find the ideal society in 
the grand theory of action of Parsons by taking advantage of the similarity measure in Definition 9. 
In addition, we give a numeric example to this algorithm. 


7.1. Algorithm 


1. Step: To find out which societies are closer to the ideal society, the criteria to be considered are 
determined. The criteria of the ideal society in the grand theory of action of Parsons [17] are taken as 
below: 


c, = affectivity versus affective neutrality 

Co = self-orientation versus collective orientation 
c3 = universalism versus particularism 

c4 = quality versus performance 

cs = specificity versus diffuseness 


Let the set of these criteria be C = {c1, c2,... , C5}. 
2. Step: Let the set of weighted values of the criteria be W = {w 1, W2,... , Wm} and let the weighted 
values be taken as below: 


the weighted value of the criterion c, is wy, 
the weighted value of the criterion cz is w2, 
the weighted value of the criterion c3 is w3, 
the weighted value of the criterion cq is w4 and 
the weighted value of the criterion cs is ws. 


In addition, it must be )"_ | wj = Land wy, w2,... , Wm € [0,1]. 

In this study, we will take the weighted value of each criterion as equal. If necessary, different 
weighted values can be selected for each criterion. 

3. Step: Each society that will be taken into ideal society assessment should be evaluated by 
sociologists determined as a single-valued neutrosophic number. Let T = {t1, t2, ..., tn} be set of 
societies. Symbolic representation of societies as single-valued neutrosophic sets are denoted as: 


B= (c12< Ty, (ey)s Tay (ey) Fey (eq) >1 ©2°< Thy (65) Moy (eo)¢ Fy (ea)? +1 O5°< Thy (65) Tg (es) Fy (es)?* EE CG = 1,2, 0 SDL, 
to= {cy:< Try (e1)1 Lta(cx) Fig (cy) 7 €2?< Tip (cn)1 Lta(co) Fig (en)? 7 ++ +7 O5°< Tin (c5)7 Lo (es) Fta(c5) >? Ci € Ci = 1,2,...,5)), 
t3= {c1:< Tis(c1) Lts(cr)Ftg(cy) 7 €2°< Ti (c2)+ Lts(co) Fits (en)? ++ +7 ©5°< Tis (c5)7 Ltg(c5)/ Fts(c5)?7 Ci € CG = 1,2,...,5)), 
th= {cy:< Ty,,(c)/ Th (c1)1 Fty(e:) > C2:< Ty,,(c9)s Th (cy) Pty (cg) P72 CBS T;,,(cs)s Ii(c5)/ Ft (c5)77 GE Cc (i a ee ee 5)}. 


Here, cy, €2,... , cs are the criteria in Step 1. Thus, each society will be obtained as a single-valued 
neutrosophic number according to the given criteria. 

4. Step: To compare how close the societies are to ideal society in the theory of Parsons, an 
imaginary perfect society is determined. Perfect society under the similarity measure we have obtained 
should be as 


I = {c,:< 1,0, 0>, x2 :<1,0,0>,...,¢c5:<1,0,0>;c,€ C(i = 1, 2,...,5)}. 


Hence, we will accept the existence of an imaginary society that includes 100% truth, 0% uncertainty 
and 0% falsity according to each criterion. 

5. Step: We express the societies given as a single-valued neutrosophic set in step 3 in a table 
according to criteria. Thus, we will obtain Table 3. 
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Table 3. Criteria table of societies. 


C1 () C3 c4 C5 
ty <Th(c1), Li (cy) i <T 4 (3), ta <T 4 (cs), 
Fr (co) Tr (3) Ft (c3) > Ths (c5)1 Ft (cs) > 
ty Fale Plea <Tia(es) ir <Tia(os) 
Fi ())> Tr (cs) Fta(cs) > Tr (es) Fig (cs)> 
tn <T,(c)/ Lh (c1)7 el <T1,(c3)/ aie awe (c5)” 
Filey Ts,(c3)1 Fy (ca)> T,(es)1 Fy (cs)> 


6. Step: We will process each criterion values given for each society separately and each criterion 
values of the perfect society I in Step 4 separately with similarity measure. Hence, we will obtain 
Table 4. 


Table 4. Similarity table for each social criteria to perfect society criteria. 


cy c2 C3 C4 C5 
ty Sn (ey, 1, ) ees Sw (Ie, #1, ) oe Sn (Ics, #1...) 
to SN(e,, £2. ) eats Sn (Ie, to.) wise Sn (es, to.) 
tn SN(e1, tne, ) SN(Ic3, tn.,) $id SN (Ics, tines) 


7. Step: In this step, we will obtain a weighted similarity table (Table 5). 


Table 5. Weighted similarity table for each social criteria to perfect society criteria. 


Wy Cy, W2C2 W3C3 W4Cc4 Ws5C5 
ty W 1 Sn(Uey, H.,) ste w3Sn (Ics, a) Pree wsSn (cs, H..) 
to W 1 SN(Ue,, to.) ae w3Sn (Ics, to.) sere w5SNn (ce, to.) 
tn w1SN(Ic,, tn.,) w3SN (Icy, tn.,) 4% w5SN (es, tn.) 


In this study, this step is not needed since we take the same weighted value of each criterion. 
More precisely, Tables 4 and 5 will be the same since the weighted values are equal. This step can be 
used if necessary. 

8. Step: 

In this last step, we will obtain a similarity value table (Table 6) by applying 


Sne(te, T) = D7 1 Wi-SN (ci, tk,,)- 


Table 6. Similarity value table of societies to the perfect society. 


The Similarity Value 


ty Sni(tr, T) 
ty Sno(to, I) 
th Snn (tn, D 


See Figure 1. 
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6. 


1. Determine Obtain the 
the criteria matrix of 
similarities to 
perfect 
society 


Determine Obtain the Obtain the table 
the weighted of weighted 


value of Criteria table similairties to 


criteria of societies perfect society 


4. 
ck Show the 
Show the perfect 8. 

societies as societies as Obtain the 
single valued single valued Similarity value 
neutrosophic neutrosophic table of societies 

sets sets to perfect 

society 


Figure 1. Diagram of the algorithm. 


7.2. Numeric Example 


Using the steps in Section 7.1, we show how close the 4 societies are to the ideal society. 
1. Step: Let the criteria of an ideal society in the theory of Parsons be as it is in Step 1 of Section 7.1; 


c, = affectivity versus affective neutrality 

Co = self-orientation versus collective orientation 
c3 = universalism versus particularism 

c4 = quality versus performance 

cs = specificity versus diffuseness 


Let C = {c1,C2,... , C5} be the set of criteria. 

2. Step: In this example, we will take the weight values of each criterion equal so that w; = w=... 
= W5 = 0.2. 

3. Step: Let the set of societies be T = {t, ta, tz, tg}. We assume that the single-valued neutrosophic 
set with evaluation of societies by sociologists according to the criteria in Step 1 will be as below: 


t= {c1:< 0.6, 0.2, 0.1 >, co:< 0.7, 0.2, 0.1 >, c3:< 0.4, 0.1, 0.2 >, cai< 0.8, 0.1, 0 >, c5 :< 0.5, 0.1, 0.2 >} 
to= {cy:< 0.5, 0.2, 0.3 >, cr:< 0.6, 0.1, 0.3 >, c3:< 0.8, 0.1, 0.2 >, c4:< 0.4, 0.1, 0.4 >, c5 :< 0.9, 0, 0.1 >} 
t3= {cy:< 0.5, 0.2, 0.1 >, co:< 0.8, 0.1, 0.1 >, c3:< 0.8, 0.1, 0 >, cai< 0.7, 0.2, 0.1 >, c5 :< 0.7, 0.2, 0.3 >} 
ta= {c1:< 0.7, 0.2, 0.1 >, c2:< 0.6, 0.2, 0.2 >, c3:< 0.7, 0.2, 0.1 >, c4r< 0.7, 0.1, 0.2 >, c5 :< 0.8, 0.1, 0.1 >} 
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4. Step: Let the dream perfect society that we compare societies be 


I = {cy :< 1, 0,0>, c2:< 1,0,0>,c3:<1,0,0>, c3:<1, 0,0>, c4:< 1, 0,0>, c5:<1, 0,0 >}. 


5. Step: Let us express the societies as a single-valued neutrosophic set in Step 3 in Table 7. 


Table 7. The criteria table of societies. 


cy C2 C3 C4 C5 
t; <0.6,0.2,0.1> <0.7,0.2,01> <04,0.1,0.2> <08,0.1,0> <0.5,0.1,0.2> 
to <0.5,0.2,0.3> <0.6,0.1,03> <0.8,0.1,0.2> <04,0.1,04> <0.9,0,0.1> 
tz <0.5,0.2,0.1> <0.8,0.1,0.1>  <0.8,0.1,0> <0.7,0.2,0.1> <0.7,0.2,0.3> 
tg <0.7,0.2,0.1> <0.6,0.2,0.2> <0.7,0.2,0.1> <0.7,0.1,0.2> <0.8,0.1,0.1> 


6. Step: Using the similarity measure, we obtain the similarity table (Table 8) which is the 
similarity of the criteria of societies to the criteria of the perfect society. 


Table 8. The similarity table of the criteria of societies to the criteria of the perfect society. 


C1 C2 C3 C4 C5 
ty 0.5351 0.6088 0.4121 0.7489 0.4700 
to 0.4263 0.5132 0.6930 0.3734 0.8494 
tz 0.4700 0.7196 0.7489 0.6088 0.5610 
tz 0.6088 0.5112 0.6088 0.6088 0.7196 


7. Step: In this example, there is no need to make any changes in Table 8 since we take the 
weighted value of each criterion as equal. 

8. Step: In this step, we obtain similarity values of the societies in Table 8 to the perfect society. 

Now, we obtain the similarity values of the societies in Table 9 and we obtain Table 10 by dividing 
the values in Table 9 by 5, taking the weighted values as equal for each society on 5 criteria and, hence, 
getting the results in the range [0,1]. 


Table 9. The similarity value table of the societies to the perfect society. 


The Similarity Value 


fH Swi (tt, 1) = 2.7749 
to Sn2(to, I) = 2.8553 
t3 Swa(ts, 1) = 3.1083 
ty Sna(ta, 1) = 3.0572 


Table 10. The similarity rate of the societies to the perfect society. 


The Similarity Value 


Hy Swi (tr, I) = 0.5549 
to Syo(to, I) = 0.5710 
ts Sy3(t3, 1) = 0.6216 
ty Swa(ta, I) = 0.6114 


In addition, the similarity value of each society to the perfect society in Table 10 is obtained. The 
result of the evaluation is given. Thus, societies closest to the perfect society are obtained as #3, ta, t2 
and ty respectively. 
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8. Sensitivity Analysis 


In 7.1 Numeric example, we take the weighted values of criteria W = {wy , W2,... , Wm} equal 
such that 


the weighted value of c, criteria w; = 0.2 
the weighted value of co criteria w2 = 0.2 
the weighted value of c3 criteria w3 = 0.2 
the weighted value of cq criteria w4 = 0.2 
the weighted value of cs criteria ws = 0.2 


Thus, societies closest to the perfect society are obtained as f3, ta, t2, t1 respectively. 
(a) If we take the W = {w, = 0.1, w2 = 0.3, w3 = 0.2, w4 = 0.2, w5 = 0.2}, then we obtain that societies 
closest to the perfect society are obtained as f3, t4, tg and t respectively (Table 11). 


Table 11. The similarity rate of the societies to the perfect society for W = {w, = 0.1, w2 = 0.3, w3 = 0.2, 
W4= 0.2, Ws = 0.2}. 


The Similarity Value 
fy Sni(t1, I) = 0.55235 


ds SN2(to, 1) = 0.57975 
ts Sna(ts, 1) = 0.64662 
a Sna(ta, 1) = 0.60168 


Thus, we obtain the same result with the Numeric Example 7.1. 
(b) If we take the W = {w = 0.2, w2 = 0.2, w3 = 0.3, w4 = 0.1, w5 = 0.2}, then we obtain that societies 
closest to the perfect society are obtained as f3, t4, tp and ty respectively respectively (Table 12). 


Table 12. The similarity rate of the societies to the perfect society for W = {w, = 0.2, w2 = 0.2, w3 = 0.3, 
W4 = 0.1, W5 = 0.2}. 


The Similarity Value 


ty Sni(ty, I) = 0.5213 
to Sn2(to, I) = 0.60302 
ty Sya(ts, 1) = 0.63567 
fe Sywa(ta, I) = 0.61144 


Thus, we obtain same result with Numeric Example 7.1. 
(c) If we take the W = {w, = 0.3, wp = 0.1, w3 = 0.2, w4 = 0.2, ws = 0.2}, then we obtain that societies 
closest to the perfect society are obtained as t4, t3, tp and ty respectively respectively (Table 13). 


Table 13. The similarity rate of the societies to the perfect society for W = {w, = 0.3, wz = 0.1, w3 = 0.2, 
W4 = 0.2, W5 = 0.2}. 


The Similarity Value 


tH Swi (ty, 1) = 0.54761 
ty Sn2(to, I) = 0.56237 
ts Sn3(t3, 1) = 0.5967 
ty Swa(ta, 1) = 0.6212 


Thus, we obtain a different result from Numeric Example 7.1. 
(d) If we take the W = {w, = 0.2, wy = 0.2, w3 = 0.1, wg = 0.3, ws = 0.2}, then we obtain that societies 
closest to the perfect society are obtained as f4, t), tp and t3 respectively respectively (Table 14). 
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Table 14. The similarity rate of the societies to the perfect society for W = {w, = 0.2, w2 = 0.2, w3 = 0.1, 
W4= 0.3, Ws = 0.2}. 


The Similarity Value 


ty Sni(t1, I) = 0.58866 
ty Swa(to, 1) = 0.5391 
tg Sn3(t3, I) = 0.36379 
ty Sna(ta, 1) = 0.61144 


Thus, we obtain a different result with Numeric Example 7.1. 
(e) If we take the W = {w, = 0.2, wz = 0.2, w3 = 0.2, w4 = 0.3, w5 = 0.1}, then we obtain that societies 
closest to the perfect society are obtained as t3, tg, ty, and ty respectively respectively (Table 15). 


Table 15. The similarity rate of the societies to the perfect society for W = {w, = 0.2, w2 = 0.2, w3 = 0.2, 
W4= 0.3, Ws = 0.1}. 


The Similarity Value 
fy Sni(ty, TD) = 0.58287 


ty SNo(ty, 1) = 0.52346 
ts Sna(ty, 1) = 0.62644 
ty Sna(ta, 1) = 0.60036 


Thus, we obtain a different result from Numeric Example 7.1. 
(f) If we take the W = {w, = 0.2, wo = 0.2, w3 = 0.2, wg = 0.1, ws = 0.3}, then we obtain that societies 
closest to the perfect society are obtained as t4, tz, t3, and t; respectively respectively (Table 16). 


Table 16. The similarity rate of the societies to the perfect society for W = {w, = 0.2, w2 = 0.2, w3 = 0.2, 
W4= 0.1, Ws = 0.3}. 


The Similarity Value 
ty Sni(t1, D) = 0.52709 


to Sn2(to, I) = 0.61866 
ty Sn3(t3, I) = 0.61688 
ty Swa(ta, I) = 0.62252 


Thus, we obtain a different result from Numeric Example 7.1. 
Now, we give results in (a), (b), (c), (d), (e) and (f) in Table 17. 


Table 17. Ideal societies according to weighted values. 


Ideal Societies Respectively 


0.2, Ww 0.2, W3 0.2, W4 0.1, W5 0.3} t3, t4, th, to 
0.2, Wa 0.2, W3 0.2, W4 0.3, W5 0.1} t4, tz, to, ty 
0.2, W2 0.1, W3 0.3, W4 0.2, Ws 0.2} ts, ty, to, ty 

} 

} 

} 


& 


& 


0.2, Wo 0.3, W3 0.1, W4 0:2; W5 0.2 t4, ty, to, ts 
0.3, Wo 0.1, W3 0.2, W4 0.2, W5 0.2 t4, tz, to, ty 
0.1, W2 0.3, W3 0.2, W4 0.2, Ws 0.2 ts, ty, to, ty 


& 


& 


Z=ES=z=zE 
Se eeee 


& 


As seen in Table 17, if we take W = {w, = 0.2, w2 = 0.2, w3 = 0.2, w4 = 0.1, ws = 0.3} or W = {w, = 0.1, 
W2 = 0.3, w3 = 0.2, w4 = 0.2, ws = 0.2}, then we obtain same result with Numeric Example 7.1. In other 
cases, we obtain different results from Numeric Example 7.1. 
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9. Study Comparison Methods 


In this section, we have compared the obtained results of the data in our Example 1 with the 
results of the similarity measures, Hausdorff measure [18], Hamming measure [18] and the previously 
defined similarity measure [16]. 

1. If we use the similarity measure in Definition 6 [16] for Example 1, we obtain Table 18 as a 
result. 


Table 18. The similarity rate according to similarity measure, in Definition 6 [16], of the societies to the 
perfect society. 


The Similarity Value 


ty Sua (ty, I) = 0.661445 
ty Sno(to, 1) = 0.639916 
tz Sna(t3, I) = 0.691014 
ty  Sna(tg, I) = 0.678023 


Thus, societies closest to the perfect society are obtained as t3, tg, tj and tz respectively according 
to similarity measure in Definition 6 [16]. 
2. If we use the Hausdorff measure [18] for Example 1, we obtain Table 19 as a result. 


Table 19. The similarity rate according to Hausdorff measure, in Definition 7 [18], of the societies to the 
perfect society. 


The Similarity Value 


ty S(t, I) = 0.6 
to Si (tz, 1) = 0.64 
ty Salts, 1) = 0.7 
ty Sp(ta, 1) = 0.7 


Thus, societies closest to the perfect society are obtained as t3 = tg, tp and ty respectively according 
to Hausdorff similarity measure in Definition 7 [18]. 
3. If we use the Hamming measure [18] for Example 1, we obtain Table 20 as a result. 


Table 20. The similarity rate according to Hamming similarity measure, in Definition 8 [18], of the 
societies to the perfect society. 


The Similarity Value 


ty S(t, D) = 0.78 
to Su(to, I) = 0.76 
ty S1(ts, 1) = 0.806667 
ty Sr(ta, I) = 0.8 


Thus, societies closest to the perfect society are obtained as t3, tg, tj and tz respectively according 
to Hamming similarity measure, in Definition 8 [18]. 
As a result, 


according to our similarity measure, the perfect society is obtained as f3, ta, tz, t1 respectively; 
according to similarity measure [16], the perfect society is obtained as #3, tg, t1, t2 respectively; 
according to Hausdorff measure [18], the perfect society is obtained as t3 = ty, t2, ti respectively; 
according to Hamming measure [18], the perfect society is obtained as f3, ta, t1, tz respectively. 
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10. Discussions 


In this study, we explained the grand theory of action of Parsons, which has an important place in 
social theories, for the first time in neutrosociology. Thus, like all social theories, we have achieved 
a more effective way of dealing with uncertainties in the theory of Parsons. In addition, we have 
obtained a similarity measure for single-valued neutrosophic numbers. By making use of this similarity 
measure, we have obtained applications that allow finding the ideal society in the theory of Parsons 
within the theory of neutrosociology. Hence, we have added a new structure to neutrosophic theory, 
neutrosociology theory. In addition, by utilizing this study, other social theories can be explained in 
neutrosociology. Thus, the uncertainties encountered can be dealt with more easily. In addition, by 
using neutrosophic numbers and sets related to other social theories, new similarity measures can be 
obtained, and the consistency of these measures can be checked. 


11. Conclusions 


In Section 9, we obtained different results for the similarity measure [16]; Hausdorff measure [18]; 
and Hamming measure [18]. In addition, we give a comparison in Table 21. 


Table 21. Comparison methods. 


Ideal Societies, Respectively 


Similarity measure in definition 9 ts, ta, ty, to 
Similarity measure in definition 6 [16] tz, tg, ty, to 
Hausdorff measure in definition 7 [18] tz = tg, to, ty 
Hamming measure in definition 8 [18] ts, tg, ty, to 
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Abstract: In this article, we propose a novel concept of the single-valued neutrosophic fuzzy soft set 
by combining the single-valued neutrosophic fuzzy set and the soft set. For possible applications, 
five kinds of operations (e.g., subset, equal, union, intersection, and complement) on single-valued 
neutrosophic fuzzy soft sets are presented. Then, several theoretical operations of single-valued 
neutrosophic fuzzy soft sets are given. In addition, the first type for the fuzzy decision-making 
based on single-valued neutrosophic fuzzy soft set matrix is constructed. Finally, we present the 
second type by using the AND operation of the single-valued neutrosophic fuzzy soft set for fuzzy 
decision-making and clarify its applicability with a numerical example. 


Keywords: single-valued neutrosophic fuzzy set; soft set; Algorithm 1; Algorithm 2; decision-making 


1. Introduction 


Many areas (e.g., physics, social sciences, computer sciences, and medicine) work with vague data 
that require fuzzy sets [1], intuitionistic fuzzy sets [2], picture fuzzy sets [3], and other mathematical 
tools. Molodtsov [4] presented a novel approach termed “soft set theory”, which plays a very significant 
role in different fields. Therefore, several researchers have developed some methods and operations 
of soft set theory. For instance, Maji et al. [5] introduced some notions of and operations on soft 
sets. In addition, Maji et al. [6] gave an application of soft sets to solve fuzzy decision-making. 
Maji et al. [7] proposed the notion of fuzzy soft sets, followed by studies on inverse fuzzy soft sets [8], 
belief interval-valued soft sets [9], interval-valued intuitionistic fuzzy soft sets [10], interval-valued 
picture fuzzy soft sets [11], interval-valued neutrosophic soft sets [12], and generalized picture fuzzy 
soft sets [13]. Furthermore, several expansion models of soft sets have been developed very quickly, 
such as possibility Pythagorean fuzzy soft sets [14], possibility m-polar fuzzy soft sets [15], possibility 
neutrosophic soft sets [16], and possibility multi-fuzzy soft sets [17]. Karaaslan and Hunu [18] defined 
the notion of type-2 single-valued neutrosophic sets and gave several distance measure methods: 
Hausdorff, Hamming, and Euclidean distances for Type-2 single-valued neutrosophic sets. Al-Quran 


191 


Symmetry 2020, 12, 1361 


et al. [19] presented the notion of fuzzy parameterized complex neutrosophic soft expert sets and 
gave a novel approach by transforming from the complex case to the real case for decision-making. 
Qamar and Hassan [20] proposed a novel approach to Q-neutrosophic soft sets and studied several 
operations of Q-neutrosophic soft sets. Further, they generalized Q-neutrosophic soft expert sets 
based on uncertainty for decision-making [21]. On the other hand, Ulugay et al. [22] presented the 
concept of generalized neutrosophic soft expert sets and applied a novel algorithm for multiple-criteria 
decision-making. Zhang et al. [23] gave novel algebraic operations of totally dependent neutrosophic 
sets and totally dependent neutrosophic soft sets. In 2018, Smarandache [24] generalized the soft set to 
the hypersoft set by transforming the function F into a multi-argument function. 

Fuzzy sets are used to tackle uncertainty using the membership grade, whereas neutrosophic 
sets are used to tackle uncertainty using the truth, indeterminacy, and falsity membership grades, 
which are considered as independent. As the motivation of this article, we present a novel notion 
of the single-valued neutrosophic fuzzy soft set, which can be seen as a novel single-valued 
neutrosophic fuzzy soft set model, which gives rise to some new concepts. Since neutrosophic 
fuzzy soft sets have some difficulties in dealing with some real-life problems due to the nonstandard 
interval of neutrosophic components, we introduce the single-valued neutrosophic fuzzy soft set 
(i.e., the single-valued neutrosophic set has a symmetric form, since the membership (T) and 
nonmembership (F) are symmetric with each other, while indeterminacy (I) is in the middle), which is 
considered as an instance of neutrosophic fuzzy soft sets. The structural operations (e.g., subset, 
equal, union, intersection, and complement) on single-valued neutrosophic fuzzy soft sets, and several 
fundamental properties of the five operations above are introduced. Lastly, two novel approaches (i.e., 
Algorithms 1 and 2) to fuzzy decision-making depending on single-valued neutrosophic fuzzy soft 
sets are discussed, in addition to a numerical example to show the two approaches we have developed. 

The rest of this article is arranged as follows. Section 2 briefly introduces several notions related to 
fuzzy sets, neutrosophic sets, single-valued neutrosophic sets, neutrosophic fuzzy sets, single-valued 
neutrosophic fuzzy sets, soft sets, fuzzy soft sets, and neutrosophic soft sets. Section 3 discusses 
single-valued neutrosophic fuzzy soft sets (along with their basic operations and structural properties). 
Section 4 gives two algorithms for single-valued neutrosophic fuzzy soft sets for decision-making. 
Lastly, the conclusions are given in Section 5. 


2. Preliminaries 


In the following, we present a short survey of seven definitions which are necessary to this paper. 


2.1. Fuzzy Set 


Definition 1 (cf. [1]). Assume that X (Le., X = {X1,X2,...,Xp}) isa set of elements and (xp) is a membership 
function of element x» € X. Then 


(1) The following mapping (called fuzzy set), is given by 
uw: X — [0,1] 


and |0,1]* is a set of whole fuzzy subset over X. 


(2) Let 
=f ea) ee). Me) eel eg. ay% 
X41 y X92 y Xp y 
- (x1) v0) v(x) 
— f u(x) v(x V(Xp x 
{ x ° x "Xp ex} On 
Then 
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(1) 


(2) 


The union py Uv, is defined as 


y y y 


poy = { Mave H(x2) Vv(x2) | H(Xp) V vp) | 
xy x2 Xp 


The intersection uv, is defined as 


poy = {Mev avey (x2) Av(x2) E(x) Av(%p) 


y y y 


x1 x2 Xp 


2.2. Neutrosophic Set and Single-Valued Neutrosophic Set 


Definition 2 (cf. [25,26]). Assume that X (i.e., X = {X1,X2,..,Xp}) is a set of elements and 


(1) 


(2) 


a2 { (To (xp), Lo (Xp), Fo(xp)) 


xy xp EX,0< Tg (xp) + I3,(Xp) + F3(Xp) < 3} 


If To(xp) €]O~,1*[ (ie, the degree of truth membership), Ip(xp) €]O~,1*[ (e., the degree of 
indeterminacy membership), and Fa(xp) (ie., the degree of falsity membership), then ©® is called a 
neutrosophic set on X, denoted by (NS)*. 


If Tp (xp) € [0,1] (ie., the degree of truth membership), Ip(xp) € [0,1] (.e., the degree of indeterminacy 
membership), and Fe(xp) € [0,1] (ie., the degree of falsity membership), then ® is called a single-valued 
neutrosophic set on X, denoted by (SVNS)X*. 


2.3. Neutrosophic Fuzzy Set and Single-Valued Neutrosophic Fuzzy Set 


Definition 3 (cf. [27]). Assume that X (i.e., X = {X1,X2,...,Xp}) is a set of elements and 


(1) 


(2) 


2 Ta (Xp), le (Xp), Fa (Xp), U(x 

gp { Coty) Moly) Poy tp | sy € x, 0.< Talty) + lolty) + Folty) <3}. 

If Tg (Xp) €]O~,1*[ (ie., the degree of truth membership), 1g (xp) €]O~,1*[ (ie., the degree of 
indeterminacy membership), and F3(xp) (i.e., the degree of falsity membership), then ® is called 
a neutrosophic fuzzy set on X, denoted by (NFS)*. 

If Tg (xp) € [0,1] (e., the degree of truth membership), 13 (xp) € [0,1] (ie., the degree of indeterminacy 
membership), and Fy (xp) € [0,1] (.e., the degree of falsity membership), then & is called a single-valued 
neutrosophic fuzzy set on X, denoted by (SVNIFS)*. 


Definition 4 (cf. [27]). Let 6, ¥ € (SVNFS)*, where 


and 


ge = { Caliph Talp) Poy np) | 5, ex, 0< Tyla) + lalty) + Falay) <3} 


y = 


{ (Ty (xp), Ty (Xp), Fo (xp), u! (xp)) 
Xp 


Xp © X, 0 < Te (Xp) + Ig (xp) + Fy (Xp) < 3}. 


The following operations (i.e., complement, inclusion, equal, union, and intersection) are defined by 


(1) 


& — { (Fa(xp),1 — 13 (xp), Tg (Xp),1 — u(Xp)) 
Xp 


Xp € x} 
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(2). Dos Ye See Ts (ep), Ee ep pea ep ER Gay Fy (xp) and w(xp) < 
# 


‘iy. ipa % (Xp) A Gn) To) A Ty.(Xp),H(Xp) Vu! (xp)) m x}, 
6) ont= { (Fa (xp) A Fe (xp), 1g (xp) V Ly (xp), Te (xp) V Ty (xp), H(xp) A '(Xp)) Sy xh 
Xp 


2.4. Soft Set, Fuzzy Soft Set, and Neutrosophic Soft Set 


Definition 5 (cf. [4,7,28]). Assume that X (i.e., X = {x1,X2,...,Xp}) is a set of elements and I (i.e., I = 
{i1, 12, ...,1q }) is a set of parameters, where (p,q © N,N are natural numbers). Then 
(1) The following mapping (called a soft set), is given by 


S:1— P(X), 


where P(X) is a set of all subsets over X. 
(2) The following mapping (called a fuzzy soft set), is given by 


SES Oat, 


where [0,1]* is a set of whole fuzzy subset over X. 
(3) The following mapping (called a neutrosophic soft set), is given by 


$:1— (NS)*, 
where (NS)* is a set of whole neutrosophic subset over X. 


Example 1. Assume that the two brothers Mr. Z and Mr. M plan to go the car dealership office to purchase a new 
car. Suppose that the car dealership office contains types of new cars X = {x1,X2,xX3,xX4} and I = {ij,i2,i3} 
characterize three parameters, where 1, is “cheap”, i is “expensive”, and 13 is “beautiful”. Then 


(1) By Definition 5(1) we can describe the soft sets as S(;,) = {1,3}, S iy) = {X3, Xa}, and Si) = {x2}. 


Therefore, 
ig se { {x1,%3 } {x3, X4} {x2} \ 
1 y . . 


So 
1 12 13 


(2) It is obvious to replace the crisp number 0 or 1 by a membership of fuzzy information. Therefore, 
by Definition 5(2) we can describe the fuzzy soft sets by Si) = {93 pao a5) Sip) 


X1/ XQ’ X37 X4 
0.6 0.9 0.1 0.2 rs — J 07 0.5 0.2 0.9 T 
{96,02 91,02), 5), { 92,95, 92,02} hen, 


0.3 0.4 0.6 0.5 0.6 0.9 0.1 0.2 0.7 0.5 0.2 0.9 
a X17 X20’ X37 Xyq Ky nl xg" XA Hy ho XS Kh, 


y y 


1 12 13 


(3) By Definition 5(3) we can describe the neutrosophic soft sets as 


y y y 


J. — J 03,0.7,0.5) (0.1,0.8,0.5) (0.2,0.6,0.8) (0.4, 0.7, 0.6) 
(4) x1 x2 x3 x4 


y y y 


&_. _ { (03,0.7,0.5) (0.1,0.8,0.5) (0.2,0.6,0.8) (0.5,08,0.3) 
(2) x4 x2 x3 x4 : 
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and 


y y y 


E , — J 03,0.7,0.5) (0.1,0.8,0.5) (0.2,0.6,0.8) (0.8, 0.9, 0.2) 
(is) x1 x2 x3 x4 : 


3. Single-Valued Neutrosophic Fuzzy Soft Set 


In the following, we propose the concept of a single-valued neutrosophic fuzzy soft set and study 
some definitions, propositions, and examples. 


Definition 6. Assume that X (i.e., X = {X1,Xp,...,Xp}) isa set of elements, I (i.e., I = {i1,i2,...,ig}) is a 
set of parameters, and S*! is called a soft universe. A single-valued neutrosophic fuzzy soft set $(,) over X, 
denoted by (SVNFS)*", is defined by 


: (Te, Cp), Te,, (%), Fe, (xp), Hp) 
(i) as { q q q 


Xp 


ig EL, Xp EX, 0K Tay, ¥p) + Ig_,,) %p) + Fo.) *p) < 3I, 
where p,q € N (N are natural numbers) and (xp) € [0,1]. For each parameter ig € I and for each xp € X, 


TS, (xp) € [0,1] (ie., the degree of truth membership), Ig... (xp) € [0,1] (ie., the degree of indeterminacy 


membership), and Fey, (xp) € [0,1] (e., the degree of falsity membership). 
iq 


Example 2. Assume that X = {x1,X2,x3} are three kinds of novel cars and I = {i1,i2,i3} are three parameters, 
where i; is “cheap”, iz is “expensive”, and i3 is “beautiful”. Let w € [0,1]* and (,,) € (SVNFS)*! are 
defined as follows (q = 1,2,3): 


by, (0.3,0.7,0.5,0.2) (0.1,0.8,0.5,0.5) (0.2, 0.6, 0.8, 0.7) 

y x2 f x3 y 
by, (0.9,0.4,0.5,0.7) (0.3,0.7,0.5,0.4) (0.8, 0.2, 0.6, 0.8) 

y x2 ¥ x3 y 
e. tl (0.6,0.3,0.5,0.6) (0.3,0.5,0.6,0.4) (0.7,0.1, 6.03) 

- x2 ‘ x3 , 


Additionally, we can write by matrix nee as 


I | x1 x2 x3 

i; | (0.3,0.7,0.5,0.2) (0.1,0.8,0.5,0.5) (0.2,0.6, 0.8, 0.7) 
in | (0.9,0.4,0.5,0.7) (0.3,0.7,0.5,0.4) (0.8, 0.2, 0.6, 0.8) 
iz | (0.6,0.3,0.5,0.6) (0.3,0.5,0.6,0.4) (0.7, 0.1, 0.6, 0.3) 


Qe 
I 


Definition 7. Let $1), Y(i,) € (SVNFS)*! over S*! and p, u' € [0,1]*, where 


(Tyg) Ho, P)-Fe,,,(p)HCp)) 
$(,) = { ig EI, Xp EX, 0K TS,  (p) + Ig, 


Xp 


(5p) + Fs, (%») <3} 


(ig) 


and 


(Ty (Xp), My (Xp), Fe (xp)! (xp) 
y. = (iq) (ig) (iq) 

(iq) x 
Pp 


Then, (,) E 4G) (i.e., $;,,) is a single-valued neutrosophic fuzzy soft subset of ¥(i,)) if 


iy EL, Hy EX, OST, (Hp) +1, (8) + Fh, Op) <3. 


(iq) 


(1) (Xp) S Hi (xp) Wp € X; 


(2) Forallig € I,xp € X, T9,,,. (Xp) = Ty jg) HP Mug) %P) > Ty (xp), Fa, (Xp) > Fy, (xp). 


ig) 
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Example 3. (Continued from Example 2). Let Li.) € (SVNFS)*! be defined as follows (q = 1,2,3): 


I | x1 x2 x3 

(0.4,0.6,0.4,0.4) (0.2,0.7,0.3,0.5)  (0.3,0.4,0.7,1) 
iz | (1,0.3,0.5,0.8)  (0.4,0.6,0.4,0.6) (0.9, 0.2,0.4,0.9) 
iz | (0.7,0.2,0.4,0.7) (0.4,0.5,0.6,0.6) (0.8, 0.1,0.5,0.5) 


re 
II 
~ 
s 


Thus, b, ) E VG) (Vig € I). 


‘q 


Definition 8. Let 4, Li.) € (SVNFS)*! over S*! and pu’ € [0,1]*, where 


ig)? 


by, < { (To,,) %p), 1 ,,) %p), Fo, (%p) Hp) 
14 


i < Ts A : < 
rs ig € 1, Xp EX, 0< T},,,) %) + Ig,,,) %) + Fe, Op) < a} 


and 


ig € 1, Xp EX, 0K Tg) OP) + Fy) + Fog OP) < 3}. 


(Te pel, Cp) Rp. (sp)- Hp) 
Yi.) { q q q 


Xp 


Then, b, )= ¥i,) (i.e., $;,) is a single-valued neutrosophic fuzzy soft equal to Ti) if Dj.) iS Yi.) 


iq 
and ®(i,) > ¥i,): 
Definition 9. Let d(,,) € (SVNFS)*! over S*! and p € [0,1]*, where 
Z (Te 4) P)+ la...) %), Fy, p) Ep) ; 
PG,) = { Xp ig C1, xp EX, OS Tg, (xp) + 1g, (Xp) + Fay, (tp) S 3} 


over S*!, Then, 


(1) $;,,) is called a single-valued neutrosophic fuzzy soft null set (denoted by Di.) ), defined as 


Be {ony 
Xp 


iq) lig I, Xp ext. 


(2) $,,,) is called a single-valued neutrosophic fuzzy soft universal set (denoted by Xi.) ), defined as 


7 (10,0, Ds 
Xi) = I X>. 
(iq) { Xp lig € L Xp 


Example 4. (Continued from Example 2). Then, Dii,)) X(i,) € (SVNFS)™! are defined as follows: 
I | x41 x2 x3 

(0,1,1,0) (0,1,1,0) (0,1,1,0) 

in | (0,1,1,0) (0,1,1,0) (0,1,1,0) 

to. (O15 Os (0545.1, 0)>- (0)51,0) 


Q 
II 
~ 
jan 


and 
I | xy x92 x3 


(1,0,0,1) (1,0,0,1) (1,0,0,1) 
ip | (1,0,0,1) (1,0,0,1) (1,0,0,1) 
iz | (1,0,0,1) (1,0,0,1) (1,0,0,1) 


bo 
II 

_ 

= 
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Definition 10. Let b(,), Y ) € (SVNFS)*! over S*! and yu, yu’ € [0,1]*, where 


iq 


gf (Tuy EP) Hb ()- Fb yy tpde ttle) | 
P(i,) = { ig C1, Xp EX, 0< Tp.) %) + Tg, p) + Fg) %p) < 3} 


Xp 
and 
(Ty, Cp) ly Oe) Fe, Op), H (ep) ; ' ‘ 
5 7 ig ig 
Hi) { = ig EL, Bp X,0< Th, (tp) + lp, (8p) + Fp, ) <3}. 
Then, 
(1) The union $,,,) U Li.) is defined as 
T, Ti I. I, LE Fi f / 
rot eee (To,,, (#7) ° Hy") i) "P) * Hy) OP) i) 0) * By) XP) u(y) H'(xp)) Kee Pion ote 
(iq) (ig) Xp q Xp . 
(2) The intersection $;,,) m Le is defined as 
T, Te I, I, /E Fi : ' 
aT ae ( &,,,) %p) * ig) OP) &,,,, %P) © Gg) TP) $j, %P) © Hg) TP) H(xp) * #'(Xp)) eee 
(iq) (iq) Xp q sa t 


Example 5. (Continued from Examples 2 and 3). For x, B € [0,1], let the t-norm (i.e., given as « * B = « A B) 
and the t-conorm (i.e., givenas xo B = a V B). Then, 


I | x1 x2 x3 
byt = i, | (0.4,0.6,0.4,0.4) (0.2,0.7,0.3,0.5)  (0.3,0.4,0.7,1) 
NN (1,0.3,0.5,0.8)  (0.4,0.6,0.4,0.6) (0.9, 0.2, 0.4, 0.9) 
iz | (0.7,0.2,0.4,0.7) (0.4,0.5,0.6,0.6) (0.8, 0.1,0.5,0.5) 
and 
I x4 x2 x3 
bat = i, | (0.3,0.7,0.5,0.2) (0.1,0.8,0.5,0.5) (0.2,0.6,0.8, 0.7) 


in | (0.9,0.4,0.5,0.7) (0.3,0.7,0.5,0.4) (0.8,0.2,0.6,0.8) 
is | (0.6,0.3,0.5,0.6) (0.3,0.5,0.6,0.4) (0.7,0.1,0.6,0.3) 


Proposition 1. Let Dii,)) xX ; &;,,) € (SVNFS)*! over S*! and pt € [0,1]*. Then the following hold: 


'q 
(1) b(;,) UH,) 
2) $4) mj, 
PO a) OE) 
() $4) MOG) = Oy); 
(5) 4) UXG) 
(6) 4) MX) 


Proof. Follows from Definitions 9 and 10. 


Proposition 2. Let bi), L(i,), Pii,) € (SVNFS)*! over S*! and pu, u', u" € [0,1]*. Then the following hold: 


(1) b,,,) UF (,,) = Y 
(2) ii,) m¥ (,) 
(3), U (Le,) UP G,)) = (SG,) UF G,)) Ula); 
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(4) Oi,)m (Lo 


fi; 

iq) iq)” 
(5) Be) M (Lig) YE yy) = (Hei) MF) U (Seq) ML yy); 
(6) ®(i,) 1) (YUi,) Mm VG,)) = (Pi,) UE (i i) Mm ( (iq) U VG,)) 


Proof. Follows from Definition 10. 


Proposition 3. Let $(,.), Y(i,) € (SVNFS)*! over S*!, nu,’ € [0,1]*, and Te € $;,,). Then the 
following hold: 

(D) 5, UX iq) = Peis 

(2) Pig) ME Gig) = Fy): 


Proof. Follows from Definitions 7 and 10. 


Next, we propose a definition, example, remark, and two propositions on the complement of 
(SVNFS)*! over S*!/, 


Definition 11. Let &;,,) € (SVNFS)*! over S*! and p € [0,1]*, where 


‘ ESE at 


Xp 


ig € 1, Xp €X, OS Ta, (Hp) + lo, (tp) + Foy (tn) <3}. 


Then, the complement $7, of $(.,) is defined as 


{ (Fo, %p)r1 = 6.) (Xp), 16, %p)eA — #(xp)) 


&., = 
(iq) Xp 


ig EI, Xp x}, 


Example 6. (Continued from Example 2). The complement by, ) of $(,) is calculated by 
4 


I | x1 x2 x3 


(0.5,0.3,0.3,0.8)  (0.5,0.2,0.1,0.5) (0.8, 0.4, 0.2, 0.3) 
ir | (0.5,0.6,0.9,0.3) (0.5,0.3,0.3,0.6) (0.6, 0.8, 0.8, 0.2) 
is | (0.5,0.7,0.6,0.4) (0.6,0.5,0.3,0.6) (0.6, 0.9, 0.7, 0.7) 


Proposition 4. Let Dii,)) xX y &(,,) € (SVNFS)*! over S*!, and pu € [0,1]*. Then, the following hold: 


iq 


(i) =? 
2) 86) = Ou, 
ON NE) Ga 


Proof. Follows from Definitions 9 and 11. 


Remark 1. The equality of b,;,) Wie. Xvi) and b, )m b¢ 


(iq) iq (i) ©ii,) does not hold by 


the following example. 


Example 7. (Continued from Examples 2 and 6). Then, ,.) of (,) is calculated by 


I | x1 x2 x3 


i, | (0.5,0.3,0.3,0.8) (0.5,0.2,0.1,0.5) (0.8, 0.4, 0.2, 0.3) 
i, | (0.5,0.6,0.9,0.3) (0.5,0.3,0.3,0.6) (0.6, 0.8, 0.8, 0.2) 
i, | (0.5,0.7,0.6,0.4)  (0.6,0.5,0.3,0.6) (0.6, 0.9, 0.7,0.7) 


dud = 


198 


Symmetry 2020, 12, 1361 


and 
I xy x2 x3 
& a be = i, | (0.3,0.7,0.5,0.2)  (0.1,0.8,0.5,0.5) (0.2, 0.6, 0.8, 0.7) 
iz | (0.9,0.4,0.5,0.7)  (0.3,0.7,0.5,0.4) (0.8, 0.2, 0.6, 0.8) 
iz | (0.6,0.3,0.5,0.6)  (0.3,0.5,0.6,0.4) (0.7, 0.1, 0.6, 0.3) 


This shows that b, )U $%,,) x X(i,) and $,,,) m $7,,) x Dig): 


‘q 


Proposition 5. Let $(;,.), Y(i,) € (SVNFS)*! over S*! and p, p' 


(by) UV Gy)’ = 6, OF, 
2) (Gi) MFG)’ = i UR) 


€ (0, 1]*. Then, the following hold: 


Proof. Consider a * b = a A b (t-norm) and a0 B = « V B (t-conorm) (Va, B € [0,1]). We have 


4 


(1) (GG,) YX (,))° (xp) 


'q 


(3p), Fog (Sp) * Fp) Hp) © Hp) 


Ud / 
7 ({ (To,,,) ) ©. Ege (xp), le, (Xp) * 7 ; 


Xp 


¢ (xp),1 — (Ig (xp) ie Ty ; (xp)), Te (xp) o Ty (xp),1 a (u(Xp) op! (Xp))) 
(iq) (iq) (iq) (iq) (iq) 


c 
ig € I,Xp € xh) 


Xp 


i) (xp),1 = (u(Xp) Vv H'(xp))) 


ig € I,Xp € x} 


v jg) HPD — #(Xp) A1— p'(xp)) 


ig € L,xp € x} 


Xp), Tg, 
mk v) Mig) 


(xp)° Te, 


ig € L,xp € x} 


(p)1 — #(Xp) *1— p'(xp)) 


9 Y a 1 
{ (Fo, (xp) * Fra (xp),1 ei (xp)ol Ky 
Xp 


Fi 
( Fig) 


(xp),1— Ny, (xp), Ty, (xp),1 — (xp) 


ig € 1,Xp € x 


7) ) 


(Fo, (8p) lo, (0), To, (&P)1— HX) 


i EL xpe xhaf 
Xp 


1, Ig is 
Hoy AP)? by) %P) ° Via) 


y] 
(xp), Fb.) (xp) ° hs 


i EL xpe x} 


(xp), H(Xp) * H'(Xp)) 


Xp 


c 
ig € L,Xp € xh) 


ig €1,Xp € x} 


ig €1,Xp € x} 


{ (Fe, i p) ° Fy ) (xp),1 (16, %p) ° Kean (xp). To, (xp) * "Fa, (xp),1 ay (1(xp) * H'(xp))) 
Xp 
{ (Fa, (xp) Vv Fei) (xp),1 = (Ug, (x) <7 ( p)) Tb.,) (xp) A Tha (xp),1 me (H(xp) A H'(xp))) 
Xp 
(Fe, (xp) V Fy, (Xp) - 6.) (xp) A1— by * (xp), To,,) (xp) A Ty, ‘| (xp),1—p(xp) V1—p'(xp)) 
_ iq) ig) ) ig) ig 
{ Xp 
Fou, | p)oFy (ep) le... (xp) #1- ly (xp) Toi) (xp) * Tb) (xp),1—p(xp) 01 —p'(xp)) 


ig € 1, Xp € x} 


(Fo, (xp), P= le, (xp), Toi) (xp), = H(xp)) (F 


0 0 0 
7 rd, l= Ty (xp), T%, 


ig € 1,Xp € x} 


q) 


is € I, xp € x} uf a 
Xp 
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4. Two Algorithms of Single-Valued Neutrosophic Fuzzy Soft Sets for Decision-Making 


Depending on single-valued neutrosophic fuzzy soft sets, in the following, we introduce two new 
approaches for fuzzy decision-making problems. 

Next, we construct Algorithm 1 as the first type for decision-making (i.e., the first application of 
a single-valued neutrosophic fuzzy soft set). 


Algorithm 1: Determine the optimal decision based on a single-valued neutrosophic fuzzy 
soft set matrix. 


First step: Input the single-valued neutrosophic fuzzy soft set ;;,) € (SVNFS)*! as follows: 


(Te gq) 89) Hog) 9), Foy) %p), Hp) ' 
$i,,) = { Xp ig 1, Xp €X,0< Tp,,,) %p) + Tg...) (%p) + Fb (%p) < a, 


to be evaluated by a group of experts n to element x on parameter i, where Te, (xp) € [0,1] 
‘4 


(i.e., the degree of truth membership), Ig, (xp) (i-e., the degree of indeterminacy 


(ig) 
membership), Fe, (xp) (i.e., the degree of falsity membership), and p(xp) € [0,1]. 
iq 


Second step: Input the single-valued neutrosophic fuzzy soft set in matrix form (written as 
M xp: PP E N): 


(Ty, 1), Fe, (1), Fo, 1) MOI) (To, (2)- Tg, 22), Fa, (2), H(%2)) (To ,,.) OP) Foy) %P), Fay.) Xp), HOD 

(To, (x1), 16, (0), Fey, (x1), H(21)) (Ts... X2), Tp, (2), Fe 4» (2) H(%2)) (T% iy) PP) Ti, (*P) Foi (Xp) Hp ) 
Moxp = (To, (x1) Ig, xy Fei, xX /H(x1)) (To. Xa) Tg, X2), Fy 4) (*2)/H(%2)) (Te ig) PH.) Op), Fay, Xp), H(Xp 

(To ,,) 1) Tog) 1), Fo, (1) HOI) (Tog) 2) Heb) 2) Foy, (2) 2) (Tyg) OP), Ty, (P) Fo, (P) MXP) 


Third step: Calculate the center matrix (i.e., 


Bap) = (Te (4) + Loy, (XP) + Foy, %P)) ~ HCH) 
Og Og Og 
ea $i.) XQ , b;,) *p) 
Og Og Og 
C (ig) " ) Piy) ” 4 bi) *P) 
qxp 7 : é 
6,1) $b, 2) + Sh), Op) 


Fourth step: Calculate the d’"**(x;) (maximum decision), amin ( x) (minimum decision), and 
S(x;) (score) of elements xj GS Lani py 


4 2 i ! 
d™* (x5) = ‘3 —6 (x )) ana) = V6, 


1-4, (x;))*, (xj)? 
i=1 Goyal ae (x). i=l ; 


iq) 


(to understand the motivation behind this method, let p be the Euclidean metric on R14, 
0=(0,---,0)? € R1,1= (1,--- 1)" € R41, and 6; = (01,1,,02,x),°° + 8qx;)" € R41. Thus 


5(xj) = [0(G),1)}° + [0(6;,0)? (i =1,2,--+ -p)). 
Fifth step: Obtain the decision p satisfying 


Xp = max {S(x1),$(x2),--- ,S(x;)}. 


Now, we show the principle and steps of the above Algorithm 1 by using the following example. 
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Example 8. An investment company wants to choose some investment projects to make full use of idle funds. 
There are five alternatives X = {Z1,2Z2,23,2Z4,25} that can be selected: two internet education projects (denoted 
as Z1 and Z) and three film studio investments (represented as z3,Z4,25). According to the project investment 
books, the decision-makers evaluate the five alternatives from the following three parameters I = {i1,i2,i3}, 
where i, is “human resources”, i is “social benefits”, and i3 is “expected benefits”. The data of the single-valued 
neutrosophic fuzzy soft set b,,,) € (SVNFS)*! is given by 


I | zy Zz 23 Z4 25 

i, | (0.3,0.7,0.5,0.2)  (0.1,0.8,0.5,0.5)  (0.2,0.6,0.8,0.7)  (0.5,0.6,0.5,0.2) (0.4, 0.7,0.9, 0.1) 
in | (0.9,0.4,0.5,0.7)  (0.3,0.7,0.5,0.4)  (0.8,0.2,0.6,0.8)  (0.3,0.7,0.2,0.5) (0.7, 0.8, 0.8, 0.3) 
iz | (0.6,0.3,0.5,0.6) (0.3,0.5,0.6,0.4)  (0.7,0.1,0.6,0.3)  (0.8,0.9,0.6,0.4) (0.7, 0.8, 0.9, 0.6) 


& = 


Now, we will explain the practical meaning of alternatives X by taking the alternative z, as an example: 
the single-valued neutrosophic fuzzy soft set H(i.) (z1) = (0.3,0.7,0.5,0.2) is the evaluation by four expert 
groups; the single-valued neutrosophic fuzzy soft value 0.3 (meaning that 30% say yes in the first expert group) 
in $(;,) (z1), the single-valued neutrosophic fuzzy soft value 0.7 (meaning 70% say no in the second expert 
group) in b,; ,) (21), the single-valued neutrosophic fuzzy soft value 0.5 (meaning 50% say yes in the third 
expert group) in H(;,) (z1), and fuzzy value 0.2 (meaning 20% say no in the fourth expert group) in H(;,) (z1). 
Then, the single-valued neutrosophic fuzzy soft set in matrix form M3,.5 in the second step of Algorithm 1 is 
given by 


(0.3,0.7,0.5,0.2) (0.9,0.4,0.5,0.7) (0.6,0.3, 0.5, 0.6) 
(0.1,0.8,0.5,0.5) (0.3,0.7,0.5,0.4) (0.3,0.5,0.6,0.4) 
M3x5 = | (0.2,0.6,0.8,0.7) (0.8,0.2,0.6,0.8) (0.7,0.1, 0.6, 0.3) 
(0.5,0.6,0.5,0.2) (0.3,0.7,0.2,0.5) (0.8,0.9, 0.6, 0.4) 
(0.4,0.7,0.9,0.1) (0.7,0.8,0.8,0.3) (0.7,0.8, 0.9, 0.6) 


Thus, we obtain the following center matrix C35 of M3 x5 in the third step of Algorithm 1: 


1:3: Asi 8 
Ooty 4 
C3x5= | 09 08 11 
14 07 19 
19 2 18 


By calculating, we get d™*(z;), Pena, and S(z;) of elements z; (j = 1,2,3,4,5): 
a™ (74) = 0.14, d* (zo) = 0.02, d"* (z3) = 0.06, d'(z4) = 1.06, d™*(z5) = 2.45; 


d™ (z1) = 3.54,d™" (zo) = 3.02,d™" (z3) = 2.66,d™"(z4) = 6.06, d™" (zs) = 10.85; 
S(z1) = 3.68, S(z2) = 3.04, S(z3) = 2.72, S(z4) = 7.12, S(zs5) = 13.3. 


Finally, we can see from the fifth step that zs is the best decision. 


Now, we present Algorithm 2 as a second type for a decision-making problem (i.e., a second 
application of the single-valued neutrosophic fuzzy soft set) as follows: 
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Algorithm 2: Determine the optimal decision based on AND operation of two single-valued 
neutrosophic fuzzy soft sets. 


First step: Input the single-valued neutrosophic fuzzy soft sets $,;,) € (SVNFS)*! and 
Yi in) € (SVNFS)*/ , defined, respectively, as follows: 


bij.) = { (Te HP) Eby P) Foggy) HP) 
"q 


i, < iE < 
= ig € 1, Xp € X, OS Tay (tp) + lag (tp) + Fo, (49) 3h, 


to be evaluated by a group of experts n to element x on parameter i, where Té,, ’ (xp) € [0,1] 
iq 


(i.e., the degree of truth membership), ly, 

iq 

membership), Fe, (xp) (i.e., the degree of falsity membership), and p(xp) € [0,1], 
iq 


(Xp) (i-e., the degree of indeterminacy 


k (Ty a Xp), Ty iy PY Fe (xp), H! (xp) 
¥,) { (iq) Yo) 


] X,0<T, Ii Fy < 
Xp Iq € J, XpEX, 08 ig XP) + gy OP) an jg) OP) <3 


to be evaluated by a group of experts 1 to element x on parameter j, where Tey . (xp) € [0,1] 
j 
(i.e., the degree of truth membership), I * (xp) (i.e., the degree of indeterminacy 


membership), F a (Xp) (ie., the degree of falsity membership), and p(x») € [0,1]. 


Second step: Define and calculate the AND operation of two single-valued neutrosophic 
fuzzy soft sets $,,,) € (SVNFS)*! and bate \< (SVNFS)*/, denoted by 
(SAY) (,,j,) (Vi € Lj € J), defined as 


(@A¥) (igsiq) = 


(Ta... (Xp) A Te (Xp) ley, (Xp) V Uy (Xp), Fa, ep) V Fg (Xp) H(Xp) AW! (Xp)) 
‘q (iq) (iq) (iq) (iq) (iq) leaps cx 
Xp 1g Iq I,Xp : 


Third step: Define and write the truth membership (PAF) i, i)! the indeterminacy 
membership (PAT), i)! and the falsity membership (®A¥)/ Gap? respectively, as follows: 


eee (iq) (Xp) A Ty gy CP HOP) \ u'(xp)) 
Gia { z 


{ (16, (Xp) V Ty.) %p) HO) A ul! (xp)) 
‘= 


Xp 


iy € Ley € Jory EX}, 


in Elin Jory eX}, 


and 


A 


(OA¥ 


{ (Fo, (xp) Vv Foye) HP) A u'(xXp)) 


Xp 


inn) = ig € 1, jg € J, Xp x}, 


Fourth step: Define and compute the max-matrices of (bAY)}. Ch Y (PAY), in)’ and 


(PAY), jy respectively, for every x» € X as follows (p = 1,2,--- ,N): 
(@A9)(, 5) HP) = 9 ( (F420) ATy,(p)) + (ula) A W(x»), 


(OA8)i,, j,) Xp) = ((ls,,, (9) V Tyg) O)) x (u(xp) A H'(s9))), 


2 
(BAY); j,) Op) = (Fs, 0) V Fy) (*P)) — (H(Xp) A H'(3»)) 
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Algorithm 2: Cont. 

Fifth step: Calculate and write the max-decision Tr (i.e., Tr: X + R),T (ie. tT] : X — R), 
and Tr (ie, Te : X — R) of (PAY) i, ji, (PAYG, i, and (PAT), jy respectively, for 

every x» € X as follows (p = 1,2,--- ,N) 


Le or(xp)G i, Hep) = LL or(xp)(ij), and J! dp(xp) (i,j), 


Tr (Xp) — 
(i,j)EIx] (i,jJEIx] (i,jJEIx] 

where 

(BA f Yigg) (%P)? (BAY) ;, ,,) %P) = max{(®A¥)(,, 2) (Xp) : (u,v) € 1x J} 
or (xp) j) = : 

0, otherwise 

(PAT) 4, i.) 8p), (BAY); ,) %) = max{(®A¥)(,,_»,,) (Xp) : (u,v) € Ix J} 
O1(xp) (if) = : 

0, otherwise 

(BAY); ,) Xp), (BAY); Xp) = max{(®A¥)(,,_.,) (Xp) : (u,v) € Ix J} 
OF (Xp) (ij) = 

0, otherwise 


Sixth step: Calculate the score S(x),) of element xp as follows (p = 1,2,--- ,N): 
S(Xp) = Tr(Xp) + T1(Xp) + TE(Xp). 
Seventh step: Obtain the decision p satisfying 


Xp = max {$(x1),$(x2),-++ , S(x;)}. 


Now, we show the principle and steps of the above Algorithm 2 using the following example. 
Example 9. (Continued from Example 11). Suppose that an investment company also adds three different 


parameters J = {j1,J2,j3}, where j, is “marketing management”, jz is “productivity of capital”, and j3 is 
“interest rates”. The data of the single-valued neutrosophic fuzzy soft set VG € (SVNFS)*! is given by 


J aN Zo 23 24 25 
g — | fi | 05,06,07,04) (03,0.2,07,08) (06,09,04,03) (08,08,0.2,01) (0.9,05,0.4,0.2) 
jz | (08,0.4,0.5,0.2) (0.7,0.9,0.2,0.1) (0.3,0.3,0.9,0.4) (0.9,0.4,0.5,0.5) —(0.7,0.8,0.7, 0.2) 


js | (0.9,0.9,0.5,0.3) (0.5,0.9,0.2,0.1) (0.6,0.6,0.1,0.5) (0.5, 0.7,0.8,0.8) (0.6, 0.2, 0.4, 0.7) 

Now, we explain the practical meaning of alternatives X by taking the alternative z1 as an example: 
the single-valued neutrosophic fuzzy soft set ies (z1) = (0.5, 0.6,0.7,0.4) is the evaluation by four expert 
groups; the single-valued neutrosophic fuzzy soft value 0.5 (meaning 50% say yes in the first expert group) 
in Yj) (z1), the single-valued neutrosophic fuzzy soft value 0.6 (meaning 60% say no in the second expert 
group) in Ye) (z1), the single-valued neutrosophic fuzzy soft value 0.7 (meaning 70% say yes in the third 
expert group) in Yj) (21), and fuzzy value 0.4 (meaning 40% say no in the fourth expert group) in Puy (z1). 
Then, by computing (BAY) (igsig) (q =1,2,3) in the second step of Algorithm 2, we obtain the following: 
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OKAY 


By calculating in the third step of Algorithm 2, we get the truth membership (AY) 


Z1 Z2 23 Z4 25 
i, fi (0.3,0.7,0.7,0.2)  (0.1,0.8,0.7,0.5)  (0.2,0.9,0.8, 0.3 0.5, 0.8, 0.5, 0.1 0.4, 0.7, 0.9, 0.1) 
11, J2 (0.3,0.7,0.5,0.2)  (0.1,0.9,0.5, 0. (0.2, 0.6, 0.9, 0.4 0.5, 0.6, 0.5, 0.2 0.4, 0.8, 0.9, 0.1) 
11,3 (0.3,0.9,0.5,0.2)  (0.1,0.9,0.5, 0. (0.2, 0.6, 0.8, 0.5 0.5, 0.7, 0.8, 0.2 0.4, 0.7, 0.9, 0.1) 
iy, fi (0.5,0.6,0.7,0.4)  (0.3,0.7,0.7,0.4)  (0.6,0.9,0.6, 0.3 0.3, 0.8, 0.2, 0.1 0.7, 0.8, 0.8, 0.2) 
17, j2 (0.8,0.4,0.5,0.2) — (0.3,0.9,0.5, 0. (0.3, 0.3, 0.9, 0.4 0.3, 0.7, 0.5, 0.5 0.7, 0.8, 0.8, 0.2) 
17, J3 (0.9,0.9,0.5,0.3)  (0.3,0.9,0.5, 0. (0.6, 0.6, 0.6, 0.5 0.3, 0.7, 0.8, 0.5 0.6, 0.8, 0.8, 0.3) 
13, fi (0.5,0.6,0.7,0.4)  (0.3,0.5,0.6,0.4) — (0.7,0.8,0.6,0.1 0.8, 0.9, 0.6, 0.1 0.7, 0.8, 0.9, 0.2) 
13, j2 (0.6,0.4,0.5,0.2)  (0.3,0.9,0.6, 0. (0.3, 0.3, 0.9, 0.3 0.8, 0.9, 0.6, 0.4 0.7, 0.8, 0.9, 0.2) 
13, J3 (0.6,0.9,0.5,0.3)  (0.3,0.9,0.6, 0. (0.6, 0.6, 0.6, 0.3 0.5, 0.9, 0.8, 0.4 0.6, 0.8, 0.9, 0.6) 


T 


(igriq)’ 


the indeterminacy membership (@A¥)/ i)! and the falsity membership (PAT), ig)’ respectively, as follows: 


(q = 1,2,3): 


igs] 


(SAY) 24 29 23 ZA 25 
(ij1) | (03,02) (01,0.5) (0.2,03) (05,01) (04,01) 
(iz,j2) | (0.3,0.2) (0.1,0.1) (0.2,0.4) (05,02) (0.4,0.1) 
(i1,j3) | (0.3,0.2) (0.1,0.1) (0.2,0.5) (0.5,0.2) (0.4,0.1) 
(iz, j1) | (05,04) (0.3,0.4) (0.6,0.3) (0.3,0.1) (0.7,0.2) 
(iz, jz) | (0.8,0.2) (0.3,0.1) (0.3,0.4) (0.3,0.5) (0.7,0.2) |’ 
(i2,j3) | (0.9,0.3) (0.3,0.1) (0.6,0.5) (0.3,0.5) (0.6,0.3) 
(i3,i1) | (05,04) (0.3,0.4) (0.7,0.1) (0.8,0.1) (0.7,0.2) 
(iz,j2) | (0.6,0.2) (0.3,0.1) (0.3,0.3) (0.8,0.4) (0.7,0.2) 
(iz,j3) | (0.6,0.3) (0.3,0.1) (0.6,0.3) (05,04) (0.6,0.6) 
(AY)! Zy Zo Z3 Z4 Z5 
(iii) | (0.7,0.2) (08,05) (09,03) (08,01) (07,01) 
(i:,jx) | (0.7,0.2) (0.9,0.1) (0.6,0.4) (0.6,0.2) (0.8,0.1) 
(i1,j3) | (0.9,0.2) (0.9,0.1) (0.6,0.5) (0.7,0.2) (0.7,0.1) 
(iz,i1) | (0.6,0.4) (0.7,0.4) (0.9,0.3) (0.8,0.1) (0.8,0.2) 
(iz, jz) | (0.4,0.2) (0.9,0.1) (03,04) (0.7,0.5) (0.8,0.2) |’ 
(i2,j) | (0.9,0.3) (0.9,0.1) (0.6,0.5) (0.7,0.5) (0.8,0.3) 
(iz,i1) | (0.6,0.4) (05,04) (0.8,0.1) (0.9,0.1) (0.8,0.2) 
(iz, jz) | (0.4,0.2) (0.9,0.1) (0.3,0.3) (0.9,0.4) (0.8,0.2) 
(iz,j3) | (0.9,0.3) (0.9,0.1) (0.6,0.3) (0.9,0.4) (0.8, 0.6) 
(@AY)F Zy Zo Z3 Z4 25 
(i,j1) | (07,02) (0.7,0.5) (08,03) (05,01) (09,01) 
(it,j2) | (0.5,0.2) (0.5,0.1) (0.9,0.4) (0.5,0.2) (0.9,0.1) 
(i1,js) | (0.5,0.2) (0.5,0.1) (0.8,0.5) (0.8,0.2) (0.9,0.1) 
(iz,i1) | (0.7,0.4) (0.7,0.4) (0.6,0.3) (0.2,0.1) (0.8,0.2) 
(i2,jx) | (0.5,0.2) (0.5,0.1) (0.9,0.4) (0.5,0.5) (0.8,0.2) 
(i2,j3) | (0.5,0.3) (0.5,0.1) (0.6,0.5) (0.8,0.5) (0.8,0.3) 
(iz,i1) | (0.7,0.4) (0.6,0.4) (0.6,0.1) (0.6,0.1) (0.9,0.2) 
(iz,j2) | (0.5,0.2) (0.6,0.1) (0.9,0.3) (0.6,0.4) (0.9,0.2) 
(iz,j3) | (0.5,0.3) (0.6,0.1) (0.6,0.3) (0.8,0.4) (0.9,0.6) 
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By calculating in the fourth step of Algorithm 2, we obtain the max-matrices of (PA¥)i, in)! (PAF) i, a 


and (PAF)i i.) (p = 1,2,3,4,5; q = 1,2,3), respectively, for every Zp € X as follows: 


04 O02 03 406 °& 0.45 
045 O02 045 045 0.6 


(AY) z Z1 Z2 Z3 Z4 Z5 
tft) 0.25 03 02 03 °& 0.25 
ijz) | 025 O1 03 0.35 0.25 
ijs) | 025 O01 0.35 0.35 0.25 
ijt) | 045 035 0.45 02 0.45 
in, jo) 05 O02 035 O04 045 |’ 
in, j3) 06 O02 055 04 0.45 
iz,j1) | 045 035 O04 0.45 0.45 

) 
) 


(SA)! Z1 Z2 Z3 Z4 Z5 
i1,f1) 0.14 0.4 0.27 0.08 0.07 
) 0.14 0.09 Q24 0.12 0.08 
) 0.18 0.09 0.3 0.14 0.07 
inj) | 0.24 0.28 027 0.08 0.16 
'2, j2) 

) 

) 

) 

) 


0.08 0.08 012 0.35 0.16 |’ 
0.27 0.09 0.3 0.35 0.24 
0.24 0.2 0.08 0.09 0.16 
0.08 0.09 0.09 0.36 0.16 
0.27, 0.09 018 0.36 0.48 


(SAY)F nal Zo 23 Z4 Z5 
i1,f1) 0.25 0.04 O25 O16 0.64 
it, j2) 0.09 0.16 0.25 0.09 0.64 
i1,]3) 0.09 0.16 0.09 0.36 0.64 
in, f1) 0.09 0.09 0.09 0.01 0.36 
in, j2) 0.09 0.16 0.25 0 0.36 
in, j3) 0.04 0.16 °& 0.01 0.09 0.25 
i3,f1) 0.09 0.04 0.25 025 £0.49 
i3, j2) 0.09 0.25 036 0.04 0.49 


i3, ]3) 0.04 0.25 0.09 0.16 0.09 


By calculating in the fifth step of Algorithm 2, we obtain the max-decision tr, T, and Tr of elements Zp, 
respectively, as follows (p = 1,2,3,4,5): 


Tr (Z1) = 2, Tr (Z2) = 0.3, Tr(Z3) = 0.8, Tr (Za) = 2.05, Tr (Z5) = 1.5; 
T(z) = 0.24, T(z) = 0.68, T(z3) = 0.54, T(Z4) = 1.06, T(z5) = 0.48; 
Te(Z1) => 0, Te(Z2) = 0.25, Tr(z3) = 0, Tr (Z4) = 0, Te (Z5) = 3.87. 


By calculating in the sixth step of Algorithm 2, the scores S(zp) of elements zp(p = 1,2,3,4,5), respectively, 
are as follows: 


S(z1) = 2.24, S(zp) = 1.23, $(z3) = 1.34, $(z4) = 3.11, S(z5) = 5.85. 
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Finally, we know from the seventh step that z5 has a high value. Therefore, the experts should select zs as 
the best choice. 


Remark 2. 

(1) By means of Algorithms 1 and 2, we can see that the final results are in agreement. Thus, xs is the most 
accurate and refinable. 

(2) By comparing the steps in Algorithms 1 and 2, we can see that step 4 and step 5 in Algorithm 2 
are complicated in their process compared to step 2 and step 3 in Algorithm 1, respectively. So, if we take 
the complexity of these steps into consideration, Algorithm 2 gives its decision concisely. 

(3) Algorithms 1 and 2 that we have elaborated here arrive at their decisions by combining the concept of 
single-valued neutrosophic fuzzy set theory and soft set theory. As result, we can apply Algorithm 1 to picture 
fuzzy soft sets [29], generalized picture fuzzy soft sets [13], and interval-valued neutrosophic soft sets [12]. 
Further, Algorithm 2 can be applied to possibility m-polar fuzzy soft sets [15] and possibility multi-fuzzy soft 
sets [17]. 


5. Conclusions 


We introduced the notion of the single-valued neutrosophic fuzzy soft set as a novel neutrosophic 
soft set model. We discussed the five operations of the single-valued neutrosophic fuzzy soft set, such 
as subset, equal, union, intersection, and complement. The structure properties of the single-valued 
neutrosophic fuzzy soft set are explained. Then, a novel approach (i.e., Algorithm 1) is presented as 
a single-valued neutrosophic fuzzy soft set decision method. Lastly, an application (i.e., Algorithm 2) 
of a single-valued neutrosophic fuzzy soft set for fuzzy decision-making is constructed, and the 
two approaches (i.e., Algorithms 1 and 2) introduce an important contribution to further research 
and relevant applications. Therefore, in the future, we will provide a real application with a real 
dataset or we will apply the two approaches (i.e., Algorithms 1 and 2) to lung cancer disease [30] 
and coronary artery disease [31]. In addition, we will describe in more detail in order to clarify if the 
methods (i.e., Algorithms 1 and 2) converge or diverge from standard approaches such as fuzzy sets 
[1], intuitionistic fuzzy sets [2], picture fuzzy sets [3]. 
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Abstract: With the increasing automation of mechanical equipment, fault diagnosis becomes more 
and more important. However, the factors that cause mechanical failures are becoming more and 
more complex, and the uncertainty and coupling between the factors are getting higher and higher. 
In order to solve the given problem, this paper proposes a single-valued neutrosophic set ISVNS 
algorithm for processing of uncertain and inaccurate information in fault diagnosis, which generates 
neutrosophic set by triangular fuzzy number and introduces the formula of the improved weighted 
correlation coefficient. Since both the single-valued neutrosophic set data and the ideal neutrosophic 
set data are considered, the proposed method solves the fault diagnosis problem more effectively. 
Finally, experiments show that the algorithm can significantly improve the accuracy degree of 
fault diagnosis, and can better satisfy the diagnostic requirements in practice. 


Keywords: neutrosophic set; fault diagnosis; triangle fuzzy number; weighted correlation coefficient 


1. Introduction 


With the development of automation technology, these mechanical machines gradually came into 
the stage of fully automated control operation [1-5]. In this way, people’s hands are comparatively free, 
and machines are more intelligent and comprehensive; however, this kind of full automation greatly 
increases the probability of mechanical equipment failure as well [6-11]. If the mechanical equipment 
has faults, the quality of the manufactured products will not pass the standard, which will affect the 
economic benefits of the enterprise [12-15]; additionally, it will bring potential danger to personal 
safety [16-19]. In order to solve this problem, it is necessary to carry out fault diagnosis on mechanical 
equipment ona regular basis to detect and repair mechanical equipment and ensure its normal operation. 


1.1. Research Status 


Therefore, the fault diagnosis of mechanical equipment has been widely concerned by 
many scholars, and has been applied in the military [20,22—24], medical [25-28], economic [29-32], 
and other fields. In ref. [33], looking at the problem of low efficiency of fault diagnosis of automobile 
exhaust system, based on a cold test, a fault diagnosis method is proposed for port vehicle exhaust 
system based on the principal component analysis. The variance contribution rate of principal 
component model is analyzed by the change of each variable of measurement data, and the fault 
diagnosis is achieved; In ref. [34], aiming at the problem of fault diagnosis of the data-driven system, 
anew diagnosis method based on Bayesian network (BN) combined with fault frequency is proposed 
to realize fault diagnosis; In ref. [35], based on the particle filter (PF) program, a dual estimation method 
is applied to fault diagnosis; In ref. [36], for the problem of bearing diagnosis under the condition 
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of variable speed, the method of support vector machine and neural network is used for bearing 
fault diagnosis; On the basis of machine learning technology, a new depth neural network model with 
domain self-adaptability is proposed in ref. [37], which realizes fault diagnosis, but the selection of the 
best parameters of the model is random, and the application of the model is limited. 

In the actual operating environment of mechanical equipment, fault information is usually 
inaccurate, incomplete and uncertain. It is difficult to use the above fault diagnosis method for 
deterministic analysis and processing of fault information. In order to deal with the uncertain and 
inaccurate information in the fault information, so as to better handle the fault information and 
get more accurate fault diagnosis results, Smarandache [38] proposed the theory of neutrosophic 
set from a philosophical point of view. It describes the uncertainty, imprecision, and inconsistent 
information in the objective world much better. The literature [39] introduced the theory of interval 
neutrosophic set and single-valued neutrosophic set; The literature [40] proposed the theory of 
simplified neutrosophic set; Literature [41] proposed a single-valued neutrosophic set SVNS method 
with a weighted correlation coefficient to realize fault diagnosis. However, the correlation coefficient 
does not comprehensively consider the single-valued neutrosophic set and ideal neutrosophic set data 
under various faults [42-46], only the maximum value between them is considered [47-49]. This does 
not completely deal with the uncertain and inaccurate information in the fault information, and may 
lead to an incorrect diagnosis. 


1.2. Contribution of This Work 


Based on the problems above, properly handling the uncertain information in the fault diagnosis 
process is an important goal to be achieved, however, complicated and changeable environmental 
information, the mutual influence between the factors causing the failure are difficult to handle. Due 
to neutrosophic set’s outstanding performance in handling uncertain information issues, this paper 
proposes a single-valued neutrosophic set ISVNS algorithm, which generates neutrosophic set by 
triangular fuzzy number and introduces the formula of the improved weighted correlation coefficient. 
In addition, the ISVNS algorithm comprehensively considers the single-valued neutrosophic set 
and ideal neutrosophic set data of various faults, so make it possible to analyze the data more 
comprehensively and make more accurate judgments. Finally, an example was used to diagnose 
the fault; the degree of accuracy of the fault diagnosis was calculated; the excellent productivity of the 
improved method, proposed in this paper was obtained by comparison. For the current difficulties in 
dealing with some uncertain issues, this method may have some enlightenment. 

Due to the Overall Equipment Effectiveness (OEE) and the Overall labor effectiveness (OLE) are 
simple and practical production management tool, which has been widely used in European and 
American manufacturing and Chinese multinational companies. The global equipment efficiency index 
has become an important standard for measuring the production efficiency of enterprises, so it is also 
important to consider the proposed method’s impact on OEE and OLE. During the simulation process 
in the laboratory, the ratio of the operating hours and the planned working hours is relatively high; 
therefore, the fault can be repaired in a more timely manner based on the diagnosis result, and the OEE 
and the OLE can be improved. 

The remainder of this paper is organized as follows. Section 2 briefly introduced triangular fuzzy 
numbers and single-valued neutrosophic sets. Section 3 proposed improved correlation coefficient 
between single-valued neutrosophic sets. In Section 4, a numerical example is given to fault diagnosis 
and fault diagnosis accuracy based on the proposed approach. Some conclusions are shown in Section 5. 
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2. Preliminaries 


2.1. Triangular Fuzzy Numbers 


About data sets D = {d1,d2,--- , dy}, take its minimum value / = min{d},d2,--- ,dn}, average value 
m = mean{d,,d,--- ,dy}, maximum value u = max{d1,d2,--- ,dy}, sos = [I;m;u] named as triangular 
fuzzy number [9] of this data set D, as shown in Figure 1: 


Un(x) 


l m u xX 
Figure 1. Geometric Interpretation of Triangular Fuzzy Number. 


It can be seen from the geometric interpretation of the triangular fuzzy number in the figure above: 
If x = m, so x completely belongs to D; 
If] <x <u,so x takes a certain degree of data set D; 
If x <] or x > u,so x completely does not belong to the data set D. 
And, for two triangle fuzzles My = (h,m1,u,) and My = (l2,m,uz), have the following 
counting method: 
M, ®Mp2 = (1) +12, + mz,uy + U2) 
M, ® Mo = (lo, 1m2, uyU) 
A@M, = (Ah, Amy, Au) 


re ae 1 1 
Me Gare a 


2.2. Single-Valued Neutrosophic Sets 


Neutrosophic set introduced by Smarandache [38] is an effective tool for solving the problems 
under complex environment. The definition of neutrosophic set is as follows. 


Definition 1. X denote a space of points or objects, and each element of it is denoted as x. A neutrosophic set 
A in X is characterized by a truth-membership function T 4, an indeterminacy-membership function I, and a 
falsity-membership function F 4. T4(x), [4(x) and F4(x) are real standard or non-standard subsets of |0~, 1+ |. 
That is: 
Tai Aw 17| 
I4:Xb]0-,17[ (1) 
Fa: X]0-,1*[ 


For Formula (1), 07 < supT,(x) + supla(x) + supF a(x) < 3°. 


To facilitate the application of neutrosophic set in real scientific and engineering problems, the 
notion of SVNS was defined as follows. 


Definition 2. X denote a space of points or objects, and each element of it is denoted as x. A neutrosophic set 
A in X is characterized by a truth-membership function T(x), a indeterminacy-membership function L(x) 
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and a falsity-membership function F(x). If Ta(x) : X > [0,1], I4(x) : X > [0,1] and F(x): X > [0,1] 
satisfied: 


xé€ XH Ta,(x) € [0,1] 
xe XH I(x) € [0,1] 9 
x€ Xb Fa(x) € [0,1] @) 
O< Ta(x) +I1,4(x) + F(x) <3 
then an SVNS A in X can be denoted as: 
A = {(x, Ta(x), La(x), Fa(x))|x € X} (3) 


which is called an SVNS. Especially, if X includes only one element, N = (T(x), I4(x), Fa(x)) is called a 
single-valued neutrosophic number (SVN). 


For any two SVNSs (A = (T(x), I4(x), Fa(x)), B = (Tp(x), Ip(x), Fa(x)) operational relations 
are defined as follows: 


(1) A+B =(Ta(x 


: 
(2) AX B = (Ta(x)Tp(x), La (x)Ia(x),Fa(x)Fa(x)) (4) 
(3) AA = (1- (1-Ta( 


(4) A* = (Ta(x)",Ja(2),Fa(x)), A>0 
These are a series of common laws in operation for SVNSs. 
Moreover, the assumption and operation requirements are as follows: Because ISVNS algorithm 


generates neutral set by triangular fuzzy number, the fault template data of each fault must be greater 
than or equal to 3. 


3. The Proposed Method 


3.1. Correlation Coefficient between Single-Valued Neutrosophic Sets 


For any two neutrosophic sets A = {T4,F,4,I,} and B = {Tz, Fz, Ig}, the improved correlation 
coefficient is defined as follows: 


___-2.C(A,B) 
W(A,B) ~ CAA) FC(BB) 


2-¥. (a (xi)-To(xi) +Pa (xi)-Fo (11) +1a (xi) to 23) 6) 


i= 


In addition, the correlation coefficient for any A = {T,4,F,4,I,} and B = {Tz, Fz, Ip} must satisfy 
the following three mathematical rules10: 


(6) 
For Formula (5), prove separately as follows: 


(1) According to the structural symmetry of the Formula (5), the condition W(A,B) = W(B,A) 
is satisfied. 
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(2) For each element in the Formula (5), they are satisfied > 0, so obviously W(A, B) > 0; The proof of 
inequality W(A, B) < 1 as follows: 


C(A,B) = ¥ (Ta (ai)To( si) + Fa(as)-Fa(ai) + Za(ai)t0(%)] 

= Ta(x1)-Tp (x1) + Ta(x2)-Ta(x2) + +++ + Ta(an)-Ta (an) 
+F 4 (x1)-Fp(x1) + Fa (x2)-Fe(x2) +++: + Fa(xn)-FB(xn) 
+I, (x1)-Ip (x1) + I, (x2)-Ip (x2) ee a Ta(Xn)-Ip (Xn) 


And because of the inequality: 


a+b? 
ab< 5 
Therefore, we can get: 
n 
C(A, B) — ; [T4(x;)-Tp (x;) + Fa(x;)-Fp (x;) +I, (x;)-Ip(xi)] 


= Ta(e1)-To(e1) + Ta(xa)-Ta(xa) +--+ Tale) Ta (Xn) 


+F 4 (x1)-Fp (x1) + Fa (x2)-Fa(x2) + +++ + Fa(xn)-FB (xn) 
+14 (%1)-Ip (a1) + Ta (%2)-Ip (x2) + +++ + Ta (Xn) Ia (Xn) 
< Ta? (x1)+Tp? (x1) Ta? (x2)+Tp* (x2) are TX (in) Ta" (tn) 
Fa? (x1)-+F? (x1) Fa? (x2)-+FB? (x2) eee Fa? (xn) +Fp? (xn) 
Ta? (x1)+Ip*(x1) , Ta? (x2)+0p2(2) ) Ta? tn) +1" (tn) 
2 2 ' ' 2 


i 7 [Ta? (x) + F4?(x;) + I4?(x;)] + 2 [Tp*(x;) + Fp*(x;) +10°(x)]} 
= $IC(A,A) + C(B, B)] 
Therefore: 


C(A,B) < =[C(A,A) + C(B, B)] 


NI eR 


There is: 
2-:C(A,B) < C(A,A) + C(B,B) 


Finally, contacting the previous types, there are: 


In summary, the condition 0 < W(A,B) < 1 is satisfied; 
(3) IfA = B, so for any xj € X(i =1,2,--- ,n), all T (xj) = Tp(x;), Fa(x;) = Fp(xi), Ta (xj) = Ip (xi), 
we can see from the structure of Formula (5), W(A,B) = 1. 


In practical application, it is usually necessary to consider the weight of neutrosophic sets, so the 
weighted correlation coefficient of neutrosophic sets is given: 


2 w;[Ta(xi)-T (xi) + Fa (xi)-Fa (xi) + La (xi) Ia (24) 
W(A,B) = = (7) 


: w;[T a? (xi) + Fa*(xi) + 14?(xi)] + 3 w;[Tp?(x;) + Fe*(x;) + Ip*(xi)] 


1 
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n 
Among them, w if j = 1,2,---,n) represents the weight of the i fault template, and )) w; = 1. 
i=1 
In addition, the formula satisfies the three conditions of the formula and proves to be the same as the 


Formula (5), which is not repeated here. 


3.2. Fault Diagnosis Method 


Based on the above analysis, properly handling the uncertain information in the fault diagnosis 
process is an important goal to be achieved, however, complicated and changeable environmental 
information, the mutual influence between the factors causing the failure are difficult to handle. Due to 
neutrosophic set’s outstanding performance in handling uncertain information issues, this paper 
proposes a single-valued neutrosophic set ISVNS algorithm, which generates neutrosophic set by 
triangular fuzzy number and introduces the formula of the improved weighted correlation coefficient. 

The objectives of the proposed algorithm are to rationally process the uncertain information in 
the diagnosis process, and obtain correct and reasonable fault diagnosis results from the fault data. 
Therefore, the laboratory simulation of the algorithm is carried out under the assumption that the 
actual fault is one of several known fault templates, the collected fault data is reasonable, and there is 
no major abnormality. The operating requirement is to collect fault data in a stable and equal time 
interval way. The detailed flow chart of the fault diagnosis method is shown in Figure 2: 


Stepl:Collect data, generate three 
fuzzy numbers 


Step2:Generate each degree of 
membership and single neutrsophic set 


Step3:Generate the single valued 
neutrsophic set decision matrix 


Step4:Generated the ideal single 
valued neutrudophic number 


Step5:Generated weighted correlation 
coefficient based on decision matrix 
and the ideal neutrudophic number 


Step6:Sorting the weighted correlation 
coefficient get fault diagnosis result 


Figure 2. The detailed flow chart of the fault diagnosis method. 


Step 1: For fault template set A= {A1, Az,--- , Am}, and test sample set C= {C1,Co,-+- , Cn}. 
Firstly, three fuzzy numbers of fault template data and test sample data are generated, and the 
calculation method is as follows: 
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In a group number, the largest value is the right end value of the triangle; the minimum value is 
the left end-point of the triangle; the average value is the upper-end value of the triangle; the height of 
the triangle is 1, as shown in Figure 1. 

Step 2: By comparing the three fuzzy number of each attribute of the test sample and the three 
fuzzy number of the same attribute of the fault template, the degree of determinacy-membership 
T4,(C j), the degree of non-membership F4;(C;), and the degree of indeterminacy-membership Ia, (C;) 
are obtained, as shown in Figure 3, and the calculation method is as follows: 


Membership 
degree 


xX 


Figure 3. Each degree of membership and neutrsophic set generate a schematic diagram. 


Ta;(C;): The ratio of the overlapping area of the analyzed sample triangular fuzzy number and 
the triangular fuzzy number of the fault template under a certain attribute, and the analyzed sample 
total area of the triangular fuzzy number; 

F,,(C;): The ratio of the area of the part not overlapped with the fault template in the analyzed 
sample triangular fuzzy number to the total area of the analyzed triangular fuzzy number. Moreover, 
for each attribute, the sum of the non-membership degree and the determined membership degree is 1; 

I,,(C;): The calculation of the indeterminacy-membership degree is as follows: 


(Ri + Ra)/2 (8) 


Among them, Ry= 1—51/5,, Ro = Sx /max{S4, 5p, Sc}, $1 is the overlapping area of the analyzed 
sample triangular fuzzy number and the triangular fuzzy number of the fault template under the 
current attributes, {S,|k = A,B, C} is the area of the k fault triangular fuzzy number of the under the 
current attribute. 

Finally, each degree of membership, the relationship of Aj(i = 1,2,---m) and C;(j = 1,2,---n) is 
shown below: 

A= (STC) Fa (C) ial) >|CpeC j= 12-40} (9) 


Among them Ta,(Cj),Fa;(Cj),Ja(Cj) € [0,1] respectively denote the degree 
of determinacy-membership, the degree of non-membership, and the degree of 
indeterminacy-membership between Aj(i = 1,2,---m) and C jf j =  1,2,---n), also 
OS Ta (Cp), Fa (Ci) AlA(C)) 33. 

Step 3: Ta4,(Cj),Fa;(C;),1a;(C;) can be expressed as single-valued neutrosophic set aj; =< 
tij, fijr ijj >, at this point, a single-valued neutrsophic set decision matrix can be generated as follows: 


DP Ty) se, 
<hifiti> <tHafixte> << <tr fit > 
<torforto > — < toa, foaviog > ++ < tow, fonstan > (10) 
< tunity Imis int > < tina, fm2, im2 cr tins fn imn > 
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Step 4: After obtaining the single-valued neutrosophic set decision matrix D, the ideal 
single-valued neutrudophic number for attribute j(j = 1,2,---,n) can be generated by column 
as follows: 

a; =< Pit jp Ue >S=< max(tij), min(fi;), min(ii;) a (11) 


Among them, max(t;j), min( jj), min(ij;) respectively denote the maximum value of the jth column 
1 1 1 
in tj, the minimum value of the jth column in fjj, the minimum value of the jth column in ijj. 
Step 5: According to Formula (7), generated weighted correlation coefficient based on single-valued 
neutrsophic set decision matrix D and the ideal single-valued neutrudophic number a”, the calculation 
formula is as follows: 


nN 
a wlth i+ fie Fit yh] 
ss GaneDN RYT ee RET EE o 
2X wilt? + fy + ij elma + #57] 


n 
Among them, w;( j =1,2,--- ,n) represents the weight of the j attribute, and a wi = 1; aig =< 
tij, fiji; > denote single-valued neutrosophic set for attribute j from decision matrix D, a°; =< 
fj, fj, | > denote the ideal single-valued neutrudophic number for attribute j. 
Step 6: Finally, sorting the W(Aj, B) of each analyzed sample, the largest value indicates that the 
template data belongs to this kind of fault. 


4. Illustrative Example and Discussion 


In this section, in order to demonstrate the validity and accuracy rate of the proposed method, 
an example of a motor rotor is used. The data in this paper is originated from ref. [11], and the data 
analysis software is the LABVIEW environment12. 


4.1. Fault Diagnosis 
The specific steps for fault diagnosis using the ISVNS method proposed in this paper are as follows: 


(i). According to the fault template data, the triangular fuzzy numbers under various attributes are 
obtained, in turn, as shown in Table 1: According to the analyzed sample data, the triangular 
fuzzy numbers under various attributes are obtained, in turn, as shown in Table 2: For the 
analyzed sample Xk (k = 1,2,3,4 represents the k attribute), Xk and Gjy_45 (where G = X, Y,Z 
represent A,B,C three kinds of faults) are used for matching, respectively. The neutrosophic 
numbers (T,F,1) statistics generated by the determined-membership degree T, non-membership 
degree F, and indeterminacy-membership degree I, are calculated, as shown in Table 4: 

(ii). Next, for the same fault template, neutrosophic sets with different attributes under fuzzy sample X, 
we can get the single-valued neutrosophic decision matrix, as shown in Table 3: 

(iii). According to the single-valued neutrosophic set decision matrix and Formula (11) under sample 
X in Table 3, the ideal neutrosophic set Bx can be obtained as follows: 


Bx = [<0.9612, 0.0388, 0.6747 >, < 0.7540, 0.2460, 0.5972 >, 


1 
< 0.9836, 0.0164, 0.6451 >, < 0.9966, 0.0034, 0.5757 >] ”) 


(iv). The weights of attributes j(j = 1,2,3,4) are all the same, that is the weight matrix w is as follows: 


w = [0.25,0.25, 0.25, 0.25] (14) 
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Next, according to Table 3, Formula (7), (13), (14), for the fault template type A; 
(Ay= X11 — X45,A2= Y11 — Y45,A3= Z11 — Z45) and the ideal single-valued neutrosophic set Bx, 
calculate the improved weight correlation coefficient as follows: 


W[A1, Bx] = 0.8126 
W[A2, Bx] = 0.4133 (15) 
W([A3, Bx] = 0.5398 


(v). Finally, according to Formula (15), A; > A3 > Az, it can be seen that the analyzed samples X1-X4 
belong to the first type of fault, namely, the X fault. 


Table 1. Triangle fuzzy number of fault template. 


Min Value Average Value Max Value Area 
X11-X15 0.0661 0.1614605 0.2006 0.06725 
x X21-X25 0.121 0.149226 0.3468 0.1129 
X31-X35 0.0899 0.1123885 0.1296 0.01985 
X41-X45 0.357 4.3256515 4.666 2.1545 
Y11-Y15 0.1567 0.181797 0.2038 0.02355 
Y Y21-Y¥25 0.3071 0.329311 0.351 0.02195 
Y31-Y¥35 0.1865 0.242014 0.3218 0.06765 
Y41-Y¥45 4.094 4.715255 8.896 2.401 
Z11-Z15 0.3006 0.3294004 0.3476 0.0235 
Z Z21-Z25 0.2801 0.343854 0.3647 0.0423 
Z31-Z35 0.1151 0.136169 0.1864 0.03565 


ZA1-Z45 9.385 9.810633 10.112 0.3635 


Table 2. Triangular fuzzy numbers data of the analyzed sample. 


Min Value Average Value Max Value Area 

X1 0.1416 0.14265 0.144 0.0012 

x X2 0.1028 0.11092 0.3058 0.1015 
X3 0.1279 0.133655 0.1378 0.00495 


x4 4.06 4.0938 4.18 0.06 


Table 3. Single-valued neutrosophic set decision matrix under sample X. 


Diagnosis Fault X1 X2 X3 X4 
X11-X45 (0.9612,0.0388,0.9914) (0.7540,0.2460,0.6610) (0.0127,0.9873,0.6451) (0.9966,0.0034,0.9348) 
Y11-Y45 (0,1,0.6751) (0,1,0.5972) (0,1,1) (0.0871,0.9129,0.9989) 
Z11-Z45 (0,1,0.6747) (0.0126,0.9874,0.6722) (0.9836,0.0164,0.6952) (0,1,0.5757) 
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Table 4. The calculation result of the membership degree of the analyzed sample X. 


Analyzed Sample Fault Template Neutrosophic Number 
X1L-X15 (0.9612,0.0388,0.9914) 
XI Y1L-Y15 (0,1,0.6751) 
Z11-Z15 (0,1,0.6747) 
X21-X25 (0.7540,0.2460,0.6610) 
ea Y21-Y25 (0,1,0.5972) 
Z21-Z25 (0.0126,0.9874,0.6722) 
X31-X35 (0.0127,0.9873,0.6451) 
X3 Y31-Y35 (0,1,1) 
Z31-Z35 (0.9836,0.0164,0.6952) 
X41-X45 (0.9966,0.0034,0.9348) 
X4 Y41-Y45 (0.0871,0.9129,0.9989) 
ZA1-Z45 (0,1,0.5757) 


4.2. Fault Diagnosis Accuracy 


To verify the accuracy of fault diagnosis, separately extract arbitrary 40 faults data from the three 
faults template [18-42]; These 120 faults data are used as a diagnosis template. Diagnose the fault 
type to which it belongs. Finally, compare each test sample with its original fault template [43,44], 
Calculate the overall accuracy of fault diagnosis. 

The SVNPWA algorithm in ref. [44] is used for verifying these 120 unknown fault samples, and the 
diagnosis accuracy is 98.33%. Moveover, the ISVNS algorithm proposed in this paper also applied for 
diagnosing the same 120 unknown fault samples, and the diagnosis accuracy is 99.16%. The diagnosis 
results are shown in Table 5. 


Table 5. Diagnosis results of applying the SVNPWA and proposed algorithm. 


SVNPWA The Proposed Algorithm 
Unknow Fault . . , : ; 
Times of Right Times of Error Times of Right Times of Error 
xX 38 2 40 0 
Y 40 0 39 1 
Z 40 0 40 0 


It can be seen from Table 5: Compared with the SVNPWA algorithm, the fault diagnostic accuracy 
rate of the ISVNS algorithm, proposed in this paper, is improved by 0.83%. That is, the ISVNS algorithm 
can better satisfy the diagnostic needs than the basic SVNPWA algorithm. 


5. Conclusions 


This paper proposes an ISVNS algorithm, which introduces the improved weighted correlation 
coefficient formula, and more comprehensively considers both single-valued neutrosophic set and ideal 
neutrosophic set under various faults, effectively solved the problem of fault diagnosis. An example 
of a motor rotor is illustrated that the ISVNS algorithm could improve the diagnostic accuracy rate 
compared with the SVNPWA algorithm. In conclusion, the ISVNS algorithm can obtain better fault 
diagnosis accuracy, and satisfy the fault diagnosis needs in practice. 

Since the collection and aggregation of data on technical faults is a laborious process. Moreover, the 
parameters in the diagnosis process are automatically generated in the laboratory simulation, without 
human intervention—therefore, the proposed method could be automating in practical application. 
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Therefore, the next step of the work will focus on how to automating the proposed method in order to 
scale the use of the proposed algorithm. 
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Abstract: To improve the efficiency, accuracy, and intelligence of target detection and recognition, 
multi-sensor information fusion technology has broad application prospects in many aspects. 
Compared with single sensor, multi-sensor data contains more target information and effective fusion 
of multi-source information can improve the accuracy of target recognition. However, the recognition 
capabilities of different sensors are different during target recognition, and the complementarity 
between sensors needs to be analyzed during information fusion. This paper proposes a multi-sensor 
fusion recognition method based on complementarity analysis and neutrosophic set. The proposed 
method mainly has two parts: complementarity analysis and data fusion. Complementarity 
analysis applies the trained multi-sensor to extract the features of the verification set into the sensor, 
and obtain the recognition result of the verification set. Based on recognition result, the multi-sensor 
complementarity vector is obtained. Then the sensor output the recognition probability and the 
complementarity vector are used to generate multiple neutrosophic sets. Next, the generated 
neutrosophic sets are merged within the group through the simplified neutrosophic weighted average 
(SNWA) operator. Finally, the neutrosophic set is converted into crisp number, and the maximum 
value is the recognition result. The practicality and effectiveness of the proposed method in this 
paper are demonstrated through examples. 


Keywords: neutrosophic set; target recognition; complementarity analysis; data fusion 


1. Introduction 


In daily life, target recognition involves all aspects of our lives, such as intelligent video 
surveillance and face recognition. These applications also make target recognition technology more 
popular. The development of related technologies has greatly enriched the application scenarios of 
target recognition and tracking theories. Research on related theoretical methods has also received 
extensively attention. Target recognition involves image processing, calculation computer vision, 
pattern recognition and other subjects. 

Generalized target recognition includes two stages, feature extraction, and classifier classification. 
Through feature extraction, image, video, and other target observation data are preprocessed to extract 
feature information, and then the classifier algorithm implements target classification based on the 
feature information [1]. Common image features can be divided into color gray statistical feature, 
texture edge feature, algebraic feature, and variation coefficient feature. The feature extraction methods 
corresponding to the above features are color histogram, gray-level co-occurrence matrix method, 
principal component analysis method, wavelet transform [2]. The classic target classification algorithms 
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include decision tree, support vector machine [3], neural network [4], logistic regression, and naive 
Bayes classification [5-8]. On the basis of a single classifier, the ensemble classifier integrates the 
classification results of a series of weak classifiers through an ensemble learning method, so as to obtain 
a better classification effect than a single classifier, mainly including Bagging and Boosting [9]. With the 
development of high-performance computing equipment and the enlargement in the amount of 
available data, deep learning related theories and methods have developed rapidly, and the application 
of deep learning in the direction of target recognition has also made it break through the limitations of 
traditional methods based on deep neural networks [10-12]. Classification network models include 
LeNet, AlexNet, VggNet. 

In practical applications, multi-source sensor data is often processed in decision analysis [13-19] 
as the number of sensors increases. For the problem of uncertain information processing, there are 
many theoretical methods such as Dempster-Shafer evidence theory [20-26], fuzzy set theory [27,28], 
D number [29-32] and rough set theory [33]. 

Smarandache [34] firstly generalized the concepts of fuzzy sets [35], intuitionistic fuzzy sets 
(IFS) [36] and interval-valued intuitionistic fuzzy sets (IVIFS) [37], and proposed the neutrosophic set. 
It is very suitable to use the neutrosophic set to deal with uncertain and inconsistent information in 
the real world. However, its authenticity, uncertainty, and false membership function are defined in 
the real number standard or non-standard subset. Therefore, non-standard intervals are not suitable 
for scientific and engineering applications. Therefore, Ye [38] introduced a simplified neutrosophic set 
(SNS), which limits the true value, uncertainty, and false membership function to the actual standard 
interval [0,1]. In addition, SNS also includes single value neutrosophic set (SVNS) [39-41] and interval 
neutrosophic set (INS) [42]. 

As a new kind of fuzzy set, neutrosophic set [43,44] have been used in many fields, such as 
decision-making [45-48], data analysis [49,50], fault diagnosis [51], the shortest path problem [52]. 
There is also a lot of progress in the related theoretical research of neutrosophic set. For example, 
score function of pentagonal neutrosophic set [53,54]. 

Existing multi-sensor fusion methods, such as evidence theory, have complex calculation and long 
calculation time [55], and there are a few methods that use neutrosophic set in multi-sensor fusion. 
Therefore, this paper proposes a multi-sensor fusion based on neutrosophic set. First, the complementarity 
vectors between multiple sensors are calculated. Then these complementarity vectors and the probability 
of sensor output are used to form a group of neutrosophic sets, and generated neutrosophic sets are 
fused through the SNWA operator. Finally, the neutrosophic set is converted to the crisp number, and the 
maximum value is the recognition result. The proposed method has simple calculation and fast operation, 
and can effectively improve the accuracy of target recognition. 

The rest of this article is organized as follows: Section 2 introduces some necessary concepts, 
such as neutrosophic set and multi-category evaluation standard. The proposed multi-sensor fusion 
recognition method is listed step by step in Section 3. In Section 4, an example is used to illustrate and 
explain the effective of proposed method. Some results discussion are shown in Section 5. 


2. Preliminaries 


2.1. Neutrosophic Set 


Definition 1. The the simplified neutrosophic set (SNS) is defined as follows [38]: 

X is a finite set, with a element of X denoted by x. A neutrosophic set (A) in X contains three parts: 
a truth-membership function (Tp), an indeterminacy-membership function (Ip), and a falsity-membership 
function (Fy). 
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0<Tp(x) <1 (1) 
0 <Ip(x) <1 (2) 
0 < Fp(x) <1 (3) 
0< Tp(x) + Ip(x) + Fp(x) <3 (4) 
A single-valued neutrosophic set P on X is defined as: 
P = {(x, T(x), Ip(x), Fp(x))|x € Xf 6) 


This is called a SNS. In particular, if X includes only one element, N = (x,Tp(x), Ip(x), Fp(x)) is called 
a SNN (the simplified neutrosophic number) and is denoted by x = (pu, 7,v). The numbers pL, 7, v denote the 
degree of membership, the degree of indeterminacy-membership, and the degree of non-membership. 


Definition 2. The crisp number of each SNN is deneutrosophicated and calculated as follows [56]: 


Si= mit (m) x (OF) (6) 


S; can be regarded as the score of SNN, so SNN can be sorted according to crisp number Sj. 


2.2. Commonly Used Evaluation Indicators for Multi-Classification Problems 


The index for evaluating the performance of a classifier is generally the accuracy of the classifier, 
which is defined as the ratio of the number of samples correctly classified by the classifier to the total 
number of samples for a given test data set [57]. 

The commonly used evaluation indicators for classification problems are precision and recall. 
Usually, the category of interest is regarded as the positive category, and the other categories are 
regarded as the negative category. The prediction of the classifier on the test data set is correct or 
incorrect. There are four situations as follows: 


e¢ True Positive(TP): The true category is a positive example, and the predicted category is a 
positive example. 

¢ False Positive (FP): The true category is negative, and the predicted category is positive. 

e False Negative (FN): The true category is positive, and the predicted category is negative. 

¢ True Negative (TN): The true category is negative, and the predicted category is negative. 


Based on the above basic concepts, the commonly used evaluation indicators for multi- 
classification problems are as follows. 


1. Precision or precision rate, also known as precision (P): 


TP 
i TP+FP 7) 
2. Recall rate, also known as recall rate (R): 
TP 
R= = 
TP+FN S 


3. F1 score is an index used to measure the accuracy of the classification model. It also takes 
into account the accuracy and recall of the classification model. The score can be regarded as 
a harmonic average of model accuracy and recall. Its maximum value is 1 and its minimum value 


is 0: 
2xPxR 


Peas 
: P+R 


(9) 
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2.3. AdaBoost Algorithm 


AdaBoost is essentially an iterative algorithm [58], and its core idea is to train some weak classifier 
h; based on the initial sample using the decision tree algorithm. Use the classifier to detect the sample 
set. For each training sample point, adjust its weight according to whether the result of its classification 
is accurate: if h; makes it classified correctly, reduce the weight of the sample point; otherwise, increase 
the sample the weight of the point. The adjusted weight is calculated according to the accuracy of the 
detection result. The sample set after adjusting the weight constitutes the sample set to be trained at 
the next level, which is used to train the next level classifier. In this way, iterate step by step to obtain 
a new classifier until the classifier h,, is obtained, and the sample detection error rate is 0. 

Combine /1, h2,..., hm according to the error rate of the sample detection: make the weak classifier 
with the larger error account for the smaller weight in the combined classifier, and the weak classifier 
with the smaller error account for the larger weight to obtain a combined classifier. 

The algorithm is essentially a comprehensive improvement of the weak classifier trained by 
the basic decision tree algorithm. Through continuous training of samples and weight adjustment, 
multiple classifiers are obtained, and the classifiers are combined by weight to obtain a comprehensive 
classifier that improves the ability of data classification. The whole process is as follows: 


¢ Train weak classifiers with sample sets. 

° Calculate the error rate of the weak classifier, and obtain the correct and incorrect sample sets. 

e Adjust the sample set weight according to the classification result to obtain a redistributed 
sample set. 


After M cycles, M weak classifiers are obtained, and the joint weight of the classifier is calculated 
according to the detection accuracy of each weak classifier, and finally a strong classifier is obtained. 


2.4. HOG Feature 


Histogram of oriented gradient (HOG), which is a feature descriptor for target detection. 
This technology counts the number of directional gradients that appear locally in the image. 
This method is similar to the histogram of edge orientation and scale-invariant feature transform, 
but the difference is hog calculate the density matrix based on the uniform space to improve accuracy. 
Navneet Dalal and Bill Triggs first proposed HOG in 2005 for pedestrian detection in static images or 
videos [59]. 

The core idea of HOG is that the shape of the detected local object can be described by the light 
intensity gradient or the distribution of the edge direction. By dividing the entire image into small 
connected areas (called cells). Each cell generates a directional gradient histogram or the edge direction 
of the pixel in the cell, and the descriptor is represented by combining the histogram. To improve 
the accuracy, the local histogram can be compared and standardized by calculating the light intensity 
of a larger area (called block) in the image as a measure, and then using this value (measure) to 
normalize all cells in the block. This normalization process completes better illumination/shadow 
invariance. Compared with other descriptors, the descriptors obtained by HOG maintain the invariance 
of geometric and optical transformations (unless the object orientation changes). 


2.5. Gabor Feature 


Gabor feature [60] is a feature that can be used to describe the texture information of an image. 
The frequency and direction of the Gabor filter are similar to the human visual system, and it is 
particularly suitable for texture representation and discrimination. The Gabor feature mainly relies on 
the Gabor kernel to window the signal in the frequency domain, so as to describe the local frequency 
information of the signal. 

In terms of feature extraction, Gabor wavelet transform is compared with other methods: on the 
one hand, it processes less data and can meet the real-time requirements of the system; on the other 
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hand, wavelet transform is insensitive to changes in illumination and can tolerate a certain degree of 
when image rotation and deformation are used for recognition based on Euclidean distance, the feature 
pattern and the feature to be measured do not need to correspond strictly, so the robustness of the 
system can be improved. 


2.6. D-AHP Theory 


Analytic Hierarchy Process (AHP) [61] is a systematic and hierarchical analysis method that 
combines qualitative and quantitative analysis. The characteristic of this method is that on the 
basis of in-depth research on the nature, influencing factors and internal relations of complex 
decision-making problems, it uses less quantitative information to mathematicize the thinking process 
of decision-making, thereby providing multi-objective, multi-criteria or complex decision-making 
problems with no structural characteristics provide simple decision-making methods. 

The D-AHP method extends the traditional AHP method in theory. In the D-AHP method [62], 
the derived results about the ranking and priority weights of alternatives are impacted by the credibility 
of providing information. A parameter A is used to express the credibility of information, and its 
value is associated with the cognitive ability of experts. If the comparison information used in 
the decision-making process is provided by an authoritative expert, A will take a smaller value. 
If the comparison information comes from an expert whose judgment is with low belief, A takes 
a higher value. 


3. The Proposed Method 


In general sensor recognition, the training set is inputting to train the sensor by extracting 
feature, and then the test set is inputting to test and get the recognition result. To improve the 
accuracy of multi-sensor fusion recognition, this paper proposes a fusion recognition method 
based on neutrosophic set. The proposed method in this paper is mainly divided into two parts: 
complementarity analysis and data fusion. The main steps of the method proposed in this paper are 
shown in Figure 1. 
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Figure 1. Target fusion recognition based on sensor complementarity and neutrosophic set. 


The essence of complementarity is to calculate the weight of the recognition ability of the base 
sensor in different categories. Based on this, the data set is divided into training set, validation set, 
and test set. First, the base sensor preference matrix is obtained from the recognition matrix of the 
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trained base sensor on the verification set, and then the sensor complementarity vector is calculated in 
each category. 

Data fusion aims at different target types, based on the sensor complementarity vector, 
the recognition results of different sensors are generated by the neutrosophic set. Then the fusion of the 
neutrosophic set can be obtained in different categories, and finally the neutrosophic set is converted 
into crisp number, and the maximum value is taken as the recognition result. 


3.1. Complementarity 


The main steps of the multi-sensor complementarity analysis are proposed as follows: 


e¢ — According to the data test result, the sensor recognition matrix can be obtained. 

e¢ The sensor preference matrix for different target types is obtained from multiple sensor 
recognition matrices. 

¢ The sensor complementarity vector is gotten from the sensor preference relationship matrix. 


3.1.1. Sensor Recognition Matrix 


Suppose there are n types of sensors X1,X2,X3,---,Xn, and m types of target types 
Y1, Y2, Y3,:+* , Ym. For a certain data set i, the recognition results of all its samples can be represented 
by the following recognition matrix R;. 


Hy ry Oi 
toy ton +++ om 
R; = ; <x ; (10) 
i j 
rn 'n2 Ynm 


3.1.2. Sensor Preference Matrix 


To obtain the preference relationship matrix between sensors, the preference between sensors 
needs to be defined. For two sensors, if the recognition performance of the sensor X; on the target 
Yj is better than the recognition performance of the sensor Xz, then for the target Yj, the sensor X, is 
better than the sensor X. The recognition results of a certain sensor on the samples in the data set i 
can be organized in the form of a recognition matrix, but the rows and columns become the recognized 
category of the sample and the true category of the sample. Furthermore, for the target of category Yj, 
according to the recognition matrix, we can get Table 1: 


Table 1. Ri: The recognition situation of a certain sensor to the target of category Yj. 


Real-Recognition Yj; Non-Y; 
Y; ri ears 
J IJ od 
be Ee 
non-Y; Ere 2 Ere 
kAj LAIKA; 


Record the above matrix as Ri in Table 1, where 1’ jj 1S the number of correct recognition of the 


category Y; by the sensor, &, a xj is the number of samples that the sensor misrecognizes non-targets. 
J 
&” jk is the number of misrecognized category Y; samples into other categories. Pe ry, is the 
J JKF] 
number of samples other than the above three cases number. If the optimal performance of sensor 


recognition is expressed as a matrix: 


228 


Symmetry 2020, 12, 1435 


yy fi, 0 
1.7 
Li a (11) 
0 ys Fa 


k#jl=1 
Which means the category is fully recognized correctly. Then the recognition performance of 


this sensor to the category Y; is defined as Ie] Therefore, if there are two sensors X; and Xj, 
jo 


the preference value of the recognition accuracy rate of X; versus Xj in the category (representing the 
priority of the recognition ability of X; over X; in the category of Y;) is defined as: 


oe ee aa || 
a Rind 


py = = 
. TR al al [RX iz Ij|| + [Rj - Ii 


(12) 


In the same way, the recognition accuracy preference value of sensor X; vs X; on category Y; is 


defined as follows: 
7 [Ri 
P= 
Rey RS 


(13) 


It is easy to get from the above two formulas that p/,,+p/), = 1, which is the sum of the two 
preference values is 1. If ] = k, then p/,, = 0.5. For the case where multiple sensors recognize at the 
same time, the preference relationship matrix P/ on the category Y; can be obtained. For each target 
category in the data set i, a corresponding preference relationship matrix can be obtained. 


3.1.3. Sensor Complementarity Vector 


Next, using the method in D-AHP theory [62], the complementarity vector can be calculated by 
the preference relationship matrix. 
According to the classifier preference relation matrix P; of category Y;. 


Phy, Phy +++) Phin 

Pig, Plog +--+ Ploy 
Pi = ; Of ‘ (14) 

Phy Pi oe: Phisi 


It is calculated that for each sensor complementarity vector C! of category Yj, Clisalxn 
dimensional vector. The flowchart of the C/ calculation is presented as Figure 2, the calculation steps 
are as follows: 


1. Express the importance of the index relative to the evaluation target through the preference 
relationship, and construct the D number preference matrix Rp. 

2. According to the integrated representation of the D number, transform the D number preference 
matrix into a certain number matrix R;. 

3. Construct a probability matrix R; based on the deterministic number matrix Rp, and calculate the 
preference probability between the indicators compared in pairs. 

4. Convert the probability matrix Rp into a triangularized probability matrix RT p, and sort the 
indicators according to their importance. 

5. According to the index sorting result, the deterministic number matrix R; is expressed as a matrix 
R' |, finally C/ is obtained. 
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Figure 2. Complementary vector generation process [62]. 


3.2. Data Fusion 


For a picture with unknown target type, the probability matrix is formed via the recognition result 
vectors of each sensor. 
qiloc**) Gm 
Ge) es "%. 3 (15) 
Gn1 °** Ynm 


where qj; is the probability that the sensor X; considers the unknown target as the target type Yj. 
At this time, the complementary vector is normalized to obtain the weight coefficient: 


HSC [(C nm + Cmax) (16) 


If the target type is Y;, the complementarity vector Hi and Q can be combined to obtain 
a neutrosophic set « = (yu, 71,v). Since there are n sensors, n groups neutrosophic sets can be obtained 
according to Q and Yj as follows: 


a= [y = qi x Hj, = (1 — 4qij) x Hj,v =1—Hj (17) 


Combining n groups of neutrosophic sets, a group of fused neutrosophic set can be obtianed, 
and the target recognition neutrosophic set is calculated under the imaginary target type Y;. Since there 
are m types of target, we can finally use the SNWA operator [63] to get m neutrosophic sets: 


n n n 
ary = Wy X 01 + Wo x a +-+° + Wy X On = [1 -T] nT] (ma Tu) a8) 
i=1 i=1 i=1 
Finally, convert these m SNNs into crisp numbers, and take the maximum value as the 
recognition result. 


x (PR _), Sm = Ht + (707) x (—HE"_)] (19) 


RS = Max(S) = Max|S; = + (70 
) ee as ur, + v7, UT, + VT, 
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4. Simulation 


4.1. Data Set 


The data source type of the experiment consists of two types: visible light image and infrared 
light image. There are four target types: sailboat (1), cargo ship (2), speed boat (3), and fishing boat (4). 
The structure of the experimental data is shown in Tables 2 and 3. The data consists of a train set, 
a verification set, and a test set. The verification set and the test set are the same pictures. Since the 
information of visible light and infrared sensors needs to be fused in the verification set and test set, 
two visible and infrared images taken at the same location are required for the same target, as shown 
in Figures 3-6. Due to the lack of data, K = 8 cross-validation is used for verificating and testing. 
This means that the validation set (test set) is divided into eight groups, and when a certain one group 
is tested, the remaining seven groups are used as the validation set. The image features use Gabor and 
HOG, and the classifier uses AdaBoost. 


Table 2. Target recognition image of infrared data. 


Infrared Light Data Train Set Validation Set Test Set 


Sailboat 65 28 28 
Cargo ship 68 35 35 
Speed boat 63 25 25 

Fishing boat 79 35 35 


Table 3. Target recognition image of visible light data. 


Visible Light Data Train Set Validation Set Test Set 


Sailboat 65 28 28 
Cargo ship 79 35 35 
Speed boat 70 25 25 

Fishing boat 78 35 35 


Figure 4. Visible light image and infrared light image for the same cargo ship. 
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Figure 5. Visible light image and infrared light image for the same speedboat. 


Figure 6. Visible light image and infrared light image for the same fishing boat. 
4.2. Sensor 


Two data sources (visible light, infrared), two image features (HOG, Gabor), and the classification 
algorithm AdaBoost can be combined separately to obtain 4 classifiers, as shown in Table 4. Since the 
background of this research is target recognition, these classifiers are regarded as different sensors, 
so as to recognize the target and generate their respective recognition results. The specific process of 
recognition is shown in Figure 7. 


Data Extract data Training set 
— |___________-»| 
source features features 
Train 
v 
Classifier 
| 
Test set | roct—s| Classifier after 
features training 
| 
Output 


Figure 7. The work process of sensor. 
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Table 4. Base sensor recognition confusion matrix. 


Sensor 1 Sensor 2 


Visible light + HOG + AdaBoost Infrared light + HOG + AdaBoost 


Sensor 3 Sensor 4 


Visible light + GABOR + AdaBoost Infrared light + GABOR + AdaBoost 


4.3. Base Sensor Recognition Confusion Matrix 


The verification set is input into the trained base sensor, and the recognition confusion matrix of 
the base sensor can be obtained according to the recognition result of the sensor. The Tables 5-8 are the 
identification confusion matrixs of the base sensors on the verification set. 


Table 5. Recognition confusion matrix of sensor 1. 


Real Category/Identify Category Sailboat CargoShip Speedboat Fishing Boat 


Sailboat 23 0 2 0 
Cargo ship 0 29 3 0 
Speed boat 1 1 20 0 

Fishing boat 0 0 0 31 


Table 6. Recognition confusion matrix of sensor 2. 


Real Category/Identify Category Sailboat CargoShip Speedboat Fishing Boat 


Sailboat 16 3 6 0 
Cargo ship 1 13 17 1 
Speed boat 0 0 18 4 

Fishing boat 0 1 9 21 


Table 7. Recognition confusion matrix of sensor 3. 


Real Category/Identify Category Sailboat CargoShip Speedboat Fishing Boat 


Sailboat 16 1 8 0 
Cargo ship 5 17 10 0 
Speed boat 0 0 22 0 

Fishing boat 0 0 0 31 


Table 8. Recognition confusion matrix of sensor 4. 


Real Category/Identify Category Sailboat CargoShip Speedboat Fishing Boat 


Sailboat 25 0 0 0 
Cargo ship 5 25 0 2 
Speed boat 0 10 1 11 

Fishing boat 0 0 6 25 


4.4. Preference Matrix 
Tables 9-12 show the preference comparison matrix of the four sensors for the four types of target. 
Table 9. Preference matrix P(1,1) of Sailboat. 


P(1,1) | Sensor1 Sensor2 Sensor3 Sensor 4 


Sensor 1 0.500 0.801 0.821 0.690 
Sensor 2 0.198 0.500 0.532 0.355 
Sensor 3 0.178 0.467 0.500 0.326 


Sensor 4 0.309 0.644 0.673 0.500 
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Table 10. Preference matrix P(1,2) of Cargo ship. 


P(1,2) Sensor1 Sensor2 Sensor3 Sensor 4 


Sensor 1 0.500 0.859 0.826 0.794 
Sensor 2 0.140 0.500 0.436 0.386 
Sensor 3 0.173 0.563 0.500 0.448 


Sensor 4 0.205 0.614 0.551 0.500 


Table 11. Preference matrix P(1,3) of Speedboat. 


P(1,3) Sensor1 Sensor2 Sensor3 Sensor 4 


Sensor 1 0.500 0.856 0.769 0.802 
Sensor 2 0.143 0.500 0.358 0.403 
Sensor 3 0.230 0.641 0.500 0.548 


Sensor 4 0.197 0.596 0.451 0.500 


Table 12. Preference matrix P(1,4) of Fishing boat. 


P(1,4) | Sensor1 Sensor2 Sensor3 Sensor 4 


Sensor 1 0.500 1.000 0.500 1.000 
Sensor 2 0 0.500 0 0.561 
Sensor 3 0.500 1.000 0.500 1.000 


Sensor 4 0 0.438 0 0.500 


4.5. Complementarity Vector 


According to the previous research, the complementarity vector can be obtained from the 
preference matrix, as shown in Table 13, which reflects the complementarity between the 4 sensors if the 
target to be identified is the first type of target sailboat. These information also reflect the importance 
of each sensor, so the complementary vector is used as the weight to generate the neutrosophic set 
when fusing the neutrosophic set. 


Table 13. Complementarity vector: C. 


Sensor1 Sensor2 Sensor3 Sensor 4 


C(1,1) 0.473 0.138 0.106 0.283 
C(1,2) 0.513 0.102 0.166 0.219 
C(1,3) 0.500 0.086 0.231 0.183 
C(1,4) 0.382 0.132 0.382 0.104 


4.6. Data Fusion 


When identifying an unknown target, the four sensors can obtain the probability of the category 
through the trained classifier, as shown in Table 14. 


Table 14. Probability of the 4 sensors to recognize the unknown target. 


Type Sailboat CargoShip Speedboat Fishing Boat 


Sensor 1 0.256 0.122 0.180 0.442 
Sensor 2 0.136 0.237 0.315 0.312 
Sensor 3 0.078 0.107 0.352 0.463 
Sensor 4 0.099 0.162 0.286 0.453 


According to these probabilities, by Equation (16), the complementarity vectors are converted 
into weight vectors, as shown in Table 15. 
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Table 15. Weight vector: H. 


Sensor1 Sensor2 Sensor3 Sensor4 


W(1,1) 0.817 0.238 0.183 0.487 
W(1,2) 0.833 0.167 0.262 0.355 
W(1,3) 0.853 0.147 0.393 0.311 
W(1,4) 0.789 0.274. 0.789 0.210 


Use Equation (17) to combine P and W and get four neutrosophic sets in one category. The current 
recognition framework has four categories, so four groups of neutrosophic set are obtained, as follows: 


011 = [0.209, 0.607, 0.184 
ay = | 12 = (0.032, 0.205, 0.761 
013 = [0.014, 0.168, 0.817 
014 = [0.048, 0.439, 0.513 
a1 = [0.102, 0.731, 0.167 
ny = | 022 = (0.039, 0.127,0.833 
a3 = (0.029, 0.242, 0.729 
a4 = [0.057, 0.297, 0.645 
a3, = [0.154, 0.699, 0.147 
ag = | 032 = [0.046,0.101, 0.853 
033 = [0.138, 0.255, 0.607 
034 = [0.089, 0.222, 0.689 
a4, = (0.348, 0.442, 0.210 
ng =< | 142 = (0.085, 0.189, 0.726 
043 = 0.365, 0.425, 0.210 
44 = [0.095, 0.116, 0.789 


Combine these four groups of neutrosophic sets according to Equation (18) to obtain 4 
neutrosophic sets: 


ay = 0.25 x ayy +0.25 x ayo +0.25 x 043 +.0.25 x a4 = [0.079, 0.492, 0.310] 
a2 = 0.25 x 021 7 0.25 x X22 + 0.25 x 423 +7 0.25 x a4 = [0.058, 0.506, 0.286] 
a3 = 0.25 x a3; +0.25 x a9 +.0.25 x 033 +.0.25 x 34 = (0.108, 0.479, 0.251] 
a4 = 0.25 x X41 + 0.25 x X42 1 0.25 x 443 0.25 x X44 = (0.234, 0.399, 0.253] 


Furthermore, the four neutrosophic sets are transformed into crisp numbers by Equation (19). 
RS =4= Max(S) = Max[S, = 0.181, Sz = 0.142, S3 = 0.252, S4 = 0.427] 
Therefore, the recognition result of the unknown target is fishing boat. 


4.7. Recognition Result 


After all the test sets are finally tested, the results of the method proposed in this paper are shown 
in Table 16. And the results of two other fusion methods such as simple fusion (Table 17) and D-S 
fusion (Table 18) are given to compare with the proposed method. 
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Table 16. The proposed method recognition result. 


Real Category/Identify Category Sailboat CargoShip Speedboat Fishing Boat 


Sailboat 27 0 1 0 
Cargo ship 1 31 3 0 
Speed boat 0 0 25 0 

Fishing boat 0 0 0 35 


Table 17. Simple fusion result. 


Real Category/Identify Category Sailboat CargoShip Speedboat Fishing Boat 


Sailboat 27 0 1 0 
Cargo ship 1 33 1 0 
Speed boat 1 1 21 2 

Fishing boat 0 0 0 35 


Table 18. D-S fusion result. 


Real Category/Identify Category Sailboat CargoShip Speedboat Fishing Boat 


Sailboat 26 1 1 0 
Cargo ship 2 28 5 0 
Speed boat 0 0 25 0 

Fishing boat 0 0 2 33 


The recognition results of the 4 base sensors on the test set are shown in Tables 19-22: 


Table 19. Sensor 1 recognition result. 


Real Category/Identify Category Sailboat CargoShip Speedboat Fishing Boat 


Sailboat 25 0 3 0 
Cargo ship 0 31 4 0 
Speed boat 1 1 23 0 

Fishing boat 0 0 0 35 


Table 20. Sensor 2 recognition result. 


Real Category/Identify Category Sailboat CargoShip Speedboat Fishing Boat 


Sailboat 17 3 8 0 
Cargo ship 1 14 18 2 
Speed boat 0 1 19 5 

Fishing boat 0 1 10 24 


Table 21. Sensor 3 recognition result. 


Real Category/Identify Category Sailboat CargoShip Speedboat Fishing Boat 


Sailboat 17 1 10 0 
Cargo ship 6 18 11 0 
Speed boat 0 0 25 0 

Fishing boat 0 0 0 35 
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Table 22. Sensor 4 recognition result. 


Real Category/Identify Category Sailboat CargoShip Speedboat Fishing Boat 


Sailboat 28 0 0 0 
Cargo ship 6 27 0 2 
Speed boat 0 12 1 12 

Fishing boat 0 0 6 29 


The multi-category evaluation criteria is used in the previous article to evaluate the classification 
results, shown in Table 23. It can be seen that the method proposed in this paper has improved 
in the recall rate, accuracy rate, Fl score and other indicators compared with these four sensors. 
After multi-sensor fusion recognition, the accuracy rate of a single sensor is increased by 3.25% at the 
lowest and 35.77% at the highest, and the average performance of a single sensor is improved by 21.13%. 
At the same time, compared with the other two fusion methods, the method proposed in this parper 
also performs better.It can be seen that the accuracy of fusion recognition can be significantly improved. 


Table 23. Recognition result analysis. 


Category Accuracy Rate Recall Rate F1Score CountTime Correct Rate 


Sailboat 0.962 0.893 0.926 
Cargo ship 0.969 0.886 0.925 Ps 
octsert Speedboat 0.767 0.920 0.836 oe nea 
Fishing boat 1.000 1.000 1.000 
Sailboat 0.944 0.607 0.739 
Cargo ship 0.737 0.400 0.519 é 
Benson? Speedboat 0.345 0.760 0.475 bee epee 
Fishing boat 0.774 0.686 0.727 
Sailboat 0.739 0.607 0.667 
Cargo ship 0.947 0.514 0.667 5 
SENOS Speedboat 0.543 1.000 0.704 hone ea 
Fishing boat 1.000 1.000 1.000 
Sailboat 0.824 1.000 0.903 
Cargo ship 0.692 0.771 0.730 6 
eenners Speedboat 0.143 0.040 0.063 tne? ae 
Fishing boat 0.674 0.829 0.744 
Sailboat 0.929 0.929 0.929 
: Cargo ship 0.966 0.800 0.875 s 
DS susion Speedboat 0.758 1.000 0.862 4228 anaes 
Fishing boat 1.000 0.943 0.971 
Sailboat 0.931 0.964 0.947 
‘ : Cargo ship 0.971 0.943 0.957 ; 
Simple-fusion << peedboat 0.913 0.840 0.875 ne ane 
Fishing boat 1.000 0.946 0.972 
Sailboat 0.964 0.964 0.964 
Cargo ship 1.000 0.886 0.940 5 
Proposed method Speedboat 0.862 1.000 0.926 3985S 95.93% 
Fishing boat 1.000 1.000 1.000 
5. Results 


Aiming at the problem of multi-sensor target recognition, this paper proposes a new method based 
on the complementary characteristics of sensors in the fusion of neutrosophic set, which improves 
the accuracy of target type recognition. Using the identification of the sea surface vessel type 
as the verification scenario, the category-oriented sensor complementarity vector is constructed 
through feature extraction, sensor training of the target’s infrared and visible image training data. 


237 


Symmetry 2020, 12, 1435 


The multi-sensor neutrosophic set model is performed on the target to be recognized to realize the 
multi-sensor. Compared with other methods, the method proposed in this paper performs better in 
recognition accuracy, Compared with other fuzzy mathematics theories, the neutrosophic set theory is 
more helpful for us to deal with the complementary information between sensors. At the same time, 
the three sets of functions included in the neutrosophic set allow us to flexibly adjust the weight and 
other parameters, and the calculation of the neutrosophic set is simple, it takes less time to run the 
program. Further research will mostly concentrate on the the proposed method can be used to more 
complicated study to further demonstrate its efficiency. 
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Abstract: Neutrosophy is a recent section of philosophy. It was initiated in 1980 by Smarandache. 
It was presented as the study of origin, nature, and scope of neutralities, as well as their interactions 
with different ideational spectra. In this paper, we introduce the notion of single-valued neutrosophic 
ideals sets in Sostak’s sense, which is considered as a generalization of fuzzy ideals in Sostak’s 
sense and intuitionistic fuzzy ideals. The concept of single-valued neutrosophic ideal open local 
function is also introduced for a single-valued neutrosophic topological space. The basic structure, 
especially a basis for such generated single-valued neutrosophic topologies and several relations 
between different single-valued neutrosophic ideals and single-valued neutrosophic topologies, are 
also studied here. Finally, for the purpose of symmetry, we also define the so-called single-valued 
neutrosophic relations. 


Keywords: single-valued neutrosophic closure; single-valued neutrosophic ideal; single-valued 
neutrosophic ideal open local function; single-valued neutrosophic ideal closure; single-valued 
neutrosophic ideal interior; single-valued neutrosophic ideal open compatible 


1. Introduction 


The notion of fuzzy sets, employed as an ordinary set generalization, was introduced in 1965 by 
Zadeh [1]. Later on, using fuzzy sets through the fuzzy topology concept was initially introduced in 
1968 by Chang [2]. Afterwards, many properties in fuzzy topological spaces have been explored by 
various researchers [3-13] 

Paradoxically, it is to be emphasized that being fuzzy or what is termed as fuzzy topology in fuzzy 
openness concept is not highlighted and well-studied. Meanwhile, Samanta et al. [14,15] introduced 
what is called the graduation of openness of fuzzy sets. Later on, Ramadan [16] introduced smooth 
continuity, a number of their properties, and smooth topology. Demirci [17] investigated properties 
and systems of smooth Q-neighborhood and smooth neighborhood alike. It is worth mentioning 
that Chattopadhyay and Samanta [18] have initiated smooth connectedness and smooth compactness. 
On the other hand, Peters [19] tackled the notion of primary fuzzy smooth characteristics and structures 
together with smooth topology in Lowen sense. He [20] further evidenced that smooth topologies 
collection constitutes a complete lattice. Furthermore, Onassanya and HoSkova-Mayerova [21] 
inspected certain features of subsets of «-level as an integral part of a fuzzy subset topology. Likewise, 
more specialists in the field like Coker and Demirci [22], in addition to Samanta and Mondal [23,24], 
have provided definitions to the concept of graduation intuitionistic openness of fuzzy sets based on 
Sostak’s sense [25] according to Atanassov’s [26] intuitionistic fuzzy sets. Essentially, they focused on 
intuitionistic gradation of openness in light of Chang. On the other hand, Lim et al. [27] examined 
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Lowen’s framework smooth intuitionistic topological spaces. In recent times, Kim et al. [28] considered 
systems of neighborhood and continuities within smooth intuitionistic topological spaces. Moreover, 
Choi et al. [29] scrutinized smooth interval-valued topology through graduation of the concept of 
interval-valued openness of fuzzy sets, as suggested by Gorzalczany [30] and Zadeh [31], respectively. 
Ying [32] put forward a topology notion termed as fuzzifying topology, taking into consideration the 
extent of ordinary subset of a set openness. General properties in ordinary smooth topological spaces 
were elaborated in 2012 by Lim et al. [33]. In addition, they [34-36] inspected compactness, interiors, 
and closures within normal smooth topological spaces. In 2014, Saber et al. [37] shaped the notion of 
fuzzy ideal and r-fuzzy open local function in fuzzy topological spaces in view of the definition of 
Sostak. In addition, they [38,39] inspected intuitionistic fuzzy ideals, fuzzy ideals and fuzzy open local 
function in fuzzy topological spaces in view of the definition of Chang. 

Smarandache [40] determined the notion of a neutrosophic set as intuitionistic fuzzy set 
generalization. Meanwhile, Salama et al. [41,42] familiarized the concepts of neutrosophic crisp set 
and neutrosophic crisp relation neutrosophic set theory. Correspondingly, Hur et al. [43,44] initiated 
classifications NSet(H) and NCSet including neutrosophic crisp and neutrosophic sets, where they 
examined them in a universe topological position. Furthermore, Salama and Alblowi [45] presented 
neutrosophic topology as they claimed a number of its characteristics. Salama et al. [46] defined a 
neutrosophic crisp topology and studied some of its properties. Others, such as Wang et al. [47], 
defined the single-valued neutrosophic set concept. Currently, Kim et al. [48] has come to grips with a 
neutrosophic partition single-value, neutrosophic equivalence relation single-value, and neutrosophic 
relation single-value. 

Preliminaries of single-value neutrosophic sets and single-valued neutrosophic topology are 
reviewed in Section 2. Section 3 is devoted to the concepts of single-valued neutrosophic closure space 
and single-valued neutrosophic ideal. Some of their characteristic properties are considered. Finally, 
the concepts of single-valued neutrosophic ideal open local function has been introduced and studied. 
Several preservation properties and some characterizations concerning single-valued neutrosophic 
ideal open compatible have been obtained. 


2. Preliminaries 


In this section, we attempt to cover enough of the fundamental concepts and definitions. 
Definition 1 ([49]). A neutrosophic set H (NS, for short) on a nonempty set S is defined as 
H = (kK, Ty, ly, Fy: x € S), 
where 
Ty: S>]70,1t|, Iy:S3)70,1t|, Fy: S >)70,17| 
and 
“0 < Ty(k) + Iu (x) + F(x) < 3+, 


representing the degree of membership (namely, T3,(«)), the degree of indeterminacy (namely, I7,(x)), and the 
degree of nonmembership (namely, Fy,(«)); for all x € S to the set H. 


Definition 2 ((49]). Let H and R be fuzzy neutrosophic sets in S. Then, H is a subset of R if, for each x € S, 


inf Ty(x) <infTr(x), infly(x) > infly(«), inf Fy(x) > inf Fr(x) 
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and 
sup Ty(K) <supTr(k), suply(«) >suplp(k), sup Fy(x) > sup Fr(k). 


Definition 3 ([47]). Let H be a space of points (objects) with a generic element in S denoted by x. Then, 
H is called a single-valued neutrosophic set (in short, SVNS) in S if H has the form H = (Ty, ly, Fy), 
where Tx, I, Fx, : S — [0,1]. 
In this case, Ty, Ty, Fy are called truth-membership function, indeterminacy-membership function, 
and falsity-membership function, respectively, and we will denote the set of all SVNS's in S as SVNS(S). 
Moreover, we will refer to the Null (empty) SVNS (or the absolute (universe) SVNS) in S as On (or 1n) 
and define by Oy = (0,1,1) (or 1y = (1,0,0)) for each x € S. 


Definition 4 ([47]). Let H = (Ty, I, Fy) be an SVNS on S. The complement of the set H (H°, for short) 
and is defined as follows: for every x € S, 


Tye(x) = Fr(x), Tye(e) =1—In(e), Fue(«) = Ty (x). 
Definition 5 ([50]). Suppose that H € SVNS(S). Then, 
(i) H is said to be contained in R, denoted by H C R, if, for every x € S, 
Ty(x) <Tr(x), Tn(«) 2 Ir(«), Fu(x) 2 Fr(x); 
(ii) H is said to be equal to R, denoted by H = H, ifR C Rand H DR. 
Definition 6 ([51]). Suppose that H,R € SVNS(S). Then, 
(i) the union of H and R(HUR, for short) isan SVNS in S defined as 
HUR = (Ty UTr, ly O Ip, Fy NFR), 


where (Ty UTR) (kx) = Ty (x) UTR(k) and (Fy NFR) («) = Fy (x) N Fr(k), for each x € S; 
(ii) the intersection of Hand R, (HAR, for short), isan SVNS in S defined as 


HOR = (Ty Tr, ly U Ip, Fy UFR). 


Definition 7 ([45]). Let H € SVNS(S). Then, 
(i) the union of {Hi}iey (Uiey Hi, for short) isan SVNS in S defined as follows: for every x € S, 
(U Had(«) = (OTH, (0), (Frei), 1) Fx 00); 
ie] ie] ie] ie] 
(ii) the intersection of {Hitie] (Niecy Hi, for short) isan SVNS in S defined as follows: for every x € S, 


(1) Hi)(«) = (1) Tx (©), Urge), U Fu; («)- 


ic] ic] ic] ic] 


Definition 8 ((52]). A single-valued neutrosophic topology on S is a map (t1,t!,t*) : IS — I satisfying the 
following three conditions: 
(SVNID) 1 (Oe a Deda tOjH=rt Det OS 7h =0, 
(SVNT2) tI(HNR) > t1(H) NT! (R), THAR) < H(H)UT(R), 
THAR) < tF(H) UT (R), for any H,R € IS, 
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(SVNT3) T! (UjejHi) 2 Piet (Ha); tT! (UjejHi) < Uiejt! (Hi) r 
TF (UjefHi) < Viet’ (Hi), for any {Hihiey € IS. 


The pair (X,t!,t!,t*) is called single-valued neutrosophic topological spaces 
(SVNTS, for short). We will occasionally write t!!" for (t7, t!, t*) and it will cause no ambiguity. 


3. Single-Valued Neutrosophic Closure Space and Single-Valued Neutrosophic Ideal in 
Sostak Sense 


This section deals with the definition of single-valued neutrosophic closure space. The researchers 
examine the connection between single-valued neutrosophic closure space and SVNTS based in 
Sostak sense. Moreover, the researchers focused on the single-valued neutrosophic ideal notion where 
they obtained fundamental properties. Based on Sostak’s sense, where a single-valued neutrosophic 
ideal takes the form (S, L£T,Li, LE) and the mappings L',£!, LF : IS + I, where (24, Li, Ly are the 
degree of openness, the degree of indeterminacy, and the degree of non-openness, respectively. 

In this paper, S is used to refer to nonempty sets, whereas I is used to refer to closed interval [0, 1] 
and I, is used to refer to the interval (0, 1]. Concepts and notations that are not described in this paper 
are standard, instead, S is usually used. 


Definition 9. A mapping C : I° x Ip + IS is called a single-valued neutrosophic closure operator on S if, 
for every H, R € IS and r,s € Ip, the following axioms are satisfied: 


(Cy) C((0.1.1),s) = (0.1.1), 

(Co) H < C(H,s), 

(C3) C(H,s) VC(R,s) = C(HV R;s), 
(C4) C(H,s) < C(H,r) ifs <7, 

(Cs) C(C(H,s),s) = C(H,s). 


The pair (X,C) is a single-valued neutrosophic closure space (SVN CS, for short). 
Suppose that C; and C2 are single-valued neutrosophic closure operators on S. Then, C; is finer 
than C2, denoted by C2 < Cy iff Ci(H,s) < Co(H,s), for every H € I° ands € Ip. 


Theorem 1. Let (S,t"!) be an SVNTS. Then, for any H € IS ands € Ip, we define an operator 
Cyr : IS x Ip IS as follows: 


C.re(H,s) = \{REP:H<SR, HL-R)>s, H(L-R)<1-s, h(1—R) <1-s}. 
Then, (S,C_rir) isan SVNCS. 


Proof. Suppose that (S,t!!") is an SVNTS. Then, C;, (Cz) and (Cy) follows directly from the 
definition of C_rie. 

(C3) Since R,H < HUR, Crrir (R,s) < Cyrir (H U R,S) and C,rir (H,s) < Cyrir(H U R,8), 
therefore, 


Cyr (H,s) UC, rie (R,s) < Cprir(HUR;,s). 
Let (X,t!/") be an SVNTS. From (C2), we have 


H. < Cir (H,s), ae Cee Cyr (H,s)) = S, eds Cir (H,s)) < 1l-s 
and c (1— Cir (H,s)) <1-s, 


244 


Symmetry 2020, 12, 193 


R<Crr(R,s), t(1—Cyre(R,s)) > 8, t'(1—- Cyne (R,s)) < 1-8 
and ea 6 ee Cir (R,s)) <1-—s. 


It implies that H UR < Cyrie (H,s) U Cyr (R,8), 
(1 — (Cyre(H,s) UC,re(R,s))) = t"((1— C,rr(H,s)) 9 (1— Cyr (R,8))) 


> T"(1— Cyrie(H,s)) Vt (1— Cyrie(R,8)) 2 8, 


tI (1 — (Cyr (H,s) UC rie(R,s))) = t!((1— Cyne (H,8)) 0 (1 — Czre (R,8))) 
(1 — Cyr (H,8)) Ut! (1— Cpr (R,s)) < 1-5, 


TF (1 — (Cpr (H,8) UC, (R,8))) = TF ((1 — Cyne (H,)) N (1 — C,re (R,8))) 
< tF(1 — Cure(H,s)) Ut (1— Cre (R,8)) < 1-8. 
Hence, C,rie(H,s) U Crrir(HUR,s) > Crrir(HU R,8). Therefore, 
Cir (H,s) UC rir (HUR,s) = C,rir(HUR,S). 
(Cs) Suppose that there exists s € Ip, H € IS, and x € S such that 
Cire (Crit (H,8),8)(k) > Cprie (Hs) (x). 


By the definition of C,rir, there exists D € I with D > H, and t7(1—D) >s,t/(1—D) <1—sand 
tF(1— ‘D) < 1—s such that 


Cyrir (Cyrir (H,8),8)(x) > D(x) = Cyprir(H,s) (x). 


Since C rir (H,s) < Dandt!(1—D) >s,t!(1—D) <1~—s,and t!(1—D) < 1~s, by the definition 
of C,rir (C,rir ), we have 


Cire (Crier (H,s),8) < D. 


It is a contradiction. Thus, Cprie(C rir(H,s),s) = Cyr (H,s). Hence, C,rir is a single-valued 
neutrosophic closure operator on S. 


Theorem 2. Let (S,C) be an SVNCS and H € S . Define the mapping te!F : IS + Ion S by 


te (H) =(J{s € Io | C1 —H,s) = 1-H}, 
TE(H) =(\{1—s € lp | CO —H,s) =1-H}, 


TE(H) =(\{1—s € Ip | CQ —H,s) =1-H}, 
Then, 


(1) 1é!F isan SVNTS on S; 
(2) Cyne is finer than C. 
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Proof. (SVNT1) Let (S,C) be an SVNCS. Since C((0.1.1),r) = (0.1.1) and C(1,0,0),r) = (1,0,0) for 
every s € Ip, (SVNT1). 
(SVNT2) Let (S,C) be an SVNCS. Suppose that there exists H1, H2 € I S such that 


TE(H1N Hz) < TA(H1) NTE(H2), TEACH MN He) > TA(H1) U TA (Ha), 


TE(Hy a) H2) > Té(H1) U TE (H2). 
There exists s € Ig such that 


TE (Hi NH) <s< TE (H1) N te (H2), TE (Hy NH) >1-s> TE (H1) U th (H2), 


Te (HA NH2) >1-s> Te(H1) Ute (Hz). 
For each i € {1,2}, there exists s € Ip with C(H;,s;) = 1 — H; such that 
s<sj)<é(Hi), té(Hi) <1-s;<1-s, tEé(H;) <1-5; <1-s. 


In addition, since (1 — H;,r) = 1— H; by C2 and Cy of Definition 9, for any i € {1,2}, 


It follows that TA(H1N H2) > s, Th(H1 MN H2) < 1—s,and Th(H1 N H2) < 1—s. It is a contradiction. 
Thus, for every H,R € I°, T(HNR) > E(H)NTME(B), TEIHNR) < E(H)UE(R), 
and Th(HNR) < TE(H) UTE(R). 

(SVNT3) Suppose that there exists H = Uje; Hi € I° such that 


Te(H) < Ue (Hi), EH) > Ute (Hi),  E(H) > U te (Hi). 


i€l i€l i€l 
There exists sg € Ig such that 


TE(H) < 50 <Uté(Hi), TECH) > 1-50 > Ute(Hi), TECH) > 1-50 > LU tE(H,)). 


i€l i€l i€l 
For every i € I, there exists C(H;,s;) = 1— H; and s; € Ip such that 
so <5; < TE(Hi), 1—sp >1-—s;> té (Hi), 1—s;>1-s9> TE (Hi). 
In addition, since C(1 — Hj,r9) < C(1 — Hj, s;) = 1 — Hj, by C; of Definition 9, 
C(1 — Hj,s9) =1— Hj. 
It implies, for alli € I, 
C(1—H,s9) < C(1 — Hj, so) = 1 — Hj. 


It follows that 
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Thus, CI(I — H,s9) = 1-H, that is, TA(H) > so, TA(H) < 1-50, and th(H) < 1-59 
contradiction. Hence, Te isan SVNTS on S. 


(2) Since H < C(H,r), 


Te(1 —C(H,s)) > s, (1 —C(H,s)) <1—s, TA(1-C(H,s)) <1-s. 


From Cs of Definition 9, we have Crue (H,s) < C(H,s). Thus, C,zr is finer than C. 


Example 1. Let S = {a,b}. Define B,H, A € I° as follows: 
B = ((0.2,0.2), (0.3,0.3), (0.3,0.3));H = ((0.5,0.5), (0.1,0.1), (0.1,0.1)). 


We define the mapping C : IS x Ig > I® as follows: 


(0.1.1), if A=(0.1.1), s€h, 
Bod. F OAAKERH, Cxr<h, 
B, if AZ BASH, Vxar<s 

C(A,s) = or04ASB 5<r<§, 
H, iff A<H,AZLB, O<r< i, 
BUH, if OAA<BUH, 0<r<i, 
1, otherwise. 


Then, C is a single-valued neutrosophic closure operator. 
From Theorem 2, we have a single-valued neutrosophic topology (te: Ta Te) on S as follows: 


1, if A= (1,0,0) or (0,1,1), 


5, if A= B, 
T _ pl if A = H*, 
Tc (A) 5, if A = Bo UHS, 
7. if A= BINH, 
0, otherwise. 
0, if A= (1,0,0) or (0,1,1), 
5 if A= B, 
_J haan, 
Tc (A) = i, if A _ BoUHS, 
5, if A= BINH’, 
1, otherwise. 
0, if A= (1,0,0) or (0,1,1), 
Lif A=B, 
1 (6 
Pe) oof AR 
Te (A) s, if A _ Bo UHS, 
i, if A= BINH’, 
Ls otherwise. 


Thus, the tee is a single-valued neutrosophic topology on S. 


. Itisa 


Definition 10. A single-valued neutrosophic ideal (SVN) on S in Sostak’s sense on a nonempty set S is a 


family £L', £L', LF of single-valued neutrosophic sets in S satisfying the following axioms: 
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(Li) £7(0) = Land £'(0) = LF(0) = 0. 

(Lz) IfH < B, then LI(R) < LT(H), LI(R) > L'(H), and LI (R) > L*(H), for each single-valued 
neutrosophic set R,H in I°. 

(L3) LI(RUH) = LI(R)NLT(H), LIRUH) < LI(R) ULT(H), and LI(RUH) < LI(R)U 
LF(H), for each single-valued neutrosophic set R,H in I°. 

If Ly and Ly are SVNI on S, we say that L, is finer than Lp, denoted by Ly < Lo, iff LT (H) < L4(H), 
LI(H) > L5(A), and LI(H) > LE (H), for H € IP. 

The triable (X,(t",t!, t*), (£7, LI, L*) is called a single-valued neutrosophic ideal topological space in 
Sostak sense (SVNITS, for short). 

We will occasionally write LT, it and LP TE ee or (Le), (£3, jae LF), and 
Lich cF IS SL respectively. 


Remark 1. The conditions (Lz) and (L3), which are given in Definition 10, are equivalent to the following 
axioms: LI(HUR) = LI(H)NLT(R), LHUR) A LIM) ULT(R), and LI(HU R) A LF(H) U 
LF(R), for every R,H € IS. 


Example 2. Let S = {a,b}. Define the single-valued neutrosophic sets R,C,H, A and (£L1,£7,L£L7): 1° > 
Tas follows: 


R = ((0.3,0.5), (0.4,0.5), (0.5,0.5)); C = ((0.3,0.4), (0.5,0.5), (0.3,0.4)), 
H = ((0.1,0.2), (0.5,0.5), (0.5,0.5)). 


Lf B= 1011); 
if A=R, 
, if (O11)<A<R, 


P otherwise. 


if A= (0.1.1), 
tf oO, 
, if (011) <A<C, 


otherwise. 


B 
ee 
= 
= 
II 
RbiENIF: © 


~ 


if A= (0,1,1), 
if A=H, 
, if (011) <A<H, 


‘ otherwise. 


» 


ba 
yy 
Fan 
ey) 
he 
II 
Re BIRNIF © 


Then, L™! isan SVNI on S. 


Remark 2. (i) If £'(1) =1, L'(1) =0,and L* (1) =0, then L™!* is called a single-valued neutrosophic 
proper ideal. 

(ii) If £7(1) = 0, L'(1) = 1, and LF (1) = 1, then L™ is called a single-valued neutrosophic improper 
ideal. 


Proposition 1. Let {£}!"};<) bea family of SVNI on S. Then, their intersection Niey LIF is also SVNIL. 


Proof. Directly from Definition 7. 
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Proposition 2. Let {£}!"};<) bea family of SVNI on S. Then, their union Viey LIF is also an SVNI. 


Proof. Directly from Definition 7. 


4, Single-Valued Neutrosophic Ideal Open Local Function in Sostak Sense 


In this section, we study the single-valued neutrosophic ideal open local function in Sostak’s sense 
and present some of their properties. Additionally, properties preserved by single-valued neutrosophic 
ideal open compatible are examined. 


Definition 11. Let s,t,p € Ip ands+t+p < 3. A single-valued neutrosophic point xs17 of S is the 
single-valued neutrosophic set in I° for each x € H, defined by 


_Jj &tp), fxax, 
Xs,p(K) = (0,1,1), if x #x. 


A_ single-valued neutrosophic point Xs is said to belong to a single-valued neutrosophic set 
H = (Ty, 1, Fy) € I°, denoted by xstp © Hiffs < Ty, t > ly and p > Fy. 1. We indicate the set 
of all single-valued neutrosophic points in S as SVNP(S). 


For every Xs,t,» € SVNP(S) and H € I° we shall write Xs,t,p quasi-coincident with H, denoted by 
Xs,t,p4 H yi if 


s+Ty(x) >1, t+Iy(«) <1, pt+Fy(«) <1. 


For every R,H € S we shall write HGR to mean that H is quasi-coincident with F if there exists 
« € S such that 


Ty(x) + Tr(x) > 1, Fyelk) tie (x) <1, Fylk) + Fr(x) <1. 


Definition 12. Let (S,t7!") bean SVNTS. For each r € Ip, H € I°, X54,» € SVNP(S), a single-valued 
neutrosophic open Qrir-neighborhood of xs,t,p is defined as follows: 


Q_rie(Xs,t,p/7) = {H|(Xs,t,p GH, T(H)>r, T(H) <1-1, eHyat=rh 


Lemma 1. A single-valued neutrosophic point xs,» € C,rir(R,1) iff every single-valued neutrosophic open 
Q_rir-neighborhood of xs,t,» is quasi-coincident with H. 


Definition 13. Let (S,t"!") be an SVNTS for each H € IS. Then, the single-valued neutrosophic ideal 
open local function H}(t1!¥, LT) of H is the union of all single-valued neutrosophic points xs,t,» such that if 
R € Qrrir(Xstp,r) and LI(C) >r, LIC) <1—47, LI(C) < 1-1, then there is at least one x € S for 
which Tr(k) + Ty(«) —1> Te(x), I(x) + ly (x) —1 < Ie(k), and Fr(x) + Fy(x) —1 < Fe(r). 


qile ere) 


Occasionally, we will write H* for H*( and it will have no ambiguity. 


Example 3. Let (S,t!/F, £7") be an SVNITS. The simplest single-valued neutrosophic ideal on S is 


Vea : IS + L, where 


0, otherwise. 


EEE CRY = 1, if R= (1,0,0), 


If we take LTT = LMF for each H € I° we have H* = Cre (H,1). 
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Theorem 3. Let (S,t7!*) bean SVNTS and LIF, CTF © SVNI(S). Then, for any H,R € I° andr € Io, 
we have 


(1) IfH<R, then H* < RX; 

(2) dpe tT eh) ond LE re then Fie Le eC 

(Oy VFS Crp GAR) Ce (Fy) 

(4) (He )p SH; 

(5) AAV RE) SAV Re 

(6) LTH) >r, LICR) <1-1,and LI(R) < 1-1 then (HV R)t = ARV RE = Hi; 
(7) Ift?(R)>r7, t1(R) <1—1,and tF(R) <1—1, then (RAH) < (RAH); 

(8) (HEARX) > (HARY)F. 


Proof. (1) Suppose that H € I S and H* £ R*. Then, there exists x € S and s,t, p € Ig such that 
Ty (x) 23> Tre(x), Tpe(k) <t<Ipe(k), Fue(e) < p < Fre (x). (1) 


Since Tr;(x) < s, Ips(x) 2 t, and Frs(x) = p. Then, there exists D € Qi,11F)(Xs,t,p,1), LUC) Se, 
L'(C) <1—1,and LF(C) < 1—r such that for any x € S, 


Tp(K1) + Tr(k1) -1 < Te («1), Ip(k1) + Ip() -1 > Ie(k1), Fp(«1) + Fr(«1) -1 > Fe(x1). 
Since H < FR, 
Tp(x1) + Tu (m1) —1< Teli),  Fp(m1) + I(t) —1 > Ie(e1),  Fo(e1) + Fy (x1) — 1 > Fe(x1). 
So, Ty+(k) <s, Iq*(«) = t, and Fy (x) > p and we arrive at a contradiction for Equation (1). Hence, 
Ta SR 

(2) Suppose HA(LTF, cUF) o Hx(LTF cTF). Then, there exists s, t, p € Ip and x € S such that 


Tyye ictie pti (K) <s< Tye cir rir (K), 


Tyee (ete rir) (*) St Tage (ct rir) (X), (2) 


Faye (cir rtiry (X) >p> Fyge (cir rtir) (K). 


Since Typ (TIF TIF) (x) < s, Tye ( cir TIF) (x) > t, and Faye (ctl TIF) (x) = Pp, DeE QO, TIF (Xst,p, r) with 
LIC) >1r, LI(C) <1—rand LF(C) <1—r. Thus, for every x € S, 


Tpo(m1) + Tx (1) —1 < Tele), Ip(e1) + In (1) —1 > Ie(e1),  Fo(#1) + Fy (a1) — 1 > Fe(xa). 
Since LI (C) > LI(C)) >, LE(C) < LI(C)) < 1-4, and LE(C) < LF(C)) < 1-1, 

Tp(K1) + Ty (1) —1 < Te (1), Ip(«1) + Iy(«) — 1 > Ie(x), Fp(«1) + Fy (x1) —1 > Fe(x). 
Thus, Tyye cir zrir) (X) <s, I s(ctir rir) (K) > t, and Fag ici rir) (X) > p. This is a contradiction for 
Equation (2). Hence, H*((LTF, cF)) > Hx((LETF, cMF)). 


(3)(=>) Suppose H* £ C,rie(H,r). Then, there exists s,t, p € Ip and x € S such that 


Typ (kK) 28 > Topp (tr) )e Treg) < tS Teeny (©), Fag) < PS Fe rie (a4r)(*)- (3) 
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Since Ty+(k) > s, lye (Kk) < t and Fys (x) < p, Xs,» © H7. So there is at least one x, € S for every 
D € Qyrr (Xs,p,1) with LT(C) >, LI(C) <1-71, LI(C) <1—rsuch that 


Tp(«1) + Ty («1) > Te(e1) +1, Ip(ei1) + ae(e1) < Ie(m1) +1, Fo(e1) + Fxu(ei) < Fe(m1) +1. 


Therefore, by Lemma 1, Xs,» © Cjrie(H,r) which is a contradiction for Equation (3). Hence, 
Hi < Cyr (H,1). 
(<=) Suppose H* # C rir (H¥,r). Then, there exists s,t, p € Ip and x € S such that 


Trp (®) <8 S Tere (Her(K), Trp) 26> Te recapry(), Fupl) 2 P > Ferecen(s). 


Since Tc TIE (Hin) (x) 2 t, Ic TIE (Hi,r) (x) < 5, Cyr (FE, r)(x) < p we have Xs,t,p € Cyrir (Hy, r); So, 
there is at least one x, € S with R € Q,rir (Xs,t,p,7) such that 


Tr(K1) + Ty (41) >1L IR (1) + Tyys (1) <1 Fr (x1) + Frys (1) <1 


Therefore, H7 (x1) # 0. Let s1 = Tys(x1), t1 = [yx (x1), and py = Fyx(x1). Then, (1)s1,11,p, © He 
and sj + Tr(x) > 1, t +Ir(x1) < 1, and py + Fr(«1) < 1 so that R € Qyrir((K1)s,,41,p,,7). Now, 
(«1)s,,t1,p, © H7 implies there is at least one x € S such that Tp(x ) + Ty(« )—1> Te(«’ ), Ip(k’) + 
I(x) —1 < Ig(k’), and Fp(x’) + Fy(x’) —1 < Fe(x’), forall £7(C) > 7, £1(C) < 1-17, LF(C) <1-,, 
and D € Q,rir((K1)s1,t,p1/1). That is also true for R. So there is at least one x € S such that 
T(x") + Ty(") —1 > Tex"), Ie(x") + Iu (") —1 < Ie(x"), and F(x") + Fy(k") —1 < Fe(x"). 
Since R € Qprir(Kst,y,1) and R is arbitrary; then Ty (xk) > s, Iyx(x) < tand Ty(x) < p. Itisa 
contradiction for (4). Thus, H* > Cyrir (H}¥,r). 

(4) (=) Can be easily established using standard technique. 

(5) (=) Since H,R < HUR. By (1), H? < (HUR); and RF < (HUR)*. Hence, H7# U BF < 
(HUR)*. 

(<=) Suppose (H# U R*) A (H UR). Then, there exists s,t, p € Ip and x € S such that 


Titre) (K) <8 S Ture), [gitursy(«) 2 t > [gure (©), Fouturs)(«) 2 p > Furys(«)- ©) 


Since Tquturs) («) < 5S, Tagsurs) («) > t, and Foysurs («) > p, we have Tye (K) < 5s, Iyys (K) > t, 
Fys(«) = p or Trs(k) < t, Ipx() = t, Fex(x) = t. So, there exists D) € Q_rir(Xs,t,,7) such that for 
every x, € S and for some L™(C) >Y, L' (C1) <1-y, LEG) <1-—1,we have 


Tp, (m1) + Ty (1) — 1S Te, (1), Fp, (#1) + In (e1) — 1 > Ie (1), Fp, (1) + Fu («1) — 1 > Fo, (x1). 


Similarly, there exists D2 € Q,rir(Xs,t,p,17) such that for every x; € S and for some £1(C2) > 1, 
LI (Co) < 1-1, LF(Cy) < 1 —1, we have 


Tp, (1) + Ty (1) -1< Te,(e1), Ip, (41) + I(t) — 1 > Te, (1), Fo, (1) + Fy (41) -— 1 > Fe, (x1). 


Since D = Di A D2 € QO. TIF (Xs,t,p, r) and by (L3), LG, U C2) es LUC) M L" (C2) =, Li(e, UC) S 
L'(C,) ULI (Cy) < 1-1, and LF (Cy UC2) < L™(C,) U LT (C2) < 1-1. Thus, for every x, € S, 


Tp(«1) + Trun(*1) — 1 < Te,uc,(*1), 
Ip(1) + Frun (41) — 1 = Ieuc, (41), 
Fo(x1) + Frun(*1) 2 Fe,uc,(*1)- 
Therefore, TUupR)+(«) < 8, T(qurys(«) = t and Foyup)s(«) = p. So, we arrive at a contradiction for 


(5). Hence, (H7 UR*) > (HUR)F. 
(6), (7), and (8) can be easily established using the standard technique. 
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Example 4. Let S = {a,b}. Define R,C,H € S as follows: 


Ry = ((0.5,0.5,0.5), (0.5, 0.5,0.5), (0.5,0.5,0.5)); Ry = ((0.4,0.4, 0.4), (0.1, 0.1, 0.1), (0.1,0.1,0.1)); 


Rg = ((0.3,0.3, 0.3), (0.1,0.1,0.1), (0.1,0.1,0.1); C, = ((0.3, 0.3, 0.3), (0.3, 0.3, 0.3), (0.1,0.1,0.1)); 


Cy = ((0.2,0.2,0.2), (0.2, 0.2, 0.2), (0.1,0.1,0.1); C3 = ((0.1,0.1,0.1), (0.1,0.1,0.1), (0.1,0.1,0.1)). 


Define TTF, £T™F : IX — Tas follows: 


1s oS OG Ly. Pe = (OG), 
tTT(H) =< 1, if H =(1,0,0), LQ) Sk, f HSC, 
bf H= Ry; a fF O<H<Cy; 


On ASO, 1) 0, if H = (0,1,1), 
0, if H = (1,0,0), LR) =< 4, fFH=O, 
y Ff H=Ry; yp fO<H<Cy; 


Of HS (01,1), 0, if H = (0,1,1), 
th(H) =¢ 0, if H=(1,0,0), COS. tor ea, 
5, if H= Rez; i, Ff O<H<C3. 


Let G = ((0.4,0.4,0.4), (0.4, 0.4,0.4), (0.4,0.4,0.4)). Then, Gx = Ry. 
2 
Theorem 4. Let {Hi}icy C I° bea family of single-valued neutrosophic sets on S and (S,t™*, LT) be an 


SVNITS. Then, 


(1) (U(Hi)F : i€J)<(UH;: i€ Jy}; 
(2) (NHi)F: Ge J) 2 (NH: ie Ie. 


a 


Proof. (1) Since Hj < UH; for all i © J, and by Theorem 3 (1), we obtain 
(U(Hi)7,7 € J) < (UH; i € J)F. Then, (1) holds. 
(2) Easy, so omitted. 


Remark 3. Let (S,t7!F, £7!) bean SVNITS and H € I°, we can define 
Chr (H, r) = H. U He; int* rp (H, r) = H /\ [1 —_ (1 = js |. 


It is clear, C*rp is a single-valued neutrosophic closure operator and (ee at r e(L* ) ie te 
single-valued neutrosophic topology generated by C* rp, 1.e., 


t*(Z)(H) = Uf{r| Cire (1 — H,r) =1-H}. 


Now, if L™F = CMF, then, Crp (H,1) = HF UH = Cte (Hr) UH = Cye(H,1), for H € 1°. So, 
aed 8 tua = qiie. 


Proposition 3. Let (S, ceaape eat) be an SVNITS, r € Ip, and H. € I. Then, 


(1) Ceri (Lr) =) 
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(2) Ceri (0,7) =9; 

(3) int®rp(HUR,1) < inter (H,1) Vinten (R,1); 

(4) int* rp (H,1) Ss Crre(H, r) < Cyr (H,1); 

(5) Core (l=H,7) =1- intr pp (H,r) and 1 — Cire (H, r= inte rp (rit) 
(6) int®rp(HOR,1) = inter (H,7) inter, (R17). 


Proof. Follows directly from definitions of C*y)-, int*;;,, C;rir, and Theorem 3 (5). 


Theorem 5. Let (Sop) and (Siig gle) be SVNTS's and oe < ae. Then, 
He (oT, cil) < Me (cr, rir), 


Proof. Suppose Hi (tf, LT!) < He(tP*, LT). Then, there exists s,t, p € Ip, x € S such that 


Typ cope rir) (K) > 8 > Tyg ate criry(X), 


Type (gl cTie K) <t< Toye (cil cTiF) (x), (6) 


Frapcapie cme) () < tS Faye carir erie) (X). 


Since Tygp (Tir, cir) (*) <s, Tagg (atie cir) (*) >t, Fagy qi coir) (X) > p, there exists D € Qy rir (Xs,t,p, r) 
with Lei) >, L'(C1) <1—rand LF(Ci) <1 —r,such that for any x € S, 


Tp(K1) + Ty (1) -l1< Tek), Ip(1) + Ty, (1) —1> I¢(«1), Fp(x) + Fy, (x1) —1> Fe(x,). 


TIF TIF 
Since TF = Toy DeE QyriF (Xs,t,p/7)- Thus, Tyye (cir crir) (X) < ss, Tage (ete criry) (X) Daan 


Fags (aIP, cTlF) (x) > p. Itis a contradiction for Equation (6). 


Theorem 6. Let (och ci) and (Se ee) be SVNTS’s and pe < ease Then, 
He (LTE, TIF) > MeL, TIF), 


Proof. Clear. 


Definition 14. Let © be a subset of I°, and 0 ¢ ©. A mapping Bp", B!, BF : © — Tis called a single-valued 
neutrosophic base on S if it satisfies the following conditions: 


(1) B'(1) =1and p'(1) = BF (1) =0; 
(2) ForallH,R € ©, 


BTHOR) = B(H)NB(R), B(HOR) < B(H)UB(R), BHR) < B(H)UB(R). 


Theorem 7. Define a mapping 8B: © — Ion S by 


BH) =U{t (R)NI(C)| H= RN (1-C)}, 


BH) =(Uri(R)UT(C)| H= RNO(1—-C)}, 


BH) =(Ur (RUT (C)| H#=RN(A-C)}. 
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Then, B'!* is a base for the single-valued neutrosophic topology t1!F*. 


Proof. (1) Since £7(0) = 1 and £L!(0) = £*(0) = 0, we have B"(1) = 1 and f!(1) = pi (1) =0; 
(2) Suppose that there exists H,,H2 € © such that 


B' (Hi He) ZB’ (H1) NB! (Ha) 


B' (Hi H2) £ B'(H1) UB! (H2) 
B (Hi 0 H2) £ BP (Hi) UB! (Hp). 


y 
y 


There exists s,t, p € Ip and x € S such that 


BT (Hi 1 H2)(x) <8 < BY (H1)(x) BT (Ha) (x), 
B'(H1 1 H2)(«) > t > BI (H1)(k) 1B! (Ha) (x), (7) 


BP (Ha H2)(x) > p > BY (H1)(x) U BP (Ha2)(k). 
Since B™(Hi)(x) = s, B'(Hi)(K) < t, BP(Hi)(x) < p, and B™(H2)(x) > s, B'(H2)(K) < 4, 
BP (H2) (x) < p,then there exists R1,R1,C1,C2 € © with H, = RN (1- C1) and Hy = R2M (1- C2), 
such that B'(H1) = t!(R1) a LT (Cy) = S$, B'(H1) < t!(R1) U Li (ey) < f, BF (H1) < 
tF(R1) U LF(C}) < p, and B'(H2) = t!(R2) nN LT (C2) > S, B! (Hz) < t!(R2) U LI (C2) < t, 
BI (Hz) < th(Rz) ULF (C2) < p. Therefore, 


HiNH2 =(Rin(1—C1))N(R2N(1—-Cy)) 
= (Ri NR2) AN ((L- C1) N (1 — C2)) 
= (Ri NR2)N (1 — (CG, UC2)). 


Hence, from Definition 14, we have 


TR, ial R2) a) LG; U C2) 
T(R1) Nt? (R2) NL1(C,) NLT (Co) 
(t™(Ri)NL7(C1)) A (t"(Ra) NL(C2)) Bs, 


THR, A R2) ULC, UC2) 

TR) UT (Ry) ULE(C1) U L(y) 

(c1(R1) ULF(C1)) U (t1(Rz) ULE (Co) < t, 
BF(HiNH2) <th(RiNR2) ULI (CG, UC) 

T (Ry) UTE (Rg) ULF (C1) ULF (Co) 

(tF(R1) ULF(C,)) U (cP (Rz) ULF (C2)) < p. 


I IA IA 


It is a contradiction for Equation (7). Thus, 


B' (Hi H2) > B'(H1) MB! (Hz), B' (Hi H2) < B'(H1) UB! (H2), BY (Hi H2) < BP (H1) U Bl (Ha). 
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Theorem 8. Let (S,t7!") be an SVNTS, and LiF and LT!" be two single-valued neutrosophic ideals on S. 
Then, for everyr € IpandH € IS, 


(1) rea Stee al ie, qe) = HE ee U es; sa 
(2) qe U Et T) = Ae eA) a HL, aul @ Sea WE 


Proof. (1) Suppose that H*(LEP OLE MF) < Heft cM) OHA LI, cl), there exists x € S 
and s,t, p € Ip such that 


Tyecetact at) (4) 2 8 > Tyecer ety) U Tycer ety (*), (8) 


Tyee ccinctcty() < tS Tayscct rt () V Lypcet cry (), 


Foor cFrick ct) () < PS Fagecce cry (*) 0 Fyge ce ory ()- 


Since T. *(cT27) (X) U Tye (ct at) (*) = S, Lye (ct rt) () M ab (chat) («) = t; Fags (ck ry () a 
Fags (ck x) (X) = p, we have, Tye(ct xt) (*) < sS, I (cl rt) (X) = te Free (cf xt) (X) = Pp, and 
Lue(cl ct) (x) < S, I +(e r1) (x) = t, Fur ck xP) (x) = p- 


Now, Tye¢ct rt) (*) <s, 1 *(ct at) (K) >t, Fags ick rt) (X) > p implies that there exists D, € 
Q,rir(Xs,t,p,7) and for some LI (Ci) > 1, LI(C1) < 1—rand £4 (C,) < 1—r such that for every 
KLE S, 


Tp, (41) + Ty (1) —1 < Te, (41), Ip, (1) + In (41) —1 = Ie, (41), Fo, (1) + Fu(«1) — 1 = Fe, (x1). 


Once again, T. *(cT,r7) (X) <5, Tye chat) () >t, Fags (cr) (X) > p, implies there exists D2 € 
Q_ rir (Xs,t,p,1) and for some LF (Cr) >Y, LE (C2) <1-—rand LE (C2) <1-—-r,such that for x, € S, 


Tp, («1) + Ty (k1) —1 < Te, («1), Ip, (1) + In (41) —1 = Ie («), Fo, (1) + Fy («1) —1 = Fe, (*1), 
Therefore, for every x, € S, we have 


Tp, np, (1) + TH (1) — 1 < Tene, (*1), Id,up,(«1) + I (41) — 1 = Te,ue, (#1), 


Fp,uD, (41) + Fy (1) — 1 2 Feyue, (1): 
Since (D1 A D2) € Q, rir (Xst,p,1) and (LEN LF)(Cy NC2) > 1, (LEN LS)(Cy UCy) < 1-4, and (LF 
and this is a contradiction for Equation (8). So that 
He (LT A cE TF) < yee eT) He (LE, TF). 
On the opposite direction, LT/F > £TF mq £37F and LIF > cTlF y LIF so by Theorem 3 (2), 
FHeCel al eon, tl) = He, ae U Ae, ite, 


Then, 


fhe (etl al aoe qe) = Hi (LiF, qo) U AEE, aaah 


(2) Straightforward. 
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The above theorem results in an important consequence. t!/F*(£L™F) and [tT *(LTF)]*(LTF) 
(in short t**) are equal for any single-valued neutrosophic ideal on S. 


Corollary 1. Let (S,t7", £7") be an SVNITS. For everyr € In and H € IX, He(LMF) = 
Thal @ Sues ee) and cpl Siac = TTF. 
r y : 


Proof. Putting a ie Le TF in Theorem 8 (2), we have the required result. 
Corollary 2. Let (S,t7!") bean SVNTS, and LI" and LT! be two single-valued neutrosophic ideals on S. 
Then, for any H € I° andr € Ip, 


(1) Te Ur) = psalm tal oa) = ieee ei ee es 
(2) ones @ ort mus) = faecal ( Seta Gira e shoe k 


Proof. Straightforward. 


Definition 15. For an SVNTS (S,t"!") with a single-valued neutrosophic ideal T™'*, t™! is said to be 
single-valued neutrosophic ideal open compatible with Z™!*, denoted by t™!* ~ L™!F, if for each H,C € IS 
and x51» € Hwith LI(C) > 41, LI(C) <1—41,and LI(C) < 1-1, there exists D € Qyrir (xt,1r) such that 
Tp(K) + Ty(x) —1 < Te(«), Ip(x) + In («) — 1 > Ie(x), and Fp(x) + Fy (x) — 1 > Fe(k) holds for any 
x € S, then L'(H) > 1, LI(H) <1—rand LF(H) <1-r. 


Definition 16. Let {Rj}j<j be an indexed family of a single-valued neutrosophic set of S such that RjqH 
for each j € J, where H € IS. Then, {Rite is said to be a single-valued neutrosophic quasi-cover of H. iff 
Ty (xk) + TV jey(Rj) (x) > 1, Iy(«) + Nie (Rj) (x) <1, and Fy (x) + Fy .-,(R;) (*) <1, for everyx € S. 


Further, let (S, eee) be an SVNTS, for each t! (Rj) >, wR) <1-r,and t (Rj) <1l-4r. 
Then, any single-valued neutrosophic quasi-cover will be called single-valued neutrosophic quasi 
open-cover of H. 


Theorem 9. Let (S,t1!") bean SVNTS with single-valued neutrosophic ideal L™* on S. Then, the following 
conditions are equivalent: 


(1) tr. 

(2) If for every H € I® has a single-valued neutrosophic quasi open-cover of {Rj}jey such that for each 
ji, Ty(«) + Tr,(«) —1 < Te(x), Fy («) + In (x) —1 > Ic(x), and Fy(«) + Fr(x) —1 > Fe(x) 
for every x € S and for some L'(C) > r, LI(C) < 1-1, and LI(C) < 1-1, then LI(H) > 1, 
LI(H) <1—1, and LF(H) <1 -1, 

(3) ForeveryH € IS, H A Hx = (0,1,1) implies L™(H) > 1, L'(H) < 1-1, and LF(H) < 1-1, 

(4) For every H € oe L'(H) >, L'(H) <1-—-4r,and LF(H) <1-—r,whereH = \V Xs,t,p such that 
Xst,p © H but xt.» € Hz, 

(5) For every t'*(1—H) > r, t*(L—H) < 1-1, and t*(1—H) < 1—r we have L'(H) > 1, 
LI(H) <1—r,and LF(H) <1-1, 

(6) For every H € IS, if Acontains no R # (0,1,1) with R < Rx, then LT(H) > 1, L1(H) < 1-1, 
and LF(H) <1—r. 


Proof. It is proved that most of the equivalent conditions ultimately prove the all the equivalence. 
(1)=-(2): Let {Rj }jej be a single-valued neutrosophic quasi open-cover of H € I > such that for 
j € J, Ty («) + Tr (x) —1 < Te(x), In (x) + Ir,(«) —1 > Ic(x), and Fy(x) + Fr,(«) —1 > Fe(x) for 
every k € Rand for some L1(C) > r, L'(C) < 1-1, and L'(C) < 1—r. Therefore, as {Ri}jey isa 
single-valued neutrosophic quasi open-cover of 7, for each x51,» € H, there exists at least one Rio 
such that Xs,1,»qRj. and for every x € S, Ty (x) + Tr,,(«) — 1 < Te(x), Iy(«) + Ir, («) — 1 > Ie(), 
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and Fy(«) + Fr,,(x) —1 > Fe(«) for every x € S and for some LA) 
L£I(C) < 1—r. Obviously, Rj. € Q,rir(Xst,p,7)- By (1), we have L™(H) 
LF(H) <1-—r. 

(2)=-(1): Clear from the fact that a collection of {Rj}jcj, which contains at least one Rj. € 
Q- rf (%s,t,p,7) of each single-valued neutrosophic point of H, constitutes a single-valued neutrosophic 


’, 


Sie 
> r, £I(H) 


quasi-open cover of 1. 

(1)+(3): Let HN HF = (0,1,1), for every x € S, x; € H implies x54, ¢ Hy. Then, there 
exists D € Qyrir(xstp,r) and L'(C) > 7, LI(C) < 1-1, LF(C) < 1—1r such that for every x € S, 
Tp(K) + Ty (x) —1 < Te(x), Ip(x) + Iy(«) — 1 > Ie(«), and Fp(x) + Fyy(x) —1 > Fe(x). Since D € 
Q_riF (Xs,t,p,1), By (1), we have LT(H) > 7, LI(H) < 1-14, and LF(H) <1-r. 

(3)=(1): For every Xs,» € H, there exists D € Q,rir (Xs,t,p,7) such that for every x € S, Tp(«) + 
Ty (x) —1 < Te(x), Ip(x) + ly (x) —1 > I(x), and Fp(x) + Fx (x) —1 > Fe(x), for some £'(C) > 1, 
L'(C) <1—1r, LF(C) <1—r. This implies xs,» ¢ H*. Now, there are two cases: either H* = (0,1,1) 
or Hy A (0,1,1) buts > Ty(x) 4 0,t < Iys(xk) A 1, and p < Fyx(x) A 1. Let, if possible, 
Xstp © H such that t > Tys(K) 4 0,t < Iys(x) A 1,andt < Fyx(x) A 1. Lets’ = Ty (x) 4 0, 
t! = Iys(x) Al, and p! = Fys (x) A 1. Then, x49" © H; (x). In addition, x5 477 € H. Thus, for every 
V € Q,rir (Xs,p,1), for every LI(C) > 1, LI(C) < 1 —r,and LF (C) < 1-1, there is at least one x € S 
such that Ty(«) + Ty(«) —1 > Te(x), Iy(«) + Iy(«) —1 < Ic(«), and Fy(«) + Fy (x) —1 < Fe(x). 
Since xs» € H, this contradicts the assumption for every single-valued neutrosophic point of H. So, 
H; = (0,1,1). That means x54,» € H implies x5» ¢ H;. Now this is true for every H € I°. So, for 
any H € IS, HN Hy = (0,1,1). Hence, by (3), we have LT(H) >, L'(H) <1l-yr, LF(H) <1l-yr, 
which implies TF ~ £TF, 

(3)=(4): Let Xstpinh. Then, Xs,» € H but Xs t,p ¢ H*. So, there exists a D € Q_rir (Xstp/1) such 
that for every x € S, Tp(k) + Ty(«) —1 < Te(x), Ip(«) + Iy (x) —1 > Ie(x), and Fp(x) + Fy (x) — 
1 > Fe(x), for some LT(C) > r, LI(C) < 1-1, LI(C) < 1—+r. Since H < H, for every x € S, 
Tp(x) + Tg(«) — 1 < Te(x), Ip(x) + lg(x) — 1 > Ic(x), and Fo(«) + F(x) —1 > Fe(x), for some 
L™(C) >47, L1(C) < 1—rand LF(C) < 1—r. Therefore, x51,» ¢ H* implies that H* = (0,1,1) or 
Hy # (0,1,1) buts > Ty, t < Iq, and p < Fy. Let xy, in SVNP(S) such that s' < Ty, (x) <s, 
t < Ij,(x) < and p < Fys(x) < pie, xp € H*. Then, for each V € Qurir (Xs,,p'/1) 
and for each L7(C) > r, LI(C) < 1-1, LI(C) < 1-1, there is at least one x € S such that 
Ty(«) + T(x) —1 > Te(x), Iy(x) + Ig(«) — 1 < Ie (x), and Fy(x) + Fg(«) —1 < Fe(x). Since H < 
H, then for each V € Qyrir(Xgry pt) and for each £7) > 7, LI(C) <1-y, LEG) <1-y, 
there is at least one x € S such that Ty(«) + Ty(«) —1 > Te(x), Ip(«) + Iy(x) —1 < Ic(x), and 
Fy (x) + Fy(x) —1 < Fe(x). This implies x, yp, € Hy. But ass’ < s, t! < t,and p’ < p, Xstp € H 
implies x¥,y/,p' € H, and therefore, X3!,t,p' € H;. This is a contradiction. Hence, H7 = (0, 1,1), so that 
Xst,p € H implies x51, ¢ H* with Ht = (0,1,1). Thus, HN Hi = 0, for every H € IX. Hence, by (3), 
LT(H) > 1, LI(H) <1—1, and LF(H) <1—r. 

(4)=(5): Straightforward. 

(4)>(6): Let H € IS and H < R # (0,1,1) with R < R*. Then, for any H € IS, H = 
HU(HNHt*). Therefore, H* = (AU (HN H*))* = H* U(HNH?)t. by Theorem 3 (5). 

Now, by (4), we have L'(H) >Yr, L!(H) <1-r,and LF(H) <1-—r,then He = (0,1,1). Hence, 
(HN H*)F = HF but HN HF < Hz, then HN AF < (HN H*)>;. This contradicts the hypothesis 
about every single-valued neutrosophic set H € I S if (0,1,1) 4 R < H with R < Rt. Therefore, 
HOH; = (0,1,1),so0 that H = H by (4), we have LT(H) >Y, L'(H) <1-r,and LF(H) <1—-4r. 

(6)=(4): Since, for every H € HN H* = (0,1,1). Therefore, by (6), as H contains no 
non-empty single-valued neutrosophic subset R with R < R*, LI(H) > r, LI(H) < 1-1, and 
LF(H) <1-r. 

(5)=>(1): For every H € IS, x54) € H, there exists an D € Q,rir(Xs,,p,7) such that Tp(x) + 
Ty (x) —1 < Te(K), Ip(x) + In (x) —1 > I(x), and Fp(x) + Fy (x) — 1 > Fe(x) holds for every x € S 
and for some L'(H) > r, LI(H) < 1-1, and LI(H) < 1—r. This implies x54) ¢ H*. Let R = 
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HUH;. Then, Re = (HUH; )F = HF U (He )7 = Hz by Theorem 3(4). So, C*rp(R, 1) = RURF = R. 
That means t!/*(1— R) > 1, t/*(1— R) < 1-1, and t*(1— R) < 1—r. Therefore, by (5), we have 
LTR) >, LICR) <1—1,and LF(R) <1-r. 

Once again, for any x5» in SVNP(X), Xst,p ¢ R* implies Xstp © R but Xt, € RF = HF So, 
as B= HV H7,Xst,» € H. Now, by hypothesis about H. Then, for any x54, € Hy. So, R =H. Hence, 
LT(H) >Y, L'(H) <1-—r,and LF(H) <1-r,ie, Tw LT, 


Theorem 10. Let (S,t!!") be an SVNTS with single-valued neutrosophic ideal L™* on S. Then, the 
following are equivalent and implied by t ~ CL. 


(1) For every H € I°, HA Hx = (0,1,1) implies H* = (0,1, 1); 


(2) ForanyH € Is, H* = (0,1,1); 
(3) ForeveryH € IS, HA Hi = Hi. 


Proof. Clear from Theorem 9. 


The following corollary is an important consequence of Theorem 10. 
Corollary 3. Let t7F ~ £7. Then, B(t TF, LT) is a base for t7!** and also B(tT?, LT) = TF, 


Definition 17. Let H,R € SVNS on S. If H is a single-valued neutrosophic relation on a set S, then H is 
called a single-valued neutrosophic relation on B if, for every x, x1 € S, 

T(x, 1) S min(Ty (x), TH (1), 

IR(K,K1) > max(Iy,(«), Iy1(«1)), and 

Fr (x, m1) = max(Fy (x), Fy (x1))- 


A single-valued neutrosophic relation H on S is called symmetric if, for every x,K1 € S, 
Ty (41) = Tule), Ta (e,1) = T(r), Py (i, 1) = Fy (a1, x); and 


Tr(k,«1) = Tr(k1,«) Ip(x,«1) =IR(k1,«), Fr(«,«1) = Fr(k1,k). 


In the purpose of symmetry, we can replace Definition 3 with Definition 17. 


5. Conclusions 


In this paper, we defined a single-valued neutrosophic closure space and single-valued 
neutrosophic ideal to study some characteristics of neutrosophic sets and obtained some of their 
basic properties. Next, the single-valued neutrosophic ideal open local function, single-valued 
neutrosophic ideal closure, single-valued neutrosophic ideal interior, single-valued neutrosophic 
ideal open compatible, and ordinary single-valued neutrosophic base were introduced and studied. 


Discussion for further works: 
We can apply the following ideas to the notion of single-valued ideal topological spaces. 


(a) The collection of bounded single-valued sets [53]; 
(b) The concept of fuzzy bornology [54]; 
(c) The notion of boundedness in topological spaces. [54]. 
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Abstract: This paper aims to introduce the notion of r-single-valued neutrosophic connected sets in 
single-valued neutrosophic topological spaces, which is considered as a generalization of r-connected 
sets in Sostak’s sense and r-connected sets in intuitionistic fuzzy topological spaces. In addition, 
it introduces the concept of r-single-valued neutrosophic separated and obtains some of its basic 
properties. It also tries to show that every r-single-valued neutrosophic component in single-valued 
neutrosophic topological spaces is an r-single-valued neutrosophic component in the stratification of 
it. Finally, for the purpose of symmetry, it defines the so-called single-valued neutrosophic relations. 


Keywords: stratification of single-valued neutrosophic topological spaces; r-single-valued neutrosophic 
separated, r-single-valued neutrosophic connected and r-single-valued neutrosophic component 


1. Introduction 


Under a neutrosophic environment, Smarandache had established a generalization of intuitionistic 
fuzzy sets. His neutrosophic framework has a very large impact of constant applications for different 
fields in applied and pure sciences. In 1965, Zadeh [1] defined the so-called fuzzy sets (FS) and, 
later on, Atanassov [2] defined the intuitionistic fuzzy sets (ZFS) in 1983. Topology is, of course, 
a cornerstone notion of mathematics, especially for ordinary subjects. The main concept of fuzzy 
topology (77) was defined by Chang [3]. Moreover, Lowen [4] gave the introduction to the 
concept of stratified fuzzy topology in the sense of Chang’s fuzzy topology. Lee et al. and Liu 
et al. in their papers [5,6] investigated fuzzy connectedness (¥-connected) in fuzzy topological spaces. 
Again, researchers in [7-10] have studied the concept of (F-connected). Sostak [11], however, also 
introduced the concept of smooth topology as an extension of Lowen and Chang’s work. 

In his paper [12], Smarandache characterized the neutrosophic set into three segment neutrosophic 
sets (F-Falsehood, I-Indeterminacy, T-Truth), and neutrosophic topological spaces (SV.V'T ) presented 
by Salama et al. [13,14]. Single valued neutrosophic sets (in sort, SVN’) were proposed by 
Wang et al. [15]. Meanwhile, Kim et al. [16] inspected the single valued neutrosophic relations 
(SVN Rs ) and symmetric closure of SVN R, respectively. In recent times, Saber et al. [17] familiarized 
the concepts of single-valued neutrosophic ideal open local function and single-valued neutrosophic 
topological space. 
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In this paper, we introduce the concept of r-single-valued neutrosophic connected sets and 
r-single-valued neutrosophic component in single-valued neutrosophic topological spaces. We then 
define the stratification of the single-valued neutrosophic topological spaces and show that every 
r-single-valued neutrosophic component in a single-valued neutrosophic is an r-single-valued 
neutrosophic component in the stratification of it. We have performed distinguished definitions, 
theorems, and counterexamples in-depth analysis to investigate some of their significant properties 
and to find out the best results and consequences. It can be said that different crucial notions in single 
valued neutrosophic topology were developed and generalized in this article. Different attributes like 
connectedness and stratification which have a significant impact on the overall topology’s notions 
were also studied. 

Innovative aspects and benefits of this article compared to relevant recent research on groups 
related to it are very useful. This paper studies connectedness and stratification of single-valued 
neutrosophic topological spaces. What makes this paper interesting is the introduction of the concept 
of r-single-valued neutrosophic separated. The authors obtain some of its basic properties. They show 
that every r-single-valued neutrosophic component in single-valued neutrosophic topological spaces 
is an r-single-valued neutrosophic component in the stratification of it. 

A neutrosophic set is a power general formal framework, which generalizes the concept of the 
classic set, fuzzy set, interval valued fuzzy set, intuitionistic fuzzy set, and interval intuitionistic fuzzy 
set from a philosophical point of view. The applications aspects of these kinds of sets can be further 
noted. It can be seen In Geographical Information Systems (GIS) where there is a need to model 
spatial regions with indeterminate boundary and under indeterminacy (see [18]). In addition, possible 
applications to superstrings and ¢° space-time are touched upon (see [19]). It can also be applicable to 
control engineering in average consensus in multi-agent systems with uncertain topologies, multiple 
time-varying delays, and emergence in random noisy environments (see [20]). 

In this work, X is assumed to be a nonempty set, ¢ = [0,1] and Zo = (0,1]. For a € Z,&(x) =a 
for all x € X. The family of all single-valued neutrosophic sets on X is denoted by € “a 


2. Preliminaries 
This section is devoted to bring a complete survey and previous studies and important related 


notions and ideas. 


Definition 1 ([21]). Let X be a non-empty set. A neutrosophic set (briefly, N’S) in X is an object having 
the form 


S = {(x, s,s, fis): x € X}, 


where Vs, fis, fig and the degree of membership (namely ¥5(x)), the degree of indeterminacy (namely ffs (x)), 
and the degree of non-membership (namely jis(x)); for all x € X to the set S. A neutrosophic set S = 
{ (x, ¥s,fis, fis) : x € X} can be identified as ¥5, fs, jis in |~0,17 | in X. 


Definition 2 ([22]). Suppose that S and € are N'S's of the form S = {(x,¥s,fs, fis) : x € X} and 
E = {(x,¥ s,s, fis) x © X} Then, S C E, iff for every x € X, 


inff¥s(x) <inf¥e(x), inffs(x) > inffe(x), inf fis(x) > inf fig (x), 


sup ¥s(x) <supYe(x), supfs(x) > supfe(x), sup fis(x) > sup fig(x). 


Definition 3 ([15]). Let X be a space of points (objects), with a generic element in X denoted by x. Then, S is 
called a single valued neutrosophic set (briefly, SUN'S) in X, if S has the form S = {(x,¥s,fs, fis) :x € X}, 
where ¥s, Js, fis : X — [0,1]. 
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In this case, ¥s,ijs,fis are called truth-membership, indeterminacy-membership, falsify-membership 
mappings, respectively, and we will denote the set of all SVN ‘S's in X as I x. Moreover, we will refer to the 
Null (empty) SVN 'S (resp. the absolute (universe) SVN'S) in X as 0 (resp. 1) and defined by 0 = (0,1,1) 
(resp. 1 = (1,0,0)) for each x € X. 


Definition 4 ([15]). Let S = {(x,¥s,fJs, fis) : x € X} bean SVNS on X. The complement of the set S 
(briefly S°) is defined as follows: 


Yse(x) = fis(x),  fise(x) =1—-fs(x),  fise(x) = ¥s(X), 
for every x € X. 


Definition 5 ([23]). Let S = {(x,¥s,fis,jis) : x € X}and € = {(x,¥e,ffe, jig) : x € X} be an 
SVNS. Then, 


(i) ASVNS S is contained in the other SVN'S E (briefly, S C E), if and only if 


¥s(x) < Ye(x), fs(x) 2 fe(x),  fls(x) = fe (x) 


for every w € X, 
(ii) wesay that S is equal to €, denoted by S = €,ifS C EandS DE. 


Definition 6 ([22]). Let S = {(x,%¥s, ffs, jis) 1 x € X} and € = {(x,%¢,ffe,fig) 1 x € X} bean 
SVNS. Then, 


(i) _ the intersection of S and E (briefly, SO €) isa SVN‘ in X defined as: 
SNE = (Fs Verffs Uffe, fis U fig) 


where (jig U jig)(x) = fis (x) U fle(x) and (Fs Fe) (x) = Fs(x)NFe(x), forall x € X, 
(ii) the union of S and E (briefly, SU E) isan SVN S on X defined as: 


SUE = (Fs U Ye, fis Nife, fis N jig). 


Definition 7 ((13]). Let {S;,j € 1} be an arbitrary family of SVN'S's on X. Then, 
(i) _ the intersection of {S;,j € T} (briefly, Njer Sj) is SVN'S over X defined as: 


(NS) =(N¥s5(x) Us (x), Uiis(x)), 


Jer jet jet jet 


forall x € X, 
(ii) the union of {Sj,j € T} (briefly, Ujer Sj) is SVN'S over X defined as: 


(U 8)(x) = (U 452). Nis”), Nits (x), 


jet jet jet jor 
forall x € X. 


Definition 8 ([24]). A single-valued neutrosophic topology (SVN ) on X is an ordered triple (t7, 7, t") as 


(SVNT1) ) 
(SVNT2) 7@7(SNE) >77(S)Nt 


al 
2 
ative 
Oo 
~—’* 
II 
foal) 
a, 
vy 
II 
— 
a 
= 
a 
2 
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th(SME) < tH(S) UT(E), forall S,E€ € CX, 
(SVNT3) 47 (UjerSj) = Mjert™(S)), #7 (Ujer Sj) < Ujert (Sj), 
TF (UjerS)) < Ujert (S)) for all {S;,j €T} € O*. 


The quadruple (X, 77, 77, t") is called SVN TS. 77, 77 and 7! may be interpreted as the degree 
of openness, the degree of indeterminacy, and the degree of non-openness, respectively, and any single 
valued neutrosophic (briefly, SVS) set in X is known as a single valued neutrosophic open set 
(briefly, r-SVNO) set in X. The elements of 77,77, t/ are called open single valued neutrosophic sets 
(such that, for any SUN'S S € X andr € I, we obtain t7(S) > 1, T7(S) < 1-1, and t7(S) < 1-7). 
Then, the complement of r-SVNO is a single valued neutrosophic closed set (briefly, r-SVNC), and this 
will cause no ambiguity. Occasionally, we will write tV1F for (z7, ti, sca and it will be no ambiguity. 


Definition 9 ([17]). Let (X,t7,77,7") be an SVNTS. A mapping C : CX x fy 3 CX is called 
a single-valued neutrosophic closure operator if, for every S,E € C* and r,s € Co, it satisfies the 
following conditions: 


(Cy) C(0,r) = 0, 
(Co) S < C(S,r), 
(C3) C087) UE(E,1). = E(S 
(Cy) C(S,r) < C(S,s) ifr <s 
(C5) C(C(S,1),1) = C(S,r). 


UE,r), 


The pair (X,C) is a single-valued neutrosophic closure space (briefly, SVVCS). 


Theorem 1 ([17]). Let Cz4 27 za be an single-valued neutrosophic closure operator on X. Define the mappings 
x id ie 0X > 7 by 


=Ulr € G0 | Ca(Son=S*}, 7 ( (5) = [Vb € Go | Cen(S% 7) = 8%}, 


(8) =[\b—1 € 0 | Cea S87) = S*}. 
Then, (ro vt, Tt coe ) isan SVNT on X. 
Definition 10 ([25]). Let f: 


( 
to be SVN-continuous if t (S 
See 


5 aa as) > ae: }) ee € Co. Then, f is said 
)S YFMS)), B(S) = (FS), and YS) > tf (f-\(S)) for all 


3. Connectedness in Single-Valued Neutrosophic Topological Spaces 


The aim of this section is to introduce the r-single-valued neutrosophic separated (briefly, 
r-SVN SEP), r-single-valued neutrosophic connected (briefly, r-SVNCON), and r-single-valued 
neutrosophic component (briefly, r-SVNCOM). 


Definition 11. Let (X,77,77,t") be an SVNTS. For every S,E,R € cx, S and € are called 
r-single-valued neutrosophic separated (briefly, r-SVN SEP) if for r € Co, 


Cry 29 af (S,r)NE= Cry z9 af (Er) NS = 0 
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ASVNS, R is called r-single-valued neutrosophic connected (briefly, r-SVNCON) if r-SVNSEP S,€ € 
— {0} such that R = S UE does not exist. ASVNS R is said to be SVNCON if it is r-SVNCOWN for 
any r € Go. A quadruple (X,t7, 71, ") is said to be r-SVNCON if 1 is r-SVNCON. 


Remark 1. Let S and € be r-SVNSEP. Then for every R € (* andr, < r. We have Ce 2920(R,1) < 
Cer za2n(R,r),and S and E are said to be r1-SVN SEP. Conversely, from this fact, if R is r1-SVNCON 


Tt 


andr > 11, then R is called r-SVNCON. 
Example 1. Let X = {a,b,c} bea set. Define £1, €2 € es as follows: 
€; = ((1,1,0), (1,1,0), (1,1,0)); & = ((0,0,1), (0,0,1), (0,0,1)). 


We define an SVNT (47,77, 7?) on X as follows: for each S € CX, 


if S20, Or SSO: 
Laps 1s OS = 1, 
t(S)=) Lif S=E, HWS)=) LF S=h, 
pif S = Ep, bif S = Eo, 
0, otherwise, 1, otherwise, 
0, S =6, 
Our so. 
#h(S) = Rif S=E, 
sif S = Ey, 


1, otherwise. 


We thus obtain 


0, if S=0,7r € Lo, 

ES, if SS E,r< 1l-r> 5 
EV,f S 5 €o,7 < 3l—-r> z, 
0, otherwise. 


Cy, ti, TH (S, r= 


[fr < zand1—r = z, then E5 = Ce a7,an (Ev nNN& = — 0 and Ef = = Cex zz (Er, rn Ej = 0. 
Thus, £, UE = 1 is not -SVNCON for r < zand1—r > § ifr > dand1—r1 <2, Corti) 


is r-SVNCON. 


Before we proceed further, we need to recall the following theorem given in [17] and prove its 
second part. 


Theorem 2 ([17]). Suppose that (X,t7,77,7") isan SVNTS . For everyr € Co and S € es Define an 


operator C5 24 zi ° C*xlo — Cas follows: 
Coren gn (Sr) = (ME € CFE <S, WE) > 1, HE) S1—7, T(E) < 1-1}. 
Then, 
(1) (X,Cezy 29,27) isan SVNCS, 
(2) iL, bietts £7, gy = T and te, 26 ch 


Proof. (1) It has been proven in [17]. 
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(2) Suppose that t7(€) = r, T(E) = 1—-rand t#(R) = 1-41. Then, Coy en ga (E%r) = EF 
=F eae See acon ay 
Therefore, ane >t’, Teed as < 7’ and Td el < T#. Suppose that 
at Fall aff afl = fi 
Cy fat & i Cy flat z En Cay flat z o% 
Then, there exists € with Czy 27,20 (E°,7) = E° such that 
7 e ai off fi fl 
RO ap 8 (E) >r>T(&), Tes (€) <1-r<T(€), or (€) <1l-r< T(E). 
By the definition of Czy 24. z2, we have T7(E€) > 1, T7(E) <1—rand 7#(E€) < 1—r. Itisa contradiction 
for Equation (1). 


Example 2. Let X = {a,b} bea set. Define E1, €2 € C%. 


Ex = ((0.2,0.2), (0.3, 0.3), (0.3, 0.3)); E2 = ((0.5,0.5), (0.1,0.1), (0.1,0.1)). 


We define the mapping C : xg =e as follows: 


0, 

EN €2, 

Ei, 
C(S,r) = 

Eo, 

€& UE, 

L 


if S= 0, r Elo, 

if OAS< ENE, O<r<f, 

if S<E&,S£E, I0<r< 5, 
r04AS<E& 4<r<Z, 

if S<&,SLEh, 0<1r< i, 

if OAS<&UG,0<r<h, 

otherwise. 


Then, C is a single-valued neutrosophic closure operator. 


From Theorem 1, we have a single-valued neutrosophic topology cH ; tl, TE) on X as follows: 


1 aif S:= 1-070) 
3 f S= EL, 
LT S=& 
eo SOLUS 
de Of OO SEL es, 
0, otherwise. 

0, if S=1ord, 
3 if S= Ef, 
Lp s=8, 
pS SECU ES, 
1) if S= EEE 
1, otherwise. 

0, if S=T1ord, 
hf SHE, 
yf SHES, 
af SSECUES, 
bf SH EINES, 
1, — otherwise. 
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fil 


Thus, the (a2 ; ee Tc) is a single-valued neutrosophic topology on X. 


Theorem 3. Let (X,77,77,7") bean SVN TS. Then, the following are equivalent. 


(1) (X, £7, 77, tf) isr-SVNCON. 
(2) if SUE = 1and SNE = O for (47%(E) > 1, T(E) < 1-7, h(E) < 1-71) and (#7(S) > 1, 
=0o 


t1(S) <1—1,tF(S) <1—1), then E po o6 
3) FSUE=18):N& = 0 for (ME) SF TE) <1 a AE!) <1 4) and (78°) > 7, 
41(S°) <1—1,tF(S°) < 1-1), then E =OorS =0 


Proof. (1)=>(2): Let there exist S,€ € ¢X — {0} such that for every (77(€) > 1, 77(€) <1—17,7#(E) < 
1—r) and (77(S) >1,77(S) <1—-17,t#(S) <1-1r), SUE =1,SNE =0. It implies 


SNE’ =0, SUES =i 


Since Czy ¢7,70(S%7) = S° and Cz zn ¢n(E%1) = E° from Theorem 2, S° and E° are r-SVN SEP. 
Suppose S = i. Then, € = SNE = O. Itisa contradiction. Hence, S° € ¢* — {6}. Similarly, 
Efe cx — {0}. Furthermore, S° U €° = 1. Thus, 1 is not r-SVNCON. 

(2)=(8): It is trivial. 

(3)=(1): Suppose that (X,77,77,7") is not r-SVNCON. Then, there exist r-SVNSEP 
S,E € CX — {0} such that SUE = 7. Since SNE < Cer z9,70(S,17) NE = 0, we have SNE = 0. 
Thus, S°M E° = 0 implies E° < S. Hence, Cz; 29, 70(S,7) NE = 0 implies, Cry 29 27(S,1) < EF. 
Thus, C24 24, z7(S,r) < S. By Definition 9 (C2), we have Cz4 24 z7(S,r) = S. By Theorem 2, we obtain 
(t7(S°) > 1, TH(S°) < 1-1, TH(S°) < 1-1). Similarly, we have (77(E€°) > 1, T7(E°) < 1-1, 
tF(E°) < 1-1). It is a contradiction. 


Lemma 1. Let (X,77, 77,7") bean SVUNTS and 8,€,R€ cx, If E and Rare r-SVNSEP, then SNE 
and SQ Rare r-SVNSEP. 


Proof. Let € and R be r-SVN SEP. Thus, 


Cer ef ef (SNE,rT)/A(SNR) < Coy xf a8 (E,r)NR =0 


Similarly, Cz, 29 z0(SOR,1) N (SNE) =O. Thus, SNE and SN Rare r-SVNSEP. 


Theorem 4. Let (X, 77,77, 7) bean SVNTS and S € CX. Then, the following are equivalent. 


(1) S ist-SVNCON, 
(2) If Eand Rarer-SVNSEP such that S < EUR, then SNE =Oor SNR =0, 
(3) IfE€ and Rarer-SVNSEP such thatS < EUR, then S < EorS<R. 


Proof. (1) = (2): Let €,R € C* be r-SVNSEP such that S < EUR. By Lemma1,SN€andSOR 
are r-SVN SEP. Since S is r-SVNCON and S = SN (EUR) = (SNE)U(SNR), then SNE =0 
or SNR =0. 

(2) = (3): It is easily proved. 

(3) = (1): Let € and R be r-SVN SEP such that S = EUR. By (3),S <EorS< RIS <E 
and €,R are r-SVN SEP, then 


R=RNSSRNE < RACH gr alE,r) =O. 


Hence, R = 0. If S < R, similarly € = 0. 


Theorem 5. Let (X, 77,77, 7") bean SVNTS and S,€ € 2%. 
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(1) If Sistr-SVNCON, S < E < Cyrap(S,r), then E is r-SVNCON. 
(2) If Sand E arer-SVNCOWN single-valued neutrosophic sets which are not r-SVN SEP, then S U € is 
r-SVNCON. 


Proof. (1) Let R,D € cx be r-SVN SEP such that € = RUD. Put, Ry = SN Rand Dy = SND, 
then R, and D, are r-SVN SEP such that S = R, UP}. Since S is r-SVNCON, R1 = Nor D, = 0. 
If R, = 0, then S = D1 = SND => S < D. It implies 

E < Ce, 


TI,7 


i zi (S77) Coy ef af (D,r). 
Hence, R = ROE < RO Ce 29 20(D,r) = 0. 

If D, = 0, similarly D = 0. Therefore, € is r-SVNCON. 

(2) Let R and D be r-SVNSEP such that SUE = RUD. Since S is r-SVNCON, 
by Theorem 4 (3), S < Ror S < D. Say, S < R. Suppose that € < D. Since (SUE)NR = S 
and (SUE)ND = €, by Lemma 1, S and E are r-SVN SEP. It is a contradiction. Thus, € < R Hence, 
SUE < RB, by Theorem 4 (3), SUE is r-SVNCON. 


Theorem 6. Let (X,77,77,7") bean SVNTS. Let B = {Sj € Ge S; isr -SVNCON sets ,j © T} be 
a family in X such that no two members of B are r-SVNSEP, then jer Sj is t-SVNCON. 


Proof. Put S = Ujer Sj. Let E,R € cx be r-SVN SEP such that S = € UR. Since any two members 
S;,S; € B are not r-SVN SEP, by Theorem 5 (2), S; US; is r-SVNCON. From Theorem 4 (3), 
Sj US; < E or Sj) US; < R. Say, S; US; < E. It implies that S < €. Thus, S is r-SVNCON. 


Corollary 1. Let (X,77,77,7") bean SVNTS. Let B = {S; € cx | S; isr -SVNCOWN sets ,j € T} be 
a family in X. If Qjer §; 4 0, then Ujer Sj is r-SVNCON. 


Lemma 2. Let f : (x, ae i, a) + (Y, add) be a mapping from an SVNTS (X, 7; Yd) to 
). 


another SVN TS (Y “i. ae #!). Then, the following are equivalent, V S € cx, EE cy andr € Cg 
2 8 q 


(1) fis SVN —continuous. 
(2) (Coy ga gt (S.1)) S Cop a ep F(S),7)- 
(3) Ca ag CP eA) FC at af (E,r)). 
Proof. (1)=-(2): oe that f is SVN — continuous. Then, EG sy) 2) (Se), 
al ((f-1(8))*°) < (S*) and #f ((f-1(S))°) < #(S°). Hence, 

Cor an (f(S)-7) =(ME ES IMS) SE BE) 2 BE) S 1-1, HE) S1-7} 

SME EIS < fe), BFE) an AGE) <1-4, 

a e))) Shoe) ; 
S(MIG 7) eC |S fe), BG ENN an BF E))) < la, 
Jeter} 
MEN ES ISS AME), BUF MUEN) Br BFE) S 1-1, 
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(2)=+(3). For all € € 2”. By (2), 
F(Cya ga (So) © Cy wn aw (f(S),7). 
oid DDD 
Putting S = f~!(E), we obtain 
Caaf (2.1) Cra GF (ET) SC yaicalE)7) 
1G 2 11Q Ty 271 


17 /Q 21% 1% 
(3)=>(1). It follows that C_; .7 .a(€,r) = E implies C_+ 4 a(f 1(E),r) = f-1(E). 
QT Ty qt] 


Theorem 7. Let (X, e, a, zl), G cag a, #) be two SVNTS's and f : X + Y is SVN-continuous 
mapping. If S is r-SVNCON, then f(S) is r-SVNCON. 


Proof. Let €,R € CY be two r-SVNSEP’s such that f(S) =EUR. We obtain 
SS f(f\(S) = fC(EUR) = fM(E)UF A(R). 


Since f is SVN-continuous, by Lemma 2, 


Ce half (E1)) S f'(Cag #lE7)) 
Thus, 
Co 2 ft F ME mire) Sek gale) nf l(R) 
=f Cy ot EN OR) 
= f-"(6) =6 


Likewise, we obtain f—!(€) C.4 ef a(R) = 0. It implies that f-1(€),f-(R) € cx are 
QE DED. 

r-SVN SEP's. Since S is r-SVNCON, then we have by Theorem 4 (3), S < f-!(E) or S < f-1(R), 

so S < f-!(€). Thus, f(S) < f(f-1(E)) < €. Hence, f(S) isr-SVNCON. 


Example 3. Let X = Y = {a,b} beaset. Define €1, €2, €3, By, Bz, Bz € cx; 


E1 = ((0.5,0.4), (0.5,0.5), (0.9,0.6)), 
E3 = ((0.3,0.1), (0.1,0.1), (0.1,0.1), 


By = ((0.2,0.2), (0.2, 0.2), (0.1,0.1), 


Define ti", «VIF: CX —y CX as follows: 


cS S6 
28 1 af S-= 1, 
7(S) = 1 Poee 


0, otherwise. 


Ey = ((0.4,0.4), (0.1, 0.1), (0.1,0.1)), 


B, = ((0.4,0.5), (0.5,0.5), (0.6,0.9)), 


Bz = ((0.1,0.1), (0.1,0.1), (0.1,0.1)). 


U.S=0) 
- ie aa 
PSN aes 


0, otherwise. 
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OF S06, SO, 
. Sey “y Csr 
1] = 1] = 
Ti eS ens I Bee ergs, 
1, otherwise. 1, — otherwise. 
OS = 6: 0, if S=6, 
ay 6 # SET me ast 
H = H = 
COIS VT pee Ld ae gaps 
1, otherwise. 1, — otherwise. 


Define f : (X ae) > (Y,¢ ey be a map a alles f(a) = band f(b) = a. If J7(B) > 3, 
T1(By) <1- and J" (By) <1 — 4. Then, f-1(B1) = ((0.5,0.4), (0.5, 0.5), (0.9,0.6)) is 4-single-valued 
neutrosophic open set in X. Thus, f is SVN-continuous. However, by Theorem 7, for every S € eas is 
r-SVNCON, then f (S) isr-SVNCON in Y. 


Definition 12. Let (X,t7,77,7") bean SVNTS. A SVNJ S is called r-single-valued neutrosophic 
component (r-SVNCOM, for short) in (X,t7, #1, t#) if S is a maximal r-SVNCON in (X,%7,71, Tt), 
ie., if E > S and E is r-SVNCON, then E = S. 


Corollary 2. Let (X, 77,77, 7") bean SVNTS. 


(1) If Sisar-SVNCOM, Cx z9 70(S,7) = S. 

(2) If Sy,S2 € CX are r-SVNCOM in X such that S, 0 Sp = 0, then S,, Sp € CX are r-SVNSEP. 
(3) Each single-valued neutrosophic point x,,4 is SVUNCON. 

(4)  Everyr-SVNCOM is a crisp set. 


Proof. Straightforward. 


4. Stratification of Single-Valued Neutrosophic Topological Spaces 


In this section, we obtain crucial results in the stratification of the single-valued neutrosophic 
topology as follows. 


Definition 13. The stratification of the single-valued neutrosophic topology (SVT ) on X is a mapping from 
C* to { such that 
(SVNT1) %7(&) =1and 77(&) = t#(k) =0,Va €€, 
(SVNT2) *7(SNE)>TH(S)NTNE), — TI(SNE) < TI(S) UTE), 
ji < Ut (E), forall S,E € CX, 
(SVNT3) Tt? ™(U jer §;) 2 Njert (Sj), t(U ict Sj) = Ujert (Sj), 
TH (UjerS;) < Ujert*(S;), for all {Sj,j €T} € c*. 

The ordered pair SVNTS (X, 7 
be SVNGO's on X. We say that 
Gaia itd Sse 1 (S),t (8 


7,71,7") is called stratified. Let ( ae a a 
4 i! , if ) is finer then (4 , cA , ) [(z ; ah ; of ) is coarser then 
)2 (8) 


and t!(S) > t#(S) forall S € 2%. 
Theorem 8. Let (X,77,77,7") bean SVNTS. Define the mappings t, qa ae at 7X +7 as follows: for all 
Sel, 


) and (4,7, 2) 


wow 


tS) = UL) FS) |S = US r%)} 


jor jet 
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ti(S =( NU 7S) |S = U (Sj N%,)} 


jot jet 


=(HU HS; i ese LGN} 


jet 


Then, (<1, z!), 24) is the coarsest stratified SVNT on X which is finer than (t7, 74, 7). 


Proof. Firstly, we will show that (<2, zt t ar is a stratified SVNT on X. 
(SVNT1) For every « € ¢, there exists a collection {1} with @ = #1, we obtain 7,, <2 (%) > z7(1) =1, 
a) (k) < 77(1 ) =Oand (%) < t#(1) =0. Thus, #1 (& ) =1and @) (a a) = ah (a i) = 0. 
(SVNT2) Suppose there exists €,R € cx and r € 9 with 


BUENR) <1 < B(E)ND(R), 


BENR) >1—r> (Ee) UTR), 


(ENR) >1—r> h(E) UTR). 
Since [t7(E) > 7, A(R) > x], [@ T(E) <1- r, T(R) < 1-—r] and eile) <1=7,0(R) <1-=7], 
by the definition of (77, t7, 7"), there exist (6, | j © T} with € = Ujer(€| 1&;) and te | k € K} with 
R = Urex (Re &) such that 


BES ME) >r, BE) < UME) <1-1 and HE) < UE) < 1-14 
je jet jet 


Since ¢ is completely distributive lattice, we have 


ENR =[(UGN&) ALU (ReMhe)] = UE ARE) 1 (H Nit) 


jer keK jet 
= (EN Re) NH (Bie = Hj Oy) 
jer 


Moreover, since t7(Ej Rx) > T7(E]) NF7 (Rx 
t(E;) UT" (Rx), we obtain 


aq 
5 
RAS) 
=) 
a 
& 
| “ 
an 
mM 
Cc 
on 
= 
a 
& 
o@ 
=) 
a 
a 
a~ 
PASS) 
=) 
a 


B(ENR) > (ti E;N Rx) = (ENE) NF1(Re)) = (NEUEN OLN A(R > 
ik ik jot keK 


el jk jel keK 


BEAR) SANE OR) SUG) UA(Re)) = (UMEMULU HR) < 1-1 
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It is a contradiction. Hence, for each €,R € x 


(ENR) > BENNER), ENR) < W(Eyua(R), 


Ss 


Ss 


W(ENR) < (EU E(R). 


(SVNT3) Suppose there exists a family {Ej € CX | j €l}andr € fp with 


(J &) Sirs Jet 


jer 


a (UW &) Stars Ue T( 
jet jet 
Since [t? (Ej) =4r, #1 (E)) <1 rand :(Ej) < 1-1] for all j € T, there exists a family {Ex | k € Kj} 


with €; = Urex; € jk n &; such that 


Since Ujer €} = Ujer (Ukek; (Ejn 1) = Uj (Ej 9 Hk), we obtain 


BU &) = NEE) = AN) En) 27, 


jel keK; 


H(U &) <UtME«) = UCU Em) < 1-4, 
i, jeT keK; 


It is a contradiction. Hence, for each {Ej}jer € ¢ 
MUE) 2 NE), MOUS) < UME) BUS) < UA 
ieD jel ieD jel 
_ Secondly, for each S € ¢*, there exists a family {1} with S = S11, such that [#)(S) > t7(S) 
#1(S) < t7(S) and ti (S) < ##(S)]. Hence, (#1, 2), 2) is finer than (77, 77, 2"). Finally, if a stratified 
SYNT (17,07, U1) is finer than (#7, t7, 7”), we show that [t7(S) < U7(S), t4(S) > U7(S) and 
a! (S) > UF(E)| for each S € c, 
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Suppose that there exist € € ¢* and r € Co such that 


Since [73 (E) > 1, 2(E) <1—rand t4(€) < 1-1], there exists {€; | j € 1} with & = Ujer (EN %) 
such that 


jer jer jer 
On the other hand, since [7 (Ej) > t7(&), U7(Ej) < t7(E)) and UF (Ej) < t#(E;)] for all j € T, 
we have 
uv(E) = a7 (J (Ej Nk;)) = Uy (Ej Nk;) = (\(a7(&)) a U7 (%;)] = U7 (E)) 27) m(,) Sr, 


It is a contradiction. 


Remark 2. From Defintion 13 and Theorem 8, we have cae <1, a) asa stratification for SUNT (#7, t,t") 
on X. 


Example 4. Let X = {a,b,c} bea set. Define €, €2 € C* as follows: 
€; = ((0.5,0.5,0.5), (0.5, 0.5, 0.5), (0.5, 0.5,0.5)); Ez = ((0.4,0.4, 0.4), (0.4, 0.4, 0.4), (0.6, 0.6,0.6)). 


We define <7, 77, tf : 2XxZy > Z as follows: for every S € CX, 


Lif 5 =0, 0,if S=0, 
LifS=L 0,if S=1, 
F zif S=Ey, ; Z,if S=&, 
(8) =) Lifs-& H(8)=) Lif S=&, 
2 if S=E, UL, Lif S=&, UL, 
2, if S=ENE, if S=ELNE, 
0, otherwise, 1, otherwise, 
0, S =5, 
07S =I, 
z,if S=&,, 


t(S)= 4 4,if S= £2, 
5, if S=€,UL, 
Zif S = Ey N Eo, 


1, otherwise, 
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If ¥s(w) = « for any 0.5 < a < 0.6, fis(w) = a for every 0.5 < a < 0.6 and ¥s(w) = 0.6 for all 
fp = 0.6, since 


Then, 


If ¥s(w) =aV05 <a < 0.6, fis(w) =aV05 <a < 0.6and ¥s(w) = BV0.5 < a, B > 0.6, we have 
THUS) =F BS) = 4 FS) = 3. 
If ¥s(w) = 0.5, fis(w) = 0.5 and ¥s(w) = 0.6, since V B > 0.6, « > 0.5, 


S = (BN (E,UE)) = (NE) U(BNEd), 


we obtain #1 (S 


= 1 
= 7, Typ / 2 
If ¥s(w) = 0.5, fis(w) = 0.5, and 75(w) = B, V0.5 < B < 0.6, since 


S = (BN (E, UE)) = (BNE) U (BN Es), 


we obtain #)(S) = 3, #(S) =f 74S) = z: 


If ¥s(w) = a, fis(w) = a, and ¥s(w) = B, V04A < a B < O05 anda < &, since for every 
S| = {7,€1,€ U E>} and Sy = {€0,€) q En} 
S = (&NE\) U(BNE), 


we have #1(S) = a, zl (S) - 5 #h(S) = 5 We can obtain the following: 


Lap ; 
; 3, if ¥s(w) =4,f[5(w) = wand fis(w) = B for0.5 < a,B < 0.6,a < B, 
w(S)=¢ Lif ¥s(w) =4,fs(w) =a for0.4 < « < 0.5and jis(w) = B, for0.5 < B < 0.6, 
4, if ¥s(w) =4,fJs(w) = wand fis(w) = B for0.4 <a,B < 05,4 < B, 
0, otherwise, 


0,if S=h, 
; 1 if Ys(w) = 4, fjs(w) = wand jig(w) = B for 0.5 < a, B < 0.6,4a < B, 
w(S)= 4 Lif ¥s(w) =4,fs(w) =a for04 < « < 0.5and jis(w) = B, for0.5 < B< 0.6, 
5, if Vs(w) = 4,fj5(w) = wand jis(w) = B for04 < a,B < 0.5, a < B, 
1, otherwise, 
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iss 
; 1 if Ys(w) = 4, f[s(w) = wand jig(w) = B for0.5 <a,B <0.6,a <p 
w(S)= 4 4 if ¥s(w) =4,fs(w) =a for04 < « < 0.5and jis(w) = B, for0.5 < B < 0.6 

Lif §s(c) = a, fis(w) = and fis(w) = Bfor04 < a8 <05,0<B 

1, otherwise. 
Theorem 9. Let (X, <7, 77,2), (¥, U7, 07, UF) be two SVNT S's and let (#1, 24, 7%) and (C12, 0, 04) 
be stratification for (t7, 77, 7) an and (U7, U', UF), respectively. If f : (X,t7,t", 7") — (Y,U7,U7, UF) is 
r-SVN-continuous, then f : (X, 72, 7,74) > (Y,02, 01, 08) is r-SVN-continuous. 


Proof. Suppose there exist r € C9, R € C x’ such that 


Since U1 (R) > r, U.(R) <1—rand Uf) (R) <1—1, by the definition of (C17, 1, 1"), there exists a 
family {Rj} jer with R = Ujer(Rj 1 Hj) such that 


U(RI> UR) >r UR) < YUN(R) <1-4, 


Since 


POM sf RNa) = WF eR) oe; 


jet jet 


and by Remark 2 and Theorem 8, we obtain 


jer 


UF") is r-SVN-continuous, that is, 77(f~'(R;)) > UT(Rj), 
UF (Rj) for every j €T, 


BURJ ST NQPVR)) > NWR 
jot jet 
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jot jet 


It is contradiction. Hence, f : (X,t2, 1,7 a) eae eie a, cn 1) is r-SVN-continuous. 


The converse of the previous theorem is not true in general as it will be shown by the 


following example. 


Example 5. Let X be a nonempty set. Define SVNT's (#7, 71, 7") and (UY, <U, UP), for each § € CX and 
define R € CX as follows: R = ((0.5,0.5,0.5), (0.5,0.5, 0.5), (0.5, 0.5,0.5)), 


Lif S=6,1 Of S=6,1 


a eg ag 0, S=G,1 
Y _ y y 4 Y] = y Hu — y y y 
ous) 0, otherwise, ml) 1, otherwise, me) 1, 


otherwise. 


iif S S60, Ve gore Ones SO. 
(Ss 27 SH]Re. UNS=* Cr SHR, Usa. 2 Sak, 
0, otherwise, 1, otherwise, 1, otherwise. 

Since 0 = 7) (R) < U1(R) = 4,0 = *(R) > U1(R) = 3 andod = t(R) > UF(R) = 3, 
then the identity mapping id, : (X,77,77,7/) — (X,U7,U",UF) is not r-SVN-continuous. 
Since for every a family {1} and R = RN1, we have i (R) > U7(1) =1, U4 (R) < U7(1) =O and 
ch (R) < UF (i) =0. Thus, 07,(R) = 1, 0,(R) = 0 and U1 (R) = 0. Hence, 


Lif S = &,Va € Cg 
otherwise, 


_y ~ A Lif S = &,Va € Co, ~H 
Yio) — 177 = ij 
TS) = Ug (S) = 0, otherwise, 


if S=&,Va € Cg 
otherwise. 


jt ~ 0, 
#(s) = 048) 
Therefore, idy : (X, tJ, a, a) — (X, oie be 7) is r-SV.N-continuous. 


In the following, we will show that every r-SVNCOM in the single-valued neutrosophic is 
r-SVNCOM in the stratification of it. 


1,2") be a stratification of an SVNTS (X,71,77,7#). A SVNS S is a 


Theorem 10. Let car User 
A. tl) iff Sisar-SVNCOM in (X, #1, 21,74) 


(Xo 
r-SVNCOM in (#7, 
Proof. (1) Let S be r-SVNCOM in (X,21, 2,24). Suppose that S is not r-SVNCON in 
(Ore, ge) Then, Pa # 0 and bs # O are r-SVN SEP in (X,77, t,t) such that S = EUD. 
Since t7 < i, ti > a and t# > & ee then, from Theorem 8, we get 

Coa a al (E, r) < Cer zt af (E, r), Coa a al (R, r) < Cry, cara (R, r). 


Hence, €, Rare r-SVN SEP in (X, 22, 7, 24). Thus, S is not r-SVNCOM in (X, 43, 711, 77). We reach 


a contradiction. 
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2) Now, we show that, if S is r-SVNCOM in (X,77,77,7"), then S is r-SVNCON in 

(X, 27, 2,74). Let S be a r-SVNCOM in (X,77,77,7#). Then, by Corollary 2 (1), we have 
Cxi zi 78 (S,r) =S. ; ; 

Supposing that S is not r-SVNCON in (X, t,t, t,), then E # 0,R # 0 are r-SVNSEP 

n (X, a2, 7,24) such that S = EUR. Since 77 < @1, 77 > zt, F > ZH, then Ci, #, Zils, 2 es 

en zz7(S,r) = S. Thus, CH, a, ulS, r) = S. Since € < S, we have Co4 aA ulé, r) = s. It implies 

that S = Cui, zl (Een) UR. Put ce zl, ulé, r) = D. If x € supp(€), shone € supp(S). Since S 


is ar- -SVNCOM in (X, 77,77, t), by "Corollary 2 (4), x1 € S = DUR, that is, D(x) UR(x) = 
Since DNR = 0, thus, R(x) = 0. It implies that D(x) = 1. Therefore, D is a crisp set. Since 
#(1-D) >r,t#)(1-D) <1-1,and #!,(1 - D) < 1-1. By Theorems (1) and (2), for each family, 
{&j OC; :1-D= Ujer & Ci}, 


a(i-D)=U{N tC) yh (1 =(KU 7(G)} <1-1, 
jet jet 
aS =(tU ar (C Ci)} <1-r. 
jer 


Let &; = 0. Since D(x) = 1 for any x € supp(D), we have 


(1-—D)(x) = L) (a A C;)(x) S1= Pa) =) SA UCL Ge). 


jet jer 
Hence, (1 — D)(x) = Ujer(C;)(x) for x € supp(E). If y ¢ supp(D), then 


1 = (1-D)(y) = (%NG|)Y) < UG) 


jet 


Thus, for any family {@; Cj: 1-D= Ujer & 1 Cj}, we have i-D= Ujer C;- It implies 


Thus, Cz¥ 24,z(D,r) = D. It implies 


Ce, zi zh (Cra, zi pl, r),t) =Cy4 i A 


Tsp Usp Cop 
Similarly, Cz 29 20 (C.4 29 on 


(X, 77, 77, t) from 


Coren zn (Ro) OE < (Coren za (Cyr gt pt (Ro) NE) = (Car a(R, rere): —0 


st’ ‘st’ “st Tsp Usp l 
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Corea l(ET)OR X< (Coz 


st’ “st? “st 


Thus, S is not r-SVNCOM in (X, 77, t,t eh Ati is a contradiction. 
(3) Let Sbear-SVNCOM in (X, t,t], z!,). From (1), S is r-SVNCON in (X, #7, 77, tf). There 
exists a r-SVNCOM R in (X, 77, t, t) co niaing S. From (2), R is r-SVNCON in (X, t,t, th). 


Thus, S = RR. ; 
Let R bea r-SVNCOM in (X, t7, t,t). Similarly, R is a r-SVNCOM in (X, t,t, a). 


Example 6. In Example 4, we proved that (1,712 ) is a stratification for SUNT (#7, 71,7 
By Theorem 10, we can clearly see that each r-SVNCOM in (#7, #1, t¥) is r-SVNCOM in (42, & 
The opposite is also true. 


on 
aft 
y Tot J 


For the purpose of Symmetry, we can apply the idea in the following definition into Definition 3 
and get the desired symmetry’s consequences. 

Note A SVNS F in X x X is called a single valued neutrosophic relation (SVN R, for short) in 
X, denoted by R = {((x,x1) F(x, x1), F(x, x1), fle (x,%1)) : (x, x1) € X x X}, where Fp: Xx K 
[0,1], A: X x X > [0,1], fin : X x X = [0,1] denote the truth-membership function, indeterminacy 
membership function and falsity-membership function of 7, respectively. 


Definition 14 ([17]). Let S,E€ € ¢%. If S is a single-valued neutrosophic relation on a set X, then S is 
called a single-valued neutrosophic relation on € if, for every x,x1 © X, ¥s(x,x1) < min(Fe(x), Fe (x1)), 
ijs(X,x1) = max(ie(x), fe (x1)) and jis (x, x1) = max(fie (x), fle (x1). ; 

Moreover, a single-valued neutrosophic relation S on X is called symmetric if, for any k,k, € X, 
Ys(hki) = Yslkvk), fislkki) = tis(kik), fish) = fis(ki,k); and Ye(kkn) = Yelk k) 
fje(k, x1) = ffe(ki,k), fle (k ki) = fle (k1,k). 


Example 7. Let X = {x1,x2,%3,%4,x5}. Aa single valued neutrosophic relation S on X is given in the 
following table. 


Ss x1 x2 x3 x4 x5 


x, (0.2,0.6,0.4) (0,0.3,0.7) (0.9,0.2,0.4) (0.3,0.9,1) — (0.3, 0.9, 1) 


xo (0.4,0.5,0.1) (0.1, 0.7, 0) (1, 1, 1) (1, 0.3, 0) (0.5, 0.6, 1) 
x3 (0, 1, 1) (1, 0.5, 0) (0, 0, 0) (0.2, 0.8,0.1) (1, 0.8, 1) 
Xa (1, 0,0) (0, 0, 1) (0.5,0.7,0.1) (0.1,0.4,1) — (1, 0.8, 0.8) 
x5 (0, 1, 0) (0.9, 0, 0) (0, 0.1, 0.7) (0.8, 0.9, 1) (0.6, 1, 0) 


5. Conclusions 


In this paper, authors have made a study of the connectedness, the idea of component, and the 
stratification of single-valued neutrosophic topological spaces which are different from the study 
taken so far and obtained some of their basic properties. Next, the concepts of an r-SVN SEP 
and r-SVNCOM were introduced and studied. It has been proven that every r-SVNCOM in an 
single-valued neutrosophic topological spaces is r-SVNCOM in the stratification of it. We will 
now go into detail on some of the conclusions of the research. Firstly, a single-valued neutrosophic 
connected (r-SVVC ON) has the same properties in a single-valued neutrosophic topological spaces 
(see Theorem 3). Secondly, a single-valued neutrosophic separated (r-SVN SEP) has the same 
properties in a single-valued neutrosophic topological spaces (see Theorems 4 and 5). Finally, 
it has been proven that every single-valued neutrosophic component (r-SVN COM) in single-valued 
neutrosophic topological spaces is r-SVN COM in the stratification of it. 
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Discussion for Further Works 
It is known that the notion of boundedness in topological spaces (see [26]) plays a significant role 
in topological aspects. It is also well known that the collection of bounded sets is an ideal. This concept 
is generalized to the concept of bornology (which is essentially an interesting ideal). There is also the 
corresponding generalized notion in fuzzy topics (the concept of fuzzy bornology (see [27]). 
Therefore, the following ideas could be applied to the notion of single-valued neutrosophic 
topological spaces. 


(a) The collection of bounded single-valued sets; 
(b) The concept of fuzzy bornology; 
(c) The notion of boundedness in topological spaces. 
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Abstract: With increasing data on the Internet, it is becoming difficult to analyze every bit and make 
sure it can be used efficiently for all the businesses. One useful technique using Natural Language 
Processing (NLP) is sentiment analysis. Various algorithms can be used to classify textual data based 
on various scales ranging from just positive-negative, positive-neutral-negative to a wide spectrum of 
emotions. While a lot of work has been done on text, only a lesser amount of research has been done 
on audio datasets. An audio file contains more features that can be extracted from its amplitude and 
frequency than a plain text file. The neutrosophic set is symmetric in nature, and similarly refined 
neutrosophic set that has the refined indeterminacies I; and Ip in the middle between the extremes 
Truth T and False F. Neutrosophy which deals with the concept of indeterminacy is another not so 
explored topic in NLP. Though neutrosophy has been used in sentiment analysis of textual data, it has not 
been used in speech sentiment analysis. We have proposed a novel framework that performs sentiment 
analysis on audio files by calculating their Single-Valued Neutrosophic Sets (SVNS) and clustering them 
into positive-neutral-negative and combines these results with those obtained by performing sentiment 
analysis on the text files of those audio. 


Keywords: sentiment analysis; Speech Analysis; Neutrosophic Sets; indeterminacy; Single-Valued 
Neutrosophic Sets (SVNS); clustering algorithm; K-means; hierarchical agglomerative clustering 


1. Introduction 


While many algorithms and techniques were developed for sentiment analysis in the previous years, 
from classification into just positive and negative categories to a wide spectrum of emotions, less attention 
has been paid to the concept of indeterminacy. Early stages of work were inclined towards Boolean 
logic which meant an absolute classification into positive or negative classes, 1 for positive and 0 for 
negative. Fuzzy logic uses the memberships of positive and negative that can vary in the range 0 to 1. 
Neutrosophy is the study of indeterminacies, meaning that not every given argument can be distinguished 
as positive or negative, it emphasizes the need for a neutral category. Neutrosophy theory was introduced 
in 1998 by Smarandache [1], and it is based on truth membership T, indeterminate membership I and false 
membership F that satisfies 0 < T+ I+ F < 3,and the memberships are independent of each other. In case 
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of using neutrosophy in sentiment analysis, these memberships are relabelled as positive membership, 
neutral membership and negative membership. 

Another interesting topic is the speech sentiment analysis, it involves processing audio. Audio files 
cannot be directly understood by models. Machine learning algorithms do not take raw audio files as 
input hence it is imperative to extract features from the audio files. An audio signal is a three-dimensional 
signal where the three axes represent amplitude, frequency and time. Previous work on detecting the 
sentiment of audio files is inclined towards emotion detection as the audio datasets are mostly labelled 
and created in a manner to include various emotions. Then using the dataset for training classifiers are 
built. Speech analysis is also largely associated with speech recognition. Speech analysis is the process of 
analyzing and extracting information from the audio files which are more efficient than the text translation 
itself. Features can be extracted from audio using Librosa package in python. A total of 193 features per 
audio file have been retrieved including Mel-Frequency Cepstral Coefficients (MFCC), Mel spectogram, 
chroma, contrast, and tonnetz. The goal of this project is to establish a relationship between sentiment 
detected in audio and sentiment detected from the translation of the same audio to text. Work done 
in the domain of speech sentiment analysis is largely focused on labelled datasets because the datasets 
are created using actors and not collected like it is done for text where we can scrape tweets, blogs or 
articles. Hence the datasets are labelled as various emotions such as the Ryerson Audio-Visual Database of 
Emotional Speech and Song (RAVDESS) dataset which contains angry, happy, sad, calm, fearful, disgusted, 
and surprised classes of emotions. These datasets have no text translation provided hence no comparison 
can be established. With unlabelled datasets such as VoxCeleb1/2 which have been randomly collected 
from random YouTube videos, again the translation problem arises leading to no meaningful comparison 
scale. We need audio data along with the text data for comparison, so a dataset with audio translation was 
required. Hence LibriSpeech dataset [2] was chosen, it is a corpus of approximately 1000 h of 16 kHz read 
English speech. 

The K-means clustering algorithm performs clustering of n values in K clusters, where each value 
belongs to a cluster. Since the dataset is unlabelled features extracted from the audio are clustered using 
the K-means clustering algorithm. Then the distance of each point from the centroid of each cluster is 
calculated. 1-distance implies the closeness of an audio file to every cluster. This closeness measure 
is used to generate Single Value Neutrosophic Sets (SVNS) for the audio. Since the data is unlabelled, 
we performed clustering of SVNS values using the K-means clustering. 

Sentiment analysis of the text has various applications. It is used by businesses for analysing customer 
feedback of products and brands without having to go through all of them manually. An example of this 
real-life application could be social media monitoring where scraping and analysing tweets from Twitter on 
a certain topic or about a particular brand or personality and analysing them could very well indicate the 
general sentiment of the masses. Ever since internet technology started booming, data became abundant. 
While it is simpler to process and derive meaningful results from tabular data, it is the need for the hour to 
process unstructured data in the form of sentences, paragraphs or text files and PDFs. Hence NLP provides 
excellent sentiment analysis tools for the same. However, sentiment cannot be represented as a black and 
white picture with just positive and negative arguments alone. To factor in indeterminacy, we have the 
concept of neutrosophy which means the given argument may either be neutral or with no relation to the 
extremes. Work done previously related to neutrosophy will be explained in detail in the next section. 

For the sentiment analysis of text part, the translation of the audio is provided as text files along with 
the dataset which mitigates the possibility of inefficient translation. In this paper, using Valence Aware 
Dictionary and Sentiment Reasoner (VADER), a lexicon and rule-based tool for sentiment analysis on the 
text files, SVNS values for text are generated. Then K-means clustering is applied to visualize the three 
clusters. The first step is the comparison of the two K-means plots indicating the formation of a cluster 
larger than the rest in audio SVNS implying the need for a neutral class. Then both the SVNS are combined 
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by averaging out the two scores respectively for Py, Iy and Ny. Again K-means clustering and hierarchical 
agglomerative clustering is performed on these SVNS values to get the final clusters for each file. 

Neutrosophic logic uses Single Valued Neutrosophic Sets (SVNS) to implement the concept of 
indeterminacy in sentiment analysis. For every sentence A, its representative SVNS is generated. SVNS 
looks like (P4, I4, Na) where ‘P,’ is the positive sentiment score, ‘I,’ is the indeterminacy or neutrality 
score and ‘Ny’ is the negative sentiment score. Neutrosophy was introduced to detect the paradox 
proposition. 

In this paper, a new innovative approach is carried out in which we use unlabelled audio dataset 
and then generate SVNS for audio to analyse audio files from the neutrosophic logic framework. 
The higher-level architecture is shown in Figure 1. 


DATABASE INTEGRATION RESULTS 
(Cy MODULE 


TEXT MODULE 


Figure 1. High level architecture. 


Indeterminacy is a strong concept which has rightly indicated the importance of neutral or 
indeterminate class in text sentiment analysis. Coupling it with speech analysis is just an attempt to 
prove that not all audio can be segregated into positive and negative. There is a very good amount of 
neutrality present in the data that needs to be represented. We have used clustering to validate the presence 
of neutrality. 

This paper is organized as follows: Section 1 is introductory in nature, the literature survey is 
provided in Section 2. In Section 3, the basic concepts related to speech sentiment analysis, text sentiment 
analysis and neutrosophy are recalled. The model description of the proposed framework that makes 
uses of neutrosophy to handle speech and text sentiment analysis is given in Section 4. In Section 5 the 
experimental results in terms of K-clustering and agglomerative clustering are provided. Results and 
discussions about combined SVNS are carried out in Section 6. The conclusions are provided in the 
last section. 


2. Literature Survey 


Emphasizing on the need and application of sentiment analysis in business and how it can play a 
crucial role in data monitoring on social media. The fuzzy logic model by Karen Howells and Ahmet 
Ertugan [3] attempts to form a five class classifier—strongly positive, positive, neutral, negative and 
strongly negative for tweets. It is proposed to add fuzzy logic classifier to the social bots used for data 
mining. It will result in the analysis of the overall positive, neutral and negative sentiments which will 
facilitate the companies to develop strategies to improve the customer feedback and improve the reputation 
of their products and brand. A study on application of sentiment analysis in the tourism industry [4] 
shows that most of the sentiment analysis methods perform better for positive class. One of the reasons 
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for this could be the fact that human language is inclined towards positivity. It is even more difficult to 
detect neutral sentiment. Ribeiro and others have pointed out a similar observation in [5] that twelve 
out of twenty-four methods are better in classifying positive sentiment and neutral sentiment is harder 
to identify. They also concluded from their experiments that VADER tool provides consistent results for 
three-classes (positive, neutral, negative) classification. 

Similarly, Hutto and Gilbert in [6] did an excellent job in comparing VADER tool eleven sentiment 
analysis techniques depending on Naive Bayes, Support Vector Machine (SVM) and maximum entropy 
algorithms. They concluded that VADER is simple to understand and does not function like a black 
box where the internal structure of process cannot be understood as in complex machine learning 
and deep learning sentiment analysis techniques. VADER also performs in par with these benchmark 
models and is highly efficient as it only requires a fraction of second for analysis because it uses a 
lexicon rule-based approach, whereas its counterpart SVM can take much more time. VADER is also 
computationally economical as it does not need any special technical specifications such as a GPU for 
processing. The transparency of the tool attracts a larger audience as its users include professionals from 
businesses and marketing as well as it allows researchers to experiment more. Hutto and Gilbert’s analysis 
is applied in [7] to rule out the neutral tweets. They built an election prediction model for 2016 USA 
elections. They used VADER to remove all the neutral tweets that were scraped to focus on positive and 
negative sentiments towards Donald Trump and Hilary Clinton. 

Fuzzy logic gives the measure of positive and negative sentiment in decimal figures, not as absolute 
values 0 or 1 like Boolean logic. If truth measure is T, then F is falsehood according to the intuitionistic fuzzy 
set and I is the degree of indeterminacy. Neutrosophy was proposed in [1], it was takenasO <T+I+F < 
3. The neutrosophy theory was introduced in 1998 by Smarandache [1]. Neutrality or indeterminacy was 
introduced in sentiment analysis to address uncertainties. The importance of neutrosophy in sentiment 
analysis for the benefit of its prime users such as NLP specialists was pointed out in [8]. To mathematically 
apply neutrosophic logic in real world problems, Single Valued Neutrosophic Sets (SVNS) were introduced 
in [9]. A SVNS for sentiment analysis represented by (P4,I4,N,) where ‘P,’ is the positive sentiment 
score, ‘I,’ is the indeterminacy or neutrality score and ‘Ny’ is the negative sentiment score. 

Refined Neutrosophic sets were introduced in [10]. Furthermore, the concept of Double Valued 
Neutrosophic Sets (DVNS) was introduced in [11]. DVNS are an improvisation of SVNS. The indeterminacy 
score was split into two: one indicating indeterminacy of positive sentiment or ‘T’ the truth measure and 
the other one indicating indeterminacy of negative sentiment or ‘F’ the falsehood measure. DVNS are 
more accurate than SVNS. A minimum spanning tree clustering model was also introduced for double 
valued neutrosophic sets. Multi objective non-linear optimization on four-valued refined neutrosophic set 
was carried out in [12]. 

In [13] a detailed comparison between fuzzy logic and neutrosophic logic was shown by analyzing 
the #metoo movement. The tweets relevant to the movement are collected from Twitter. After cleaning, 
the tweets are then input in the VADER tool which generates SVNSs for each tweet. These SVNS are then 
visualized using clustering algorithms such as K-means and K-NN. Neutrosophic refined sets [10,14—16] 
have been developed and applied in various fields, including in sentiment analysis recently. However no 
one has till now attempted to do speech sentiment analysis using neutrosophy and combine it with text 
sentiment analysis. 

A classifier with SVM in multi class mode was developed to classify a six class dataset by extracting 
linear prediction coefficients, derived cepstrum coefficients and mel frequency cepstral coefficients [17]. 
The model shows a considerable improvement and results are 91.7% accurate. After various experiments 
it was concluded in [18] that for emotion recognition convolutional neural networks capture rich features 
of the dataset when a large sized dataset is used. They also have higher accuracy compared to SVM. SVMs 
have certain limitations even though they can fit data with non-linearities. It was concluded that machine 
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learning is a better solution for analysing audio. In [19] a multiple classifier system was developed for 
speech emotion recognition. A multimodal system was developed in [20] to analyze audio, text and visual 
data together. Features such as MFCC, spectral centroid, spectral flux, beat sum, and beat histogram are 
extracted from the audio. For text, concepts were extracted based on various rules. For visual data, facial 
features were incorporated. All these features were then concatenated into a single vector and classified. 
A similar approach was presented in [21] to build multimodal classifier using audio, textual and visual 
features and comparing it to its bimodal subsets (audio+text, text+visual, audio+visual). The same set 
of features were extracted from audio using openSMILE software whereas for text convolutional neural 
networks were deployed. These features were then combined using decision level fusion. From these 
studies it can be very well inferred that using both audio and textual features for classification will yield 
better or sensitive results. 


3. Basic Concepts 


3.1. Neutrosophy 


Neutrosophy is essentially a branch of philosophy. It is based on understanding the scope and 
dimensions of indeterminacy. Neutrosophy forms the basis of various related fields in statistical analysis, 
probability, set theory, etc. In some cases, indeterminacy may require more information or in others, it 
may not have any linking towards either positive or negative sentiment. To represent uncertain, imprecise, 
incomplete, inconsistent, and indeterminate information that is present in the real world, the concept of a 
neutrosophic set from the philosophical point of view has been proposed. 

Single Valued Neutrosophic Sets (SVNS) is an instance of a Neutrosophic set. The concept of a 
neutrosophic set is as follows: 


Definition 1. Consider X to be a space of points (data-points), with an element in X represented by x. 
A neutrosophic set A in X is denoted by a truth membership function T(x), an indeterminacy membership 
function L(x), and a falsity membership function F(x). The functions T4(x), L4(x), and F4(x) are real standard 
or non-standard subsets of | — 0,1 + |; that is, 

Ta(x): X <]70,17[ 

I4(x):X <]-0,1], 

Fa(x):X €]-0,1T[, 

with the condition ~0 < supT,(x) + suplI,(x) + supFa(x) < 3°. 


This definition of a neutrosophic set is difficult to apply in the real world in scientific and engineering 
fields. Therefore, the concept of SVNS, which is an instance of a neutrosophic set, has been introduced. 


Definition 2. Consider X be a space of points (data-points) with element in X denoted by x. An SVNS A in 
X is characterized by truth membership function T4(x), indeterminacy membership function I4(x), and falsity 
membership function F4(x). For each point x € X, there are T4(x),I4(x),Fa(x) € [0,1], and 0 < Ta(x) + 
I(x) + Fa(x) < 3. Therefore,an SVNS A can be represented by 


A= {(x,TA(x), IA(x), FA(x))|x € X} 


The various distance measures and clustering algorithms defined over neutrosophic sets are given 
in [2,11,14]. 
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3.2. Sentiment Analysis of Text and VADER Package 


Sentiment analysis is a very efficient tool in judging the popular sentiment revolving around any 
particular product, services or brand. Sentiment analysis is also known as opinion mining. It is, in all 
conclusive trails, a process of determining the tone behind a line of text and to get an understanding of the 
attitude or polarity behind that opinion. Sentiment analysis is very helpful in social media understanding, 
as it enables us to pick up a review of the more extensive general assessment behind specific subjects. Most 
of the existing sentiment analysis tools classify the arguments into positive or negative sentiment based on 
a set of predefined rules or ‘lexicons’. This enables the tool to calculate the overall leaning polarity of the 
text and thus makes a decision on the overall tone of the subject. 

VADER is an easy-to-use, highly accurate and consistent tool for sentiment analysis. It is fully open 
source with the MIT License. It has a lexicon rule-based method to detect sentiment score for three classes: 
positive, neutral, and negative. It provides a compound score that lies in the range [—1, 1]. This compound 
score is used to calculate the overall sentiment of the input text. If the compound score >0.05, then it 
is tagged as positive. If the compound score is <—0.05 then it tagged as negative. The arguments with 
the compound score between (—0.05, 0.05) is tagged as neutral. VADER uses Amazon’s Mechanical Turk 
to acquire their ratings, which is an extremely efficient process. VADER has a built in dictionary with a 
list of positive and negative words. It then calculates the individual score by summing the pre-defined 
score for the positive and negative words present in the dictionary. VADER forms a particularly strong 
basis for social media texts since the tweets or comments posted on social media are often informal, with 
grammatical errors and contain a lot of other displays of strong emotion, such as emojis, more than one 
exclamation point, etc. As an example, the sentence, ‘This is good!!!’ will be rated as being ‘more positive’ 
than ‘This is good!’ by VADER. VADER was observed to be very fruitful when managing social media 
writings, motion picture reviews, and product reviews. This is on the grounds that VADER not just tells 
about the positivity and negativity score yet in addition tells us how positive or negative a text is. 

VADER has a great deal of advantages over conventional strategies for sentiment analysis, including: 


1. It works very well with social media content, yet promptly sums up to different areas. 

2. Although it contains a human curated sentiment dictionary for analysis, it does not specifically 
require any training data. 

3. It can be used with real time data due to its speed and efficiency. 


The VADER package for Python analysis presents the negative, positive and indeterminate values for 
every single tweet. Every single tweet is represented as (Ny, Ix, Py), where x belongs to the dataset. 


3.3. Speech Analysis 


An important component of this paper is speech analysis which involves processing audio. Audio files 
cannot be directly understood by models. Machine learning algorithms do not take raw audio files as 
input hence it is imperative to extract features from the audio files. An audio signal is a three-dimensional 
signal where the three axes represent amplitude, frequency and time. Extracting features from audio files 
helps in building classifiers for prediction and recommendation. 

Python provides a package called librosa for the analysis of audio and music. In this work, librosa 
has been used to extract a total 193 features per audio file. To display an audio file as spectrogram, wave 
plot or colormap librosa.display is used. 

Figure 2 is a wave plot of an audio file. The loudness (amplitude) of an audio file can be shown in 
wave plot. 
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Figure 2. Wave plot of an audio file. 


Figure 3 shows the spectrogram of the sample audio. Spectrogram is used to map different frequencies 
at a given point of time to its amplitude. It is a visual representation of the spectrum of frequencies of 
a sound. 


Frequency (Hz) 


Figure 3. Spectrogram of an audio file. 


The MFCC features of an audio file is shown in Figure 4. The MFCCs of a signal are a small set of 
features which concisely describe the overall shape of a spectral envelope. Sounds generated by a human 
are filtered by the shape of the vocal tract including the tongue, teeth etc. MFCCs represent the shape of 
the envelope that the vocal tract manifests on the short time power spectrum. 
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Figure 4. MFCC features of an audio file. 
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The chroma features of the sample audio file is represented in Figure 5. These represent the tonal 
content of audio files, that is the representation of pitch within the time window spread over the twelve 
chroma bands. 
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Figure 5. Chromagram of an audio file. 


Figure 6 represents the mel spectrogram of the sample audio file. Mathematically, mel scale is the 
result of some non-linear transformation of the frequency scale. The purpose of the mel scale is that the 
difference in the frequencies as perceived by humans should be different for all ranges. For example, 
humans can easily identify the difference between 500 Hz and 1000 Hz but not between 8500 Hz and 


9000 Hz. 
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Figure 6. Mel spectrogram of an audio file. 


The spectral contrast of the sample audio file is represented in Figure 7. Spectral contrast extracts the 
spectral peaks, valleys, and their differences in each sub-band. The spectral contrast features represent the 
relative spectral characteristics. 
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Figure 7. Spectral contrast of a sample audio file. 
Figure 8 shows the tonnetz features of the sample audio file. The tonnetz is a pitch space defined by 


the network of relationships between musical pitches in just intonation. It estimates tonal centroids as 
coordinates in a six-dimensional interval space. 
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Figure 8. Tonnetz features of the sample audio file. 
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4. Model Description 


4.1. Model Architecture 


The research work follows a semi-hierarchical model where one step is followed by another but it is 
bifurcated into two wings one for audio and other for text and later on the SVNS are combined together in 


the integration module. 


The overall architecture of the work is provided in Figure 9. The process begins with selecting an 
appropriate dataset with audio to text translations. For the audio section, convert the audio files into .wav 
format and extract features for further processing. Since the dataset is unlabelled the only suitable choice 
in the machine learning algorithms are clustering algorithms. For this module, K-means clustering was 
chosen. Then the Euclidean distance(x) of each point from the centre of each cluster is calculated and 1 — x 
is used as the measure of that specific class, SVNS values were obtained. Clustering was performed again 
to visualise the SVNS as clusters. 
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TEXT APPLYING 
TRANSLATION VADER 
OF AUDIOS ALGORITHM 


GENERATING 
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Figure 9. The model architecture. 
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RESULTS 


For the text module, the text translations were considered and VADER tool was used to generate 
SVNS. After the generation of SVNS, it was clustered and visualized. 
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In the integration module the SVNS values obtained from speech module and text module was 
combined together, there by combining both the branches. The final SVNS are calculated by averaging the 
audio and text SVNS which are again clustered and visualized for comparison. 


4.2. Data Processing 


Dataset played a crucial role in this research work. The reason being we wanted to map audio SVNS to 
text SVNS for comparison so a dataset with audio translation was required. Hence LibriSpeech dataset [2] 
was chosen. LibriSpeech is a corpus of approximately 1000 h of 16kHz read English speech. The data is 
derived from read audiobooks from the LibriVox project, and has been carefully segmented and aligned. 
For this purpose the following folders have been used: 


1. Dev-clean (337 MB with 2703 audio) 
2. Train-clean (6.3 GB with 28,539 audio) 


We used the dev clean (337MB) folder to test algorithms in the initial phase and then scaled up to 
train clean-100 (6.3 GB) to get the final results. We did not scale further due to hardware limitations. 
The reason for selecting the “clean” speech sets was to eliminate the more challenging audio and focus 
more on speech analysis. Since these are audio books, the dataset is structured in the following format. 
For example, 84-121123-0001.flac is present in the sub directory 121123 of directory 84, it implies that 
the reader ID for this audio file is 84 and the chapter is 121123. There is a separate chapters.txt which 
is provided along with the dataset that provides the details of the chapter. For example, 121123 is the 
chapter ‘Maximilian’ in the book ‘The Count of Monte Cristo’. In the same sub directory 121123 a text 
file is present, 84-121123.trans.txt which contains the audio to text translation of the audio files in that 
directory. The reason for choosing this dataset over others is that it provides audio to text translations of 
the audio files. 

The processing of audio file from .flac format to .wav format was carried out. The dataset was 
available in .flac format. It was necessary to convert these files into .wav format for further processing and 
extracting features. For this ffmpeg was used in shell script with bash. Ffmpeg is a free and open-source 
project consisting of a vast software suite of libraries and programs for handling video, audio, and other 
multimedia files and streams. 


4.3. Feature Extraction 


The audio files were then fed into the python feature extraction script which extracted 193 features 
per audio file. Using the Librosa package in python following features were extracted 


MEFCC (40) 
Chroma (12) 
Mel (128) 
Contrast (7) 
Tonnetz (6) 


Ole Ba 


The following npy files were generated as result: 


X_dev_clean.npy (2703 x 193) 
X_train_clean.npy (28,539 x 193) 


Then these files were normalized using sklearn. The screenshot of the normalized audio features is 
given in Figure 10. 
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Figure 10. Normalized audio features. 


4.4. Clustering and Visualization 


4.4.1. K-Means 


The K-means algorithms used for clustering SVNS values for sentiment analysis was proposed in [13]. 
It is a simple algorithm which produces the same results irrespective of the order of the dataset. The input 
is the SVNS values as dataset and the number of clusters (K) required. The algorithm then picks K SVNS 
values from the dataset randomly and assigns them as centroid. Then repeatedly the distance between 
other SVNS values and centroids are calculated and they are assigned to one cluster. This process continues 
till the centroid stops changing. Elbow method specifies what a good K (number of clusters) would be 
based on the sum of squared distance (SSE) between data points and their assigned clusters’ centroids. 


4.4.2. Hierarchical Agglomerative Clustering and Visualization 


Hierarchical clustering is a machine learning algorithm used to group similar data together based on 
a similarity measure or the Euclidean distance between the data points. It is generally used for unlabelled 
data. There are two types of hierarchical clustering approaches: divisive and agglomerative. Hierarchical 
divisive clustering refers to top to down approach where all the data is assigned to one cluster and 
then partitioned further into clusters. In hierarchical agglomerative clustering all the data points are 
treated as individual clusters and then with every step data points closest to each other are identified 
and grouped together. This process is continued until all the data points are grouped into one cluster, 
creating a dendogram. The algorithm for hierarchical agglomerative clustering of SVNS values is given in 
Algorithm 1. 
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Algorithm 1: Hierarchical agglomerative clustering. 


Input: N number of SVNSs {s1,...sy} 
Output: Cluster 
begin 
Step 1: Create a distance matrix X using Euclidean distance function dist(s;, s;) 
fori<1,N do 
for j <-i+1,Ndo 
| xj + dist(s;,s;) 
end 
end 
Step 2: X {x1,%2, ik xn} 
Step 3: Perform clustering 
while X.size > 1 do 
(Xmints Xmin2) << Minimum_dist(xXq,xXp)VXa,Xp © X 
Remove Xnin1 ANd Xing from X 
Add center {x:mint,Xmin2} to X 
Alter distance matrix X accordingly 
end 
Results in cluster automatically 
end 


4.5. Generating SVNS Values 


4.5.1. Speech Module 


Since the dataset was unlabelled, K-means algorithm was used for clustering. With K being set 
to 3, the clusters were obtained. Let the cluster centres be B,, By and B3. Bi, By and Bz were mapped 
as positive, neutral, and negative clusters, respectively. We randomly selected 30 samples from each 
cluster and mapped the maximum sentiment of the sample as the sentiment of the cluster. For every 
data point P, in the dataset distance was calculated to the centres of each cluster. 1-distance implied the 
closeness measure to each cluster or class (positive, neutral or negative). SVNS for audio were created 
using 1-distance and stored in a .csv file as (P4,I4, Na). 


4.5.2. Text Module 


The next task is sentiment analysis of text translation using VADER. VADER is a tool used for 
sentiment analysis which provides a measure for positive, neutral and negative classes for each input 
sentence. Using VADER text translation for each audio was analysed and SVNS were generated and stored 
in .csv file as (Pr, Ir, Nr). Taking the csv file of text SVNS as input, K-means cluster with K, taken as 3, 
was performed. 


4.5.3. Integration Module 


Next, we proceed on to combine the SVNS, the audio SVNS values are represented by (P4, 14, Na) 
and the text SVNS values are represented by (Pr, I7, Nr) and the combined SVNS are represented by 
(Pc, Ic, Nc), where the component values are calculated as 
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(Pr + Pa) 
2 
(Ir + Ia) 
2 


Ne= (Nr : Na) 


Po = 


Ic = 


Combined SVNS values were generated using equations given in Equation (1). The visualization of 
combined SVNS is carried out next. Using K-means clustering and hierarchical agglomerative clustering 
algorithms, the SVNS of audio, text and combined modules were visualized into 3 clusters. 


5. Experimental Results and Data Visualisation 


5.1. Speech Module 


The elbow method specifies what a good K, the number of clusters would be based on the SSE 
between data points and their assigned clusters’ centroids. The elbow chart of the audio were created to 
decide the most favourable number of clusters, they are given in Figure 11a,b for the dev-clean folder and 
train-clean folder, respectively. 
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(a) Dev-clean (b) Train-clean 
Figure 11. Elbow chart for dataset. 


The elbow method generates the optimum number of clusters as three as shown in Figure 11a,b. 
Hence, the dataset is clustered into three clusters — positive, indeterminate and negative. The results for 
the clustering of the dataset into three is visualised in 2D and 3D in Figures 12a,b and 13a,b. The 2D 
visualization of the clusters is given in Figure 12a,b for dev-clean and train-clean respectively. Figure 13a,b 
are the K-Means clustering in 3D for dev-clean and train-clean respectively. 

Once clusters are formed, we calculate the Euclidean distance of each data point from the centre of 
the cluster. Let the cluster centres be B,, By and B3. For every data point P in the dataset distance was 
calculated to the centres of each cluster. 1-distance implied the closeness measure to each cluster or class 
(positive, neutral or negative). Euclidean distance d can be calculated using the formula given Equation (2). 


d= /(m—m?+(n-n) (2) 


The sample SVNS values generated from the audio features is given in Figure 14a. 
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(a) Dev-clean (b) Train-clean 


Figure 12. K-means clustering in 2D for audio dataset. 
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Figure 13. K-means clustering in 3D for audio dataset. 


(Aen |e ||| 
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18) 0.125 (0.835 0.04 
19| 0.123 0.827 0.05 
20; 0.047 0.953 0 
21| 0.1 0.9 0 
22| 0.116 =0.767,—S 0.117 
23| 0.146 0.854 0 
24; 0.079 0.921 0 
25| 0.151 0.786 —0.063 
(a) Audio SVNS 26 0.09 0.849 0.061 
27| 0.078 = 0.845 (0.077 


(b) Text SVNS 
Figure 14. Sample SVNS values. 


5.2. Text Module 


The audio to text translations are given in the dataset, a sample from the dataset is given Figure 15. 
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©) 84-121123.trans - Notepad - oO x 
File Edit Format View Help 

4-121123-000 GO DO YOU HEAR A 
84-121123-@001 BUT IN LESS THAN FIVE MINUTES THE STAIRCASE GROANED BENEATH AN EXTRAORDINARY 
WEIGHT 


84-121123-@002 AT THIS MOMENT THE WHOLE SOUL OF THE OLD MAN SEEMED CENTRED IN HIS EYES WHICH 
BECAME BLOODSHOT THE VEINS OF THE THROAT SWELLED HIS CHEEKS AND TEMPLES BECAME PURPLE AS THOUGH 
HE WAS STRUCK WITH EPILEPSY NOTHING WAS WANTING TO COMPLETE THIS BUT THE UTTERANCE OF A CRY 
84-121123-@003 AND THE CRY ISSUED FROM HIS PORES IF WE MAY THUS SPEAK A CRY FRIGHTFUL IN ITS 
SILENCE 

84-121123-0@004 D'AVRIGNY RUSHED TOWARDS THE OLD MAN AND MADE HIM INHALE A POWERFUL RESTORATIVE 
84-121123-0005 D'AVRIGNY UNABLE TO BEAR THE SIGHT OF THIS TOUCHING EMOTION TURNED AWAY AND 
VILLEFORT WITHOUT SEEKING ANY FURTHER EXPLANATION AND ATTRACTED TOWARDS HIM BY THE IRRESISTIBLE 
MAGNETISM WHICH DRAWS US TOWARDS THOSE WHO HAVE LOVED THE PEOPLE FOR WHOM WE MOURN EXTENDED HIS 
HAND TOWARDS THE YOUNG MAN 


Figure 15. Sample audio to translation. 


Now the text file is processed with the VADER tool for analysis, which generates SVNS values in 
form of (Nr, Ir, Pr). For the sake of notational convenience, we created and populated .csv file in the 
order of (Pr, Ir, Nr), where Pr is positive, Ir is the indeterminate membership and Nr is the negative 
membership. A sample of the .csv file that contains the SVNS values is shown in Figure 14b. VADER also 
gives a composite score for every line, depending on which the tool also provides a class label, i.e., positive 
or neutral or negative. Since we were working with unlabelled data, we did not have a method to validate 
the labels provided by the tool. 

In the case of the textual content of a novel, this is a narration, so one cannot get high values for 
positivity or negativity only, neutrals takes the maximum value when SVNS value is used; which is 
evident from Figure 14b. The obtained SVNS values are clustered using K-means algorithm and visualized 
in Figures 16a,b and 17a,b. Figure 16a,b are results of the K-means clustering in 2D on dev-clean and 
train-clean datasets respectively. 
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Figure 16. K-means clustering in 2D text SVNS values. 


Similarly the clustering results are represented in 3D in Figure 17a,b. Dev-clean folder contains 2703 
audio files and train-clean folder contains 28,539 audio files. 

The clustering visualisation clearly shows the presence of 3 clusters indicating the existence of 
neutrality in the data. 
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(a) Dev-clean (b) Train-clean 
Figure 17. K-means clustering in 3D of text SVNS values. 


5.3. Integration Module 

The final SVNS are calculated by averaging the audio SVNS and text SVNS. The combined SVNS 
values are again clustered and visualized for comparison. We visualize the SVNS values using clustering 
algorithms such as K-means and hierarchical agglomerative clustering given in Algorithm 1. The K-means 
clustering results of combined SVNS of dev-clean and train-clean are given in Figure 18a,b respectively. 


06 os of 
(b) Train-clean 


(a) Dev-clean 
Figure 18. K-means clustering in 3D of combined SVNS values. 


The dendograms generated while clustering the combined SVNS values of dev-clean and train-clean 


are given in Figure 19 and Figure 20 respectively. 
The clustering results of using agglomerative clustering on the combined SVNS values of dev-clean 


and train-clean datasets are given in Figure 21a,b respectively. 
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Figure 19. Dendogram of combined SVNS values of Dev-clean. 
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Figure 20. Dendogram of combined SVNS values of Train-clean. 
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(a) Dev-clean (b) Train-clean 
Figure 21. Agglomerative Clustering of combined SVNS values. 


6. Result and Discussion 


The visualization of clustering results and the dendogram clearly reveal the presence of neutrality 
in the data, which is validated by the existence of the third cluster. It is pertinent to note that, in 
case of sentiment analysis, data cannot be divided into positive and negative alone, the existence of 
neutrality needs to be acknowledged. After analysing the results of all the clustering algorithms, significant 
conclusions have been made. The concept of indeterminacy or neutrality has not yet been dealt with in 
normal or conventional and fuzzy sentiment analysis. SVNS provides a score for neutral sentiment along 
with positive and negative sentiments. Speech sentiment analysis using neutrosophic sets has not been 
done to date, whereas it can provide excellent results. The logic behind combining SVNS is to include both 
features related to the audio files derived from amplitude and frequency and pairing it with the analysis of 
text for better results. This is a much more wholesome approach than just picking either of the two. 

In Table 1, the number of audio classified as cluster 1 (C1), cluster 2 (C2) and cluster 3 (C3) are shown 
for SVNS from audio features, text SVNS and the combined SVNS for dev-clean LibriSpeech folder which 
is 337 MB with 2703 audio. There is a considerable overlap in the values that are present in the cluster C1 
and C2 and C3, for the three values from speech module, text module and combined module, respectively. 


Table 1. Dev-clean clustering results. 


SVNS C1 C2 C3 


Audio 1097 1568 9 38 
Text 1431 675 597 


Combined 1465 752 486 


In Table 2, the number of audio classified as cluster 1 (C1), cluster 2 (C2) and cluster 3 (C3) are shown 
for SVNS from audio features, text SVNS and the combined SVNS for train-clean-100 LibriSpeech folder 
which is 6.3 GB with 28539 audio. Since the dataset was unlabelled there was no other choice but to cluster 
the features, hence the output which was received was clusters without class tags, hence it cannot be 
identified with these given results which cluster represents positive class, neutral class or negative class. 
Class tags can be obtained from VADER composite score, but since our aim was to show the presence of 
neutrality in the data, we did not do the mapping of the clusters to a particular class using the VADER tool 
provided labels. 


299 


Symmetry 2020, 12,1715 


Table 2. Train-clean-100 clustering results. 


SVNS C1 C2 C3 
Audio 7830 13,234 7475 
Text 9332 15,028 4179 


Combined 8389 13,174 6976 


Instead, if we used the max of the SVNS values present in the cluster to map the cluster to a class 
tag. Accordingly we obtained C1 cluster was positive class, C2 cluster was neutral and C3 cluster was the 
negative class. Though it can be inferred from the changing number of data points in the clusters and their 
ratios to one another that analysis of audio separately and text separately, and then combining the two 
together with neutrosophic sets is effective to address the indeterminacy and uncertainty of data. 


7. Conclusions and Further Work 


Work on analyzing sentiment of textual data using neutrosophic sets has been sparse and little, 
only [13,14] made use of SVNS and refined neutrosophic sets for sentiment analysis. Analysis of audio or 
speech sentiment analysis using neutrosophy has not been carried out, until now. To date, there has been 
no way to accommodate the neutrosophy in the sentiment analysis of audio. In the first of a kind, we used 
the audio features to implement the concept of neutrosophy in speech sentiment analysis. We proposed a 
novel framework that combines audio features, sentiment analysis, and neutrosophy to generate SVNS 
values. The initial phase of the work included extracting features from audio, clustering them into three 
clusters, and generating the SVNS. This was followed by using the VADER tool for text and generating 
SVNS. Now there were two SVNS for every audio file; one from the audio files and the other from the text 
file. These two were combined by averaging out the SVNS and the newly obtained SVNS were clustered 
again for final results. This is an innovative contribution to both sentiment analysis and neutrosophy. For 
future work, while combining the SVNS weights can be set according to priority or depending on the 
reliability of the data. For example, if the audio to text translations are bad then weights can be set in the 
ratio 4:1 for audio SVNS to text SVNS where the resulting SVNS will depend 80% on the audio SVNS and 
20% on the text SVNS. Similarly, other similarity measures other than distance measures can be used for 
generating SVNS values for audio files. 
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Abbreviations 


The following abbreviations are used in this manuscript: 


NLP Natural Language Processing 

SVNS Single-Valued Neutrosophic Sets 

MFCC Mel-Frequency Cepstral Coefficients 

RAVDESS _ Ryerson Audio-Visual Database of Emotional Speech and Song 
VADER Valence Aware Dictionary and Sentiment Reasoner 

SVM Support Vector Machine 

DVNS Double Valued Neutrosophic Sets 

SSE Sum of Squared Distance 
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Abstract: In this paper, we advance the study of plithogenic hypersoft set (PHSS). We present four 
classifications of PHSS that are based on the number of attributes chosen for application and the nature 
of alternatives or that of attribute value degree of appurtenance. These four PHSS classifications 
cover most of the fuzzy and neutrosophic cases that can have neutrosophic applications in symmetry. 
We also make explanations with an illustrative example for demonstrating these four classifications. 
We then propose a novel multi-criteria decision making (MCDM) method that is based on PHSS, as an 
extension of the technique for order preference by similarity to an ideal solution (TOPSIS). A number 
of real MCDM problems are complicated with uncertainty that require each selection criteria or 
attribute to be further subdivided into attribute values and all alternatives to be evaluated separately 
against each attribute value. The proposed PHSS-based TOPSIS can be used in order to solve these real 
MCDM problems that are precisely modeled by the concept of PHSS, in which each attribute value 
has a neutrosophic degree of appurtenance corresponding to each alternative under consideration, 
in the light of some given criteria. For a real application, a parking spot choice problem is solved 
by the proposed PHSS-based TOPSIS under fuzzy neutrosophic environment and it is validated by 
considering two different sets of alternatives along with a comparison with fuzzy TOPSIS in each case. 
The results are highly encouraging and a MATLAB code of the algorithm of PHSS-based TOPSIS 
is also complied in order to extend the scope of the work to analyze time series and in developing 
algorithms for graph theory, machine learning, pattern recognition, and artificial intelligence. 


Keywords: Soft set; hypersoft set; plithogenic hypersoft set (PHSS); multi-criteria decision making 
(MCDM); PHSS-based TOPSIS 


1. Introduction 


A strong mathematical tool is always needed in order to combat real world problems involving 
uncertainty in the data. This necessity has urged scholars to introduce different mathematical tools 
to facilitate the world for solving such problems. In 1965, the concept of fuzzy set was introduced 
by Zadeh [1], in which each element is assigned a membership degree in the form of a single crisp 
value in the interval [0,1]. It has been studied extensively by the researchers and a number of real life 
problems have been solved by fuzzy sets [2-5]. However, in some practical situations, it is seen that 
this membership degree is hard to be defined by a single number. The uncertainty in the membership 
degree became the cause to introduce the concept of interval-valued fuzzy set in which the degree 
of membership is an interval value in [0,1]. Later on, the concept of intuitionistic fuzzy set (IFS) was 
proposed by Atanassov [6] in 1986, which incorporates the non-membership degree. IFS had many 
applications [7-10]. 


303 


Symmetry 2020, 12, 1855 


However, IFS is unable to deal with indeterminate information, which is very common in belief 
systems. This inadequacy was addressed by Smarandache [11] in 2000, who introduced the concept of 
neutrosophic set in which membership (T), indeterminacy (I) and non-membership (F) degrees were 
independently quantified i.e., T, I, F € [0,1] and the sum T + I + F need not to be contained in [0,1]. 
All of these mathematical tools have been thoroughly explored and successfully applied to deal 
with uncertainties [12-15], yet these tools usually fail to handle uncertainty in a variety of practical 
situation, because these tools require all notions to be exact and do not possess a parametrization tool. 
Consequently, soft set was introduced by Molodstsov [16] in 1999, which can be regarded as a general 
mathematical tool to deal with uncertainty. Molodstsov [16] defined soft set as a parameterized family 
of subsets of a universe of discourse. In 2003, Maji et al. [17] introduced aggregation operations on soft 
sets. Soft sets and their hybrids have been successfully applied in various areas [18-21] 

In a variety of real life MCDM problems, the attributes need to be further sub-divided into 
attribute values for a better decision. This need was fulfilled by Smarandache [22], who introduced the 
concept of hypersoft set as a generalization of the concept of soft set in 2018. Besides, Smarandache [22] 
introduced the concept of plithogenic hypersoft set with crisp, fuzzy, intuitionistic fuzzy, neutrosophic, 
and plithogenic sets. In 2020, Saeed et al. [23] presented a study on the fundamentals of hypersoft set 
theory. Smarandache [24,25] developed the aggregation operations on plithogenic set and proved that 
the plithogenic set is the most generalized structure that can be efficiently applied to a variety of real 
life problems [26-29] 

A PHSS-based TOPSIS is proposed in the article to deal with MCDM problem, in which attribute 
may have attribute values and each attribute value has a neutrosophic degree of appurtenance of 
each alternative. The proposed method is authenticated by taking two different sets of alternatives. 
A comparison with fuzzy TOPSIS is made in each case. It shows that the results are highly inspiring. 
A MATLAB code of the algorithm of PHSS-based TOPSIS is also complied in order to encompass 
the scope of the work to analyze time series and in developing algorithms for graph theory, artificial 
intelligence, machine learning, pattern recognition, and neutrosophic applications in symmetry. 
It appears quite pertinent to point out that the article gives detailed insight on PHSS with related 
definitions and its implementation in MCDM process. The scope of the work can be extended in other 
mathematics directions as well by introducing important theorems and propositions [24] 

The remainder of this article is organized, as follows. In Section 2, we briefly review some 
basic notions, leading to the definitions of soft sets, hypersoft sets, plithogenic sets, and plithogenic 
hypersoft sets (PHSSs), along with an illustrative example. Section 3 consists of the four proposed 
classifications of PHSSs based on different criteria. More explanations with an illustrative example 
for the four classifications are also made. In Section 4, the algorithm of the proposed PHSS-based 
TOPSIS is given, along with its application to a real life parking spot choice problem under fuzzy 
neutrosophic environment and its comparison with fuzzy TOPSIS. Section 5 provides the conclusion 
and future directions. 


2. Preliminaries 


This section comprises of some necessary basic concepts that are related to plithogenic hypersoft 
set (PHSS), which is also defined in this section along with an illustrative example for a clear 
understanding. Throughout the study, let / be a non-empty universal set, P(U/) be the power set of 
u, X CU be a finite set of alternatives, and A be a finite set of n distinct parameters or attributes, 
as given by 


A = {a,02,--- an}, n>1. 


The attribute values of a1, 4@2,--- ,an belong to the sets Aj, A2,..., An, respectively, where Aj M Aj = @, 
fori # j,andi,j € {1,2,...,n}. Moreover, we consider a finite number of uni-dimensional attributes 
and each attribute has a finite discrete set of attribute values. However, it is worth mentioning that 
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the attributes may have an infinite number of attribute values. In such a case, every structure with 
non-Archimedean metrics can be dealt in depth [30,31]. 


2.1. Soft Sets 


A soft set over U/ is a mapping F : B + P(U), B C A with the value Fg(a) € P(U) ata € Band 
F(x) = pifa ¢ B. Itis denoted by (F, 8) and written as follows [16]: 


(F,B) = {(a,Fp(a)): « € B, Fp(a) € P(U)}. 


Moreover, a soft set over U/ can be regarded as a parameterized family of the subsets of U/. For an 
attribute a € B, F(a) is considered as the set of x-approximate elements of the soft set (F, B). 


2.2. Hypersoft Sets 


Let C denote the cartesian product of the sets A,,A2,...,An,ie., C = Ay X Ap xX... X An, n> 1. 
Subsequently, a hypersoft set (H,C) over U is a mapping defined by H : C — P(U) [22]. For an 
n-tuple (71, 72,---, Yn) € C,, where y; € Aj, i = 1,2,3,...,n, a hypersoft set is written as 


(7,0) = Ly HO) 24S avn) EC; HG) SPO. 


It may be noted that hypersoft set is a generalization of soft set. 


2.3. Plithogenic Sets 


A set X is called a plithogenic set if all of its members are characterized by the attributes under 
consideration and each attribute may have any number of attribute values [24]. Each attribute value 
possesses a corresponding appurtenance degree of the element x, to the set X, with respect to some 
given criteria. Moreover, a contradiction degree function is defined between each attribute value and 
the dominant attribute value of an attribute in order to obtain accuracy for aggregation operations on 
plithogenic sets. These degrees of appurtenance and contradiction may be fuzzy, intuitionistic fuzzy or 
neutrosophic degrees. 


Remark 1. Plithogenic set is regarded as a generalization of crisp, fuzzy, intuitionistic fuzzy. and neutrosophic 
sets, since the elements of later sets are characterized by a combined single attribute value (degree of appurtenance), 
which has only one value for crisp and fuzzy sets i.e., membership, two values in case of intuitionistic fuzzy set 
i.e., membership and non-membership, and three values for neutrosophic set 1.e., membership, indeterminacy, 
and non-membership. In the case of plithogenic set, each element is separately characterized by all attribute 
values under consideration in terms of degree of appurtenance. 


2.4. Plithogenic Hypersoft Set (PHSS) 


Let X CU and C = A, x Ap x... X An, where n > 1 and 4A; is the set of all attribute values 
of the attribute a;,i = 1,2,3,...,n. Each attribute value 7 possesses a corresponding appurtenance 
degree d(x, 7) of the member x € X, in accordance with some given condition or criteria. The attribute 
value degree of appurtenance is a function that is defined by 


dix x CS P((0A)), Vv vex, 


such that d(x,7) € [0,1]/, and P([0,1}/) is the power set of [0,1]/, where j = 1,2,3 are for fuzzy, 
intuitionistic fuzzy, and neutrosophic degree of appurtenance, respectively. 

Furthermore, the degree of contradiction (dissimilarity) between any two attribute values of the 
same attribute is a function given by 


c:A;x Aj > P([0,1!'), 1<i<n,j=1,2,3. 
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For any two attribute values 7 and 72 of the same attribute, it is denoted by c(1,y2) and satisfies the 
following axioms: 


c(y1, 11) = 0, 
(41,72) = ¢(¥2,71)- 


Subsequently, (X,A,C,d,c) is called a plithogenic hypersoft set (PHSS) [22]. For an n-tuple 
(V1, Y2,-+++ In) € C, Yi € Ai, 1 <i < n,a plithogenic hypersoft set F : C + P(U) is mathematically 
written as 


F({11,Y2r-- +1 Yn}) = {x (dx (11), 4x (Y2)1-+21dx(Yn)), x © X}. 


Remark 2. Plithogenic hypersoft set is a generalization of crisp hypersoft set, fuzzy hypersoft set, intuitionistic 
fuzzy hypersoft set, and neutrosophic hypersoft set. 


2.5. Illustrative Example 


Let U = {m,,m2,m3,...,m 9} be a universe containing mobile phones. A person wants to buy 
a mobile phone for which the mobile phones under consideration (alternatives) are contained in 
X CU, given by 


X= {mo, m3,™5, me}. 
The characteristics or attributes of the mobile phones belong to the set A = {41,a2,a3,a4}, such that 


a, = Processor power, 

ag = RAM, 

a3 = Front camera resolution, 
a4 = Screen size in inches. 


The attribute values of 41,42, a3, a4 are contained in the sets A1, Az, A3, Aq given below. 


A; = {dual-core, quad-core, octa-core}, 
Az = {2GB, 4GB, 8GB, 16GB}, 

A3 = {2MP, 5MP, 8MP, 16MP}, 

Ag = {4,4.5,5, 5.5, 6}. 


1. Soft set 
Consider B = {az,a3} C A. Afterwards, a soft set (F,B), defined by the mapping F : B > P(U), 
is given by 
(F, B) = { (a2, {m2, ms}), (a3, {m, m3, meg}) } 
Element-wise, it may be written as 


Fg(a2) = {mz,m5}, Fp(a3) = {mo,m3, meg}. 


2. Hypersoft set 
Let C = A; x Ap x Ag x Ay. Then, a hypersoft set over U/ is a function f : C + P(U). For an element 
(octa-core, 8GB, 16MP, 5.5) € C, it is given by 


f ({octa-core, 8GB, 16MP, 5.5}) = {ms5, mg} 
3. Plithogenic hypersoft set 
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For the same tuple (octa-core, 8GB, 16MP, 5.5) € C, a plithogenic hypersoft set F : C — P(U) 
is given by 


F({octa-core, 8GB, 16MP, 5.5}) ={ms (dm, (octa-core), dm; (8GB), dim; (16MP), din; (5.5)), 
mg (ding (octa-core ), ding (8GB), ding (I6MP), ding (5-5)) }, 


where dm;(7) stands for the degree of appurtenance of the attribute value y € 
(octa-core, 8GB, 16MP, 5.5) to the element ms € X. A similar meaning applies to ding (7). 


3. The Four Classifications of PHSS 


In this section, we propose the four different classifications of PHSS that are based on the number 
of attributes chosen for application and the characteristics of alternatives under consideration or that 
of the attribute value degree of appurtenance function. The same example from Section 2 is considered 
to each classification for a practical understanding. Figure 1 shows a diagram for these classifications. 


Classifications of Plithogenic Hypersoft Set (PHSS) 


The First The Second The Third The Fourth 
Classification @ Classification § Classification @j Classification 


Uni-attribute Plithogenic Plithogenic Single-valued 
Plithogenic Crisp Refind Plithogenic 
Hypersoft Set Hypersoft Set Hypersoft Set Hypersoft Set 


Plithogenic 
Multi-attribute Plithogenic Hypersoft Hesitant 
Plithogenic Fuzzy Overset Plithogenic 
Hypersoft Set Hypersoft Set Hypersoft Set 
Plithogenic 
Plithogenic Hypersoft Interval-valued 
Intuitionistic Underset Plithogenic 
Fuzzy Hypersoft Set 


Hypersoft Set Plithogenic 
Hypersoft 


Offset 
Plithogenic 


Neutrosophic Plithogenic 
Hypersoft Set Hypersoft 
Multiset 


Plithogenic 
Bipolar 
Hypersoft Set 


Plithogenic 
Complex 
Hypersoft Set 


Figure 1. Flowchart of four classifications of plithogenic hypersoft sets (PHSS). 


3.1. The First Classification 


This classification is based on the number of attributes that are chosen by the decision makers 
for application. 


3.1.1. Uni-Attribute Plithogenic Hypersoft Set 


Let « € A be an attribute required by the experts for application purpose and the attribute values 
of « belong to the finite discrete set Y = {y1,¥2,...,Y¥m},m > 1. Hence, the degree of appurtenance 
function is given by 


d:XxY—>P((0,1]/), VxeX, 
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such that d(x,y) © [0,1]}/, where P((0,1]/) denotes the power set of [0,1]/ and j = 1,2,3 stands for 
fuzzy, intuitionistic fuzzy, or neutrosophic degree of appurtenance, respectively. 
The contradiction degree function between any two attribute values of a, is given by 


ety x YS P(OM)): VeeY.. f = 23 
For any two attribute values y1, y2 € Y, it is denoted by c(y;, y2) and the following properties hold: 
c(yi,¥1) = 0, 
c(y1,¥2) = c(Y2,41): 


Subsequently, (X,«, Y,d,c) is termed as a uni-attribute plithogenic hypersoft set. For an attribute value 
y € Y,a uni-attribute plithogenic hypersoft set F : Y > P(U) is mathematically written as 


F(y) = {x(dy(y)) 2x € X}. 
3.1.2. Multi-Attribute Plithogenic Hypersoft Set 
Consider a subset B of A, consisting of all attributes that were chosen by the experts, given by 
B= {by,bo,...,bm}, m > 1. 
Let the attribute values of b1,b2,...,bm belong to the sets By, Bz,..., Bm, respectively, and 
Yn = By x Bo x... X By. 
Afterwards, the appurtenance degree function is 
de XV POP. VO aS x, 
such that d(x,y) C [0, 1)/ ,j =1,2,3. In this case, the contradiction degree function is given by 
c:B; xB; P([0,1/), 1<i<m,j=1,2,3. 


The degree of contradiction between any two attribute values y; and yz, is denoted by c(y1, y2) and it 
satisfies the following axioms: 


c(yi,y1) =9, 
c(y1,Y2) = c(Y2,¥1)- 


Subsequently, (X, B, Ymn,d,c) is called a multi-attribute plithogenic hypersoft set. For an m-tuple 
(Y1,Y2,-+-,Ym) © Ym, yi € Bi, 1 <i < m,a multi-attribute plithogenic hypersoft set F : Yin — P(U) is 
mathematically written as 


FLY, Yor +1 Ym}) = {x(dx(Y1),4x(Y2),---,dx(Ym)),x © Xf. 


Example 1. Consider the previous example in which U = {m,mz,m3,...,m19} and X C U is given by 
X = {m,m3,m5,mg}. The attributes belong to the set A = {a1,a2,a3,a4}, such that 

a, = Processor power, 

ag= RAM, 

a3 = Front camera resolution, 

a4 = Screen size in inches. 


The attribute values of a1, a2,a3, a4 are contained in the sets A,, Az, A3, Ag given below: 
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A, = {dual-core, quad-core, octa-core}, 
Az = {2GB, 4GB, 8GB, 16GB}, 

A3 = {2MP, 5MP, 8MP, 16MP}, 

Ag = {4, 4.5, 5, 5.5, 6}. 


1. Uni-attribute plithogenic hypersoft set 


Consider the most demanding feature of a mobile phone given by the attribute a3 that stands for 
front camera resolution. The set of attribute values of a3 is Az = {2MP, 5MP, 8MP, 16MP}. Then, 
the uni-attribute plithogenic hypersoft set F : Az + P(U) is given by 


F(y) = {x(dx(7)),V 7 € Az, x € X}, 


where d;(7) denotes the degree of appurtenance of x € X, to the set X, w.r.t. the attribute value 
y € A3. For an attribute value 16MP ©€ A3, we have 


F(16MP) = {ms5(dm,(16MP)), mg (dmg (16MP)) }, 


2. Multi-attribute plithogenic hypersoft set 
Let B = {a3,a4} be the set of attributes required by the customer. Therefore, we need A3 and A4 
given by 


A3 = {2MP, 5MP, 8MP, 16MP}, 
Ag = {4,4.5,5,5.5, 6}. 


Suppose that the customer is interested to buy a mobile phone with specific requirements of 16MP front 
camera with 5.5 inch screen size. In this case, we take (16MP,5.5) € A3 x Aq and a multi-attribute 
plithogenic hypersoft set F : A3 x Ay + P(U) is given by 


F({16MP,5.5}) = {15 (ding (16MP), ding (5.5)) , ™g (ding (16MP), ding (5.5))}, 


where dj; (y) stands for the degree of appurtenance of ms to the set X w.r.t. the attribute value 
y € (16MP, 5.5). 


3.2. The Second Classification 


This classification is based on the nature of the attribute value degree of appurtenance that may 
be crisp, fuzzy, intuitionistic fuzzy, or neutrosophic degree of appurtenance. 


3.2.1. Plithogenic Crisp Hypersoft Set 


A plithogenic hypersoft set X is crisp if the appurtenance degree dy() of each member x € X, 
w.r.t. each attribute value 7, is crisp, i.e., dx(7) is either 0 or 1. 


3.2.2. Plithogenic Fuzzy Hypersoft Set 


If the appurtenance degree d,() of each member x € X, w.rt. each attribute value ¥, is fuzzy, 
then it is called the plithogenic fuzzy hypersoft set. Mathematically, d,(y) € P([0,1]). 


3.2.3. Plithogenic Intuitionistic Fuzzy Hypersoft Set 


If the attribute value appurtenance degree d,(y) of each x € X, wrt. each attribute value, 
is intuitionistic fuzzy degree, then it is called the plithogenic intuitionistic fuzzy hypersoft set. 
Mathematically, it is written as dy (7) € P((0,1]*). 
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3.2.4. Plithogenic Neutrosophic Hypersoft Set 
A plithogenic hypersoft set X is called plithogenic neutrosophic hypersoft set if dy(v) € P({0,1]9). 
Example 2. For (octa-core, 8GB, 16MP, 5.5) € C, we have the following results: 


1. Plithogenic crisp hypersoft set 
F({octa-core, 8GB, 16MP, 5.5}) = {ms(1,1,1,1),mg(1,1,1,1)}. 
2. Plithogenic fuzzy hypersoft set 
F({octa-core, 8GB, 16MP, 5.5}) = {ms5(0.9, 0.2, 1, 0.75), mg(0.5, 0.5, 0.25, 0.9) }. 
3. Plithogenic intuitionistic fuzzy hypersoft set 


F({octa-core, 8GB, 16MP, 5.5}) ={ms ((0.9,0.1), (0.2,0.6), (1,0), (0.75, 0.1)), 
mg((0.5, 0.25), (0.5, 0.5), (0.25, 0.1), (0.9,0))}. 


4. Plithogenic neutrosophic hypersoft set 


F ({octa-core, 8GB, 16MP, 5.5}) ={ms((0.9, 0.7, 0.1), (0.2, 0.3, 0.6), (1, 0.25, 0), (0.75, 0.3,0.1)), 
mg((0.5, 1, 0.25), (0.5, 0.9, 0.5), (0.25, 0.7,0.1), (0.9, 0.8,0))}. 


3.3. The Third Classification 


This classification is based on the properties of attribute values and degree of appurtenance function. 


3.3.1. Plithogenic Refined Hypersoft Set 


Let (X,A,C,d,c) be a plithogenic hypersoft set and A denote the set of attribute values of 
an attribute a. If an attribute value y € A of the attribute a is subdivided or split into at least 
two or more attribute sub-values 71, 2,73,... € A, such that the attribute sub-value degree of 
appurtenance function d(x,7;) € P({0,1])/), for i = 1,2,3,... and j = 1,2,3 for fuzzy, intuitionistic 
fuzzy, neutrosophic degree of appurtenance, respectively, then X is called a refined plithogenic 
hypersoft set. It is represented as (X;,A,C,d,c). 


3.3.2. Plithogenic Hypersoft Overset 


If the degree of appurtenance of any element x € X w.rt. any attribute value y € A of 
an attribute a is greater than 1, ie., d(x,7) > 1, then X is called a plithogenic hypersoft overset. 
It is represented as (Xo, A,C,d,c). 


3.3.3. Plithogenic Hypersoft Underset 


If the degree of appurtenance of any element x € X w.rt. any attribute value y € A of 
an attribute a less than 0, ie., d(x,y) < 0, then X is called a plithogenic hypersoft underset. 
It is represented as (X,,A,C,d,c). 


3.3.4. Plithogenic Hypersoft Offset 


A plithogenic hypersoft set (X,A,C,d,c) is called a plithogenic hypersoft offset if it is both 
an overset and an underset. Mathematically, if d(x1,71) > 1 and d(x2,72) < 0 for the same or 
different attribute values 71,y2 € A that correspond to the same or different members x1,x2 € X, 
then (Xo¢, A, C,d,c) is a plithogenic hypersoft offset. 
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3.3.5. Plithogenic Hypersoft Multiset 
If an element x € X repeats itself into the set X with same plithogenic components given by 
x(C1,C2,-.-,Cn),X(C1,C2,--+,Cn), 
or with different plithogenic components given by 
x(C1,C2,..-,Cn), X(d1,dz,...,dn), 
then (Xn,A,C,d,c) is called a plithogenic hypersoft multiset. 
3.3.6. Plithogenic Bipolar Hypersoft Set 
If the attribute value appurtenance degree function is given by 


d?X XC P(|=1,0/)* P((G,1!),. Vo xe xX, 


where j = 1,2,3, then, (Xp,A,C,d,c) is called plithogenic bipolar hypersoft set. It may be noted that, 
for an attribute value , d(x, 7) allots a negative degree of appurtenance in [—1,0] and a positive 
degree of appurtenance in [0,1] to each element x € X with respect to each attribute value 7. 


Remark 3. The concept of plithogenic bipolar hypersoft set can be extended to plithogenic tripolar hypersoft set 
and so on up to plithogenic multipolar hypersoft set. 


3.3.7. Plithogenic Complex Hypersoft Set 


If for any x € X, the attribute value appurtenance degree function, with respect to any attribute 
value ¥, is given by 


d:XxC- P((0,1]/) x P((0,1]/), j = 1,2,3, 


such that d(x,7y) is a complex number of the form c,.e'2, where c, (amplitude) and c2 (phase) are 
subsets of [0,1], then (Xcom, A, C,d,c) is called a plithogenic complex hypersoft set. 


Example 3. Consider the same example of choosing a suitable mobile phone from the set X = {m2,m3, Ms, Meg}. 
The attributes are a1, a2,03,a4, whose attribute values are contained in the sets A, Az, A3, Aq. 


1. Plithogenic refined hypersoft set 


Consider an attribute a, = screensizeininches whose attribute values belong to the set 
A, = {4,4.5,5,5.5,6}. A refinement of A, is given by 


Aq = {4,4.5,4.7,5,5.5, 5.8, 6}, 


such that for all x € X, 
d(x,7) € P((0,1]/),V 7 € Ag. 


Therefore, a plithogenic refined hypersoft set F, : Ay — P(U) is given by 


F,({4,4.5,4.7,5,5.5,5.8,6}) ={115 (ding (4), dis (4.5), dns (4-7), dns (5), dims (5.5), ding (5-8), dims (6)) , 
11 (ding (4), ding (4-5), ding (4-7), Ang (5), ding (5-5), dmg (5-8), ding (6)) }- 


2. Plithogenic hypersoft overset 
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Let each attribute value has a single-valued fuzzy degree of appurtenance to all the elements of X. 
Subsequently, for (octa-core, 8GB, 16MP, 5.5) € C, a plithogenic hypersoft overset F, : C + P(U) is 
given by 


F,({octa-core, 8GB, 16MP, 5.5}) = {m5(0.9,0.2, 1.3, 0.75), mg (0.5, 0.5, 0.25, 0.9) }. 
It may be noted that din,(16MP) > 1. 
3. Plithogenic hypersoft underset 
A plithogenic hypersoft underset defined by the function F, : C + P(U) is given by 
F,({octa-core, 8GB, 16MP, 5.5}) = {m5(0.9,0.2, —0.3, 0.75), mg (0.5, 0.5, 0.25, 0.9) }. 


It may be noted that din,(16MP) < 0. 
4, Plithogenic hypersoft offset 
A plithogenic hypersoft offset is a function Fog : C + P(U), as given by 


For¢({octa-core, 8GB, 16MP, 5.5}) = {ms(0.9,0.2, —0.3, 0.75), mg(0.5, 1.5, 0.25, 0.9)}. 


Note that din,(16MP) < 0 and dm,(8GB) > 1. 

5. Plithogenic hypersoft multiset 

A plithogenic hypersoft multiset Fy, : C + P(U) is given by 

Fin ({octa-core, 8GB, 16MP, 5.5}) = {m5 (0.9, 0.2, 0.3, 0.75), m5 (0.7, 0.1, 0.9, 1), mg (0.5, 0.5, 0.25, 0.9) }. 


It should be noted that the element ms repeats itself with different plithogenic components. 
6. Plithogenic bipolar hypersoft set 
A plithogenic bipolar hypersoft set Fy : C + P(U) is given by 


Fy({octa-core, 8GB, 16MP, 5.5}) ={ms({—0.1,0.9}, {—1,0.2}, {—0.9,0.3}, {—0.5, 1}), 
mg({—0.5,0}, {—0.9, 1}, {—0.2,0.2}, {—1,0.8})}. 


7. Plithogenic complex hypersoft set 
A plithogenic complex hypersoft set Foom : C > P(U) is given by 


From ({octa-core, 8GB, 16MP, 5.5}) ={115(0.9e°*!, 0.2e%"", 0.3e°.?5!, 0.75e'), 


me(0.5e°!, e931, 0.259751, 0.9e°H) }. 


3.4. The Fourth Classification 


The attribute value degree of appurtenance may be a single crisp value in [0,1], a finite discrete 
set or an interval value in [0,1]. Therefore, we have the following classification of PHSS. 


3.4.1. Single-Valued Plithogenic Hypersoft Set 


A plithogenic hypersoft set is called a single-valued plithogenic hypersoft set if the attribute value 
appurtenance degree is a single number in [0,1]. 
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3.4.2. Hesitant Plithogenic Hypersoft Set 


If the attribute value degree of appurtenance is a finite discrete set of the form {11,1 ,...,mj}, 
1 <i < ©, included in [0,1], then such a plithogenic hypersoft set is called a hesitant plithogenic 
hypersoft set. 


3.4.3. Interval-Valued Plithogenic Hypersoft Set 


A plithogenic hypersoft set is known as an interval-valued plithogenic hypersoft set if the attribute 
value appurtenance degree function is an interval value in [0,1]. The interval value may be an open, 
closed, or semi open interval. 


Example 4. For (octa-core, 8GB,16MP,5.5) € C, with each attribute value having fuzzy degree of 
appurtenance, we have the following results: 


1. Single-valued plithogenic hypersoft set 
F({octa-core, 8GB, 16MP, 5.5}) = {m5 (0.9, 0.2, 1, 0.75), mg (0.5, 0.5, 0.25, 0.9) }. 


Each attribute value is assigned a single value in [0,1] as a degree of appurtenance to ms and meg. 


2. Hesitant plithogenic hypersoft set 


F({octa-core, 8GB, 16MP, 5.5}) ={ms({0.9, 0.75}, {0.2, 0.7}, {1,0.9}, {0.75,0.5}), 
mg({0.5, 0.1}, {0.5,0.9}, {0.25,0}, {0.9,1})}. 


3. Interval-valued plithogenic hypersoft set 


F({octa-core, 8GB, 16MP, 5.5}) ={ms([0.25, 0.75], [0.2, 0.6], (0.1, 0.9], (0.75, 1]), 
mg([0.5, 0.6], [0.3, 0.9], (0.25, 0.8], [0.9, 1])}. 


Each attribute value has an interval value degree of appurtenance in [0, 1] to each element ms and mg. 


4. The Proposed PHSS-Based TOPSIS with Application to a Parking Problem 


In this section, we use the concept of PHSS in order to construct a novel MCDM method, 
called PHSS-based TOPSIS, in which we extend TOPSIS based on PHSS under fuzzy neutrosophic 
environment. Moreover, a parking spot choice problem is constructed in order to employ the newly 
developed PHSS-based TOPSIS to prove its validity and efficiency. Two different sets of alternatives 
are considered for the application and a comparison is performed with fuzzy TOPSIS in both cases. 


4.1. Proposed PHSS-Based TOPSIS Algorithm 


Let U be a non-empty universal set, and let X C U/ be the set of alternatives under consideration, 
given by X = {x1,X2,...,Xm}. Let C = Ay X Az X... x An, where n > 1 and 4A; is the set of all 
attribute values of the attribute a;,i = 1,2,3,...,n. Each attribute value y has a corresponding 
appurtenance degree d(x, 77) of the member x € X, in accordance with some given condition or criteria. 
Our aim is to choose the best alternative out of the alternative set X. The construction steps for the 
proposed PHSS-based TOPSIS are as follows: 


S1: Choose an ordered tuple (71, 72,---,Yn) € C and construct a matrix of order n x m, whose entries 
are the neutrosophic degree of appurtenance of each attribute value ‘y, with respect to each alternative 
x € X under consideration. 
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S2: Employ the newly developed plithogenic accuracy function Ap, to each element of the matrix 
obtained in S1, in order to convert each element into a single crisp value, as follows: 


ese. Ge ee 
Ap (Ty, Ty, Fy) = + + AE x (1 Ya), (1) 


where T,,1,,F, represent the membership, indeterminacy, and non-membership degrees of 


appurtenance of the attribute value y to the set X, and Ty,, I,,,F,, stand for the membership, 


d y 
indeterminacy, and non-membership degrees of corresponding dominant attribute value, whereas 
cr(7, Ya) denotes the fuzzy degree of contradiction between an attribute value 7 and its corresponding 


dominant attribute value yj. This gives us the plithogenic accuracy matrix. 


S3: Apply the transpose on the plithogenic accuracy matrix to obtain the plithogenic decision matrix 
My = [mj] mxn Of alternatives versus criteria. 


S4: A plithogenic normalized decision matrix Ny = [Yijlmxn is constructed, which represents the 
relative performance of alternatives and whose elements are calculated as follows: 


S5: Construct a plithogenic weighted normalized decision matrix V, = [ojj]mxn = NpWh, 
where W, = [w, W2 ... Wn] is a row matrix of allocated weights w,; assigned to the criteria 
ay, k = 1,2,3,...,n and Vw, = 1,k = 1,2,...,n. Moreover, all of the selection criteria are assigned 
different weights by the decision maker, depending on their importance in the decision making process. 


S6: Determine the plithogenic positive ideal solution V,* and plithogenic negative ideal solution V,, 
by the following formula: 


m 
Vv, = { max(v;;) if a; € benefit criteria, min(0;;) if a; € cost criteria, j = 1,2,3,... inh, 
i=1 i=1 
= iG ; altace m ; at ra as 
V;, = { nin (0) if aj benefit criteria, max(9;;) if a; € cost criteria, j = 1,2,3,. a 


S7: Calculate plithogenic positive distance S;* and plithogenic negative distance S; of each alternative 
from eG and Vp , respectively, while using the following formulas: 


n 
SP SSS OP eS. US 2 Scene 


ae 
p= hen i=1,2,3,...,m. 


58: Calculate the relative closeness coefficient C; of each alternative by the following expression: 


C= a i=1,2,3 m 
1 + 7 Perper ce tbe 
Si +5; 


S9: The highest value from {C1,C2,...,Cm} belongs to the most suitable alternative. Similarly, 
the lowest value gives us the worst alternative. 
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4.2. Parking Spot Choice Problem 


Based on the proposed method, a parking spot choice problem is constructed. Parking a vehicle at 
some suitable parking spot is an interesting real life MCDM problem. A number of questions arises in 
mind, for instance, how much will the parking fee be, how far is it, will it be an open or covered area, 
how many traffic signals will be on the way, etc. Thus, it becomes a challenging task in the presence of 
so many considerable criteria. This task is formulated in the form of a mathematical model in order 
to apply the proposed technique to choose the most suitable parking spot. Consider a person at a 
particular location on the road, who wants to park his car at a suitable parking place. Keeping in mind 
the person’s various preferences, a few nearby available parking spots are considered, having different 
specifications in terms of parking fee, distance between the person’s location and each parking spot, 
the number of signals between the car and the parking spot, and traffic density on the way between 
the car and the parking spot. Figure 2 shows the location of car to be parked at a suitable parking spot. 


Figure 2. A real life parking spot choice problem. 


Let U be a plithogenic universe of discourse consisting of all parking spots in the 


surrounding area, where 
U = {Pi, Pa Ps, os, Pig}. 


The attributes of the parking spots, chosen for the decision, are 41, 47, 43,a4 given below: 


a, = Parking fee, 

ay = Distance between car and parking spot, 

a3 = Number of traffic signals between car and parking spot, 
a4 = Traffic density on the way between car and parking spot. 


The attribute values of 41,42, a3, a4 belong to the sets A, Az, A3, Ag, respectively. 
A, = {low fee (f;), medium fee (f2), high fee (f3) }, 


Az = {very near (r1), almost near (rz), near (r3), almost far (r4), far (15), very far (re) }, 
A3 = {one signal (s;), two signals (sz) }, 
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Ag = {low (41), high (a2), very high (ds) }. 


The dominant attribute values of a1, 42,43, a4 are chosen to be fi, 11,81 and dj, respectively, and the 
single-valued fuzzy degree of contradiction between the dominant attribute value and all other 
attribute values is given below. 


ce(furfa) = ar oF (fufa) = 3 

cr(11,12) = - cr(11,13) = . cr(t1,14) = . ce(T1,15) = ce(11,%6) = - 
cr(S1,82) = s 

ce(dy dz) = 5, ¢r(di-ds) = 5. 


Two different sets of alternatives are considered for the application of PHSS-based TOPSIS, along with 
a comparison with fuzzy TOPSIS in each case. 


4.2.1. Case 1 


In this case, the parking spots under consideration (alternatives) are contained in the set X C U, 
given by 
x= {P,, Pz, P3, Py}. 


The neutrosophic degree of appurtenance of each attribute value corresponding to each alternative 
P, Pz, P3, Py is given in Table 1. 

Let C = A, x Ap x A3 xX Ag and consider an element (/2,11,52,d,) © C for which the 
corresponding matrix that was obtained from Table 1 is given below: 


0.6, 0.5, 0.2 
0.9, 0.4, 0.5 
0.7,0.5,0.5 
0.3, 1.0, 0.6 


| 0.7,0.9,0.1 


( 0.2,0.3,0.6) (0.7,0.9,0.3 ] 
(0.8, 0.1, 0.7 

( 

( 


p> oh ) 

0.9,0.4,0.0) (0.8,0.4, 0.2) 

1.0,0.8, 0.6 me ) 
0.1,0.2,1.0 mek ) 


0.4,0.4,0.7) (0.6,0.5,0.7 
0.7,0.9,0.2 0.9,0.7,0.5 


WS DS YH WH 
a 
we SS HS 
Se St, 


Table 1. Degree of appurtenance of each attribute value w.r.t. to each alternative. 


Sr. Variables Py P» P3 Py 
1 fi (0.5,0.1,0.3)  (0.5,0.0,0.7) (0.1,0.4,0.5) (0.2, 0.1, 0.6) 
2 fo (0.7,0.9,0.1) (0.6,0.5,0.2) (0.2, 0.3,0.6) (0.7, 0.9, 0.3) 
3 f (0.5,0.5,0.1) (0.0,0.1,0.5) (0.1,0.1,0.9) (0.5, 0.7, 0.2) 
4 11 (0.8,0.1,0.7)  (0.9,0.4,0.5)  (0.9,0.4,0.0) (0.8, 0.4, 0.2) 
5 12 (0.9,0.3,0.2)  (0.6,0.1,0.0) (0.5,0.2,0.4) (0.9, 0.1, 0.4) 
6 13 (0.9,0.1,0.3)  (0.8,0.3,0.1)  (0.6,0.0,0.6) (0.2, 0.2, 0.5) 
7 T4 (0.8, 0.3,0.2) (1.0,0.1,0.5) (0.8,0.5,0.1) (0.7, 0.3, 0.6) 
8 15 (1.0,0.3,0.2) (1.0,0.3,0.2) (0.8, 0.2,0.8) (0.6, 0.5, 0.6) 
9 6 (0.8,0.1,0.0)  (0.6,0.8,0.5)  (0.9,0.7,0.1) (0.4, 0.8, 0.7) 
10 S1 (0.0,0.5,0.5) (0.4,0.1,0.6)  (0.2,0.2,0.7) (0.8, 0.3, 0.4) 
11 89 (1.0, 0.8,0.6)  (0.7,0.5,0.5) (0.4, 0.4,0.7) (0.6, 0.5, 0.7) 
12 dy (0.1,0.2,1.0) (0.3,1.0,0.6)  (0.7,0.9,0.2) (0.9, 0.7, 0.5) 
13 do (0.1, 0.4,0.8)  (0.2,0.2,0.8)  (0.2,0.6,0.3) (0.2, 0.8, 0.5) 
14 d3 (0.5, 0.6,0.9) (0.9, 0.6,0.3) (0.9, 0.7,0.5) (0.6, 0.7, 0.6) 
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This MCDM problem is solved by the proposed PHSS-based TOPSIS and fuzzy TOPSIS, as follows: 
A. Application of PHSS-based TOPSIS for Case 1 


Apply the plithogenic accuracy function (1) to the matrix (2) in order to obtain the plithogenic 
accuracy matrix given by: 


0.6667 
0.5333 
0.9667 
0.4333 


The plithogenic decision matrix Mp is constructed by taking the transpose of the plithogenic 


0.5667 
0.6000 
0.7500 
0.6333 


0.4778 
0.4333 
0.6833 
0.6000 


0.7333 
0.4667 
0.8500 
0.7000 


accuracy matrix. It is a square matrix of order 4, given by 


0.6667 
| 0.5667 
P| 0.4778 
0.7333 


0.5333 0.9667 
0.6000 0.7500 
0.4333 0.6833 
0.4667 0.8500 


0.4333 
0.6333 
0.6000 
0.7000 


A corresponding table, as shown in Table 2, of alternatives versus criteria may also be drawn to 
see the situation in a clear way. 


Table 2. Alternatives versus criteria table. 


AllCr 


Py 
Py 
P3 
Pg 


fr 
0.6667 
0.5667 
0.4778 
0.7333 


ry 


0.5333 
0.6000 
0.4333 
0.4667 


S2 


0.9667 
0.7500 
0.6833 
0.8500 


dy 


0.4333 
0.6333 
0.6000 
0.7000 


A plithogenic normalized decision matrix Ny is obtained as: 


0.5387 
0.4579 
P| 0.3861 
0.5925 


0.5205 0.5898 
0.5855 0.4576 
0.4229 0.4169 
0.4555 0.5186 


0.3612 
0.5280 
0.5002 
0.5836 


A weighted normalized matrix W4 is constructed as: 
W4 = [ 0.4,0.22,0.15, 0.23 |, (3) 


whereas the plithogenic weighted normalized decision matrix Vp = [v;j]4x4 is given, as follows: 


Vp 


0.2155 
0.1832 
0.1544 
0.2370 


0.1145 
0.1288 
0.0930 
0.1002 
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0.0885 
0.0686 
0.0625 
0.0778 


0.0831 
0.1214 
0.1150 
0.1342 
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The plithogenic positive ideal solution Vt and plithogenic negative ideal solution Vp are 


determined, as follows: 


V,* = {0.1544, 0.0930, 0.0625, 0.0831 }, 
V, = {0.2370, 0.1288, 0.0885, 0.1342}. 


The plithogenic distance of each alternative from the a and Vp , respectively, is determined as: 


0.0697 
0.0601 
0.0320 |’ 
0.0986 


gst = S- = 


0.0573 
0.0588 
0.0956 
0.0305 


The relative closeness coefficient Cj,i = 1,2,3,4, of each alternative is computed as: 


C,; = 0.4511, 
Cy = 0.4944, 
C3 = 0.7494, 
Cy = 0.2366. 


The highest value corresponds to the most suitable alternative. Since C3 = 0.7494 is the maximum 
value and it corresponds to P3, therefore, the most suitable parking spot is P3. The Table 3 is constructed 
to rank all alternatives under consideration. 


Table 3. PHSS-based TOPSIS ranking table. 


st S> C 


Ranking 


P, 0.0697 0.0573 (0.4511 
Py 0.0601 0.0588 0.4944 
P3 0.0320 0.0956 0.7494 
Py 0.0986 0.0305 0.2366 


3 


2 
sl 
4 


A bar graph presented in Figure 3 is given, in which all alternatives P,, P2, P3, Py are ranked by 


PHSS-based TOPSIS. 


Relative Closeness 
of Alternatives 


Figure 3. 


PHSS-based TOPSIS Ranking for Case 1 
P3 


Alternatives 


Ranking of Parking Spots by PHSS-based TOPSIS for Case 1. 
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It is evident that the parking spot P3 is the most suitable place to park the car while Py is not a 
good choice for parking based on the selection criteria. 


B. Application of Fuzzy TOPSIS for Case 1 


In order to see the implementation of fuzzy TOPSIS [32-34] for the current scenario of the parking 
problem, we apply the average operator [27,35] to each element of the matrix 2 and take the transpose 
of the resulting matrix in order to obtain the decision matrix given by: 


0.5667 0.5333 0.8000 0.4333 
0.4333 0.6000 0.5667 0.6333 
0.3667 0.4333 0.5000 0.6000 
0.6333 0.4667 0.6000 0.7000 


Applying the fuzzy TOPSIS to the decision matrix M, along with the same weights 
given in matrix (3), we obtain the values of positive distance S + negative distance S~, relative 
closeness C; and ranking of each alternative, as given in Table 4. 


Table 4. Fuzzy TOPSIS ranking table. 


Sr Ss, C; Ranking 
P; 0.0888 0.0592 0.4000 3 
Py 0.0591 0.0841 0.5872 2 
P3 0.0320 0.1176 0.7863 1 
P, 0.1170 0.0373 0.2417 4 


A bar graph in Figure 4 is given in which all alternatives P,, P2, P3, Py are ranked by Fuzzy TOPSIS. 
A comparison is shown in Table 5, in which it can be seen that the result obtained by the proposed 
PHSS-based TOPSIS is aligned with that of fuzzy TOPSIS. 


Fuzzy TOPSIS Ranking for Case 1 


P3 


Relative Closeness 
of Alternatives 


Alternatives 


Figure 4. Ranking of Parking Spots by Fuzzy TOPSIS for Case 1. 


Table 5. Comparison analysis for case 1. 


Sr. Parkings PHSS-Based TOPSIS Ranking Fuzzy TOPSIS Ranking 


1 Py 3rd 3rd 
2 P 2nd 2nd 
3 P3 1st 1st 
4 Py 4th 4th 
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It is observed in Table 5 that the results obtained by both methods coincide in terms of the ranking 
of each alternative, but differ in the values of the relative closeness of each alternative. It is due to 
the nature of the MCDM problem in hand in which each alternative needs to be evaluated against 
each attribute value possessing a neutrosophic degree of appurtenance w.r.t. each alternative and a 
contradiction degree is defined between each attribute value and its corresponding dominant attribute 
value to be taken into consideration in the decision process. In such a case, the proposed PHSS-based 
TOPSIS produces a more reliable relative closeness of each alternative, as it can been seen in the 
parking spot choice problem that was chosen for the study. Therefore, it is worth noting that the 
proposed PHSS-based TOPSIS can be regarded as a generalization of fuzzy TOPSIS [32], because 
the fuzzy TOPSIS cannot be directly applied to MCDM problems in which the attribute values have 
a neutrosophic degree of appurtenance with respect to each alternative. In the case of the parking 
problem, fuzzy TOPSIS is applied after applying simple average operator to the neutrosophic elements 
of the matrix (2). However, it does not takes into account the degree of contradiction between the 
attribute values, which is the limitation of fuzzy TOPSIS. This concern is precisely addressed by the 
proposed PHSS-based TOPSIS. 


4.2.2. Case 2 


In this case, the set of parking spots under consideration is given by 
= {Py Ps, Pe k7}: 


The neutrosophic degree of appurtenance of each attribute value that corresponds to each alternative 
of {P,, Ps, Ps, P7} is given in Table 6. 


Table 6. Degree of appurtenance of each attribute value w.r.t each alternative. 


Sr. Variables Py Ps Po Py 
1 fi (0.5,0.1,0.3)  (0.6,0.6,0.8) (0.7,0.2,0.4) (0.9, 0.5, 0.2) 
2 fr (0.7,0.9,0.1) (0.8,0.8,0.5)  (0.4,0.4,0.7) (0.7, 0.2, 0.1) 
3 fs (0.5,0.5,0.1) (0.4,0.2,0.5)  (1.0,0.5,0.9) (1.0, 0.7, 0.6) 
4 lal (0.8,0.1,0.7)  (0.9,0.5,0.2)  (0.5,0,0.9) (0.8, 0.6, 0.1) 
5 12 (0.9,0.3,0.2) (0.5,0.4,0.2)  (0.7,0.5,0.4) (0.9, 0.6, 0.8) 
6 r3 (0.9,0.1,0.3) (0.5, 0.7,0.3) (0.9, 1.0,0.6) (0.2, 0, 1.0) 
7 r4 (0.8, 0.3,0.2)  (1.0,0.2,1.0) (1.0,0.5,0.7) (0.8, 0.8, 0.9) 
8 15 (0.2,0.3,0.9)  (1.0,0.1,0.8) (0.4, 0.6,0.8) (0.8, 0.6, 0.6) 
9 16 (0.5, 0.7,0.5)  (0.8,0.2,0.0) (0.6, 0.3,0.7) (0.0, 0.9, 0.9) 
10 S1 (0,0.5,0.5) (0.8,0.4,0.6) (0.9,0.2,0.2) (0.8, 0.4, 0.7) 
11 S89 (1.0, 0.8,0.6) (0.7,1.0,0.2)  (0.2,0.4,0.7)  (0.9,0, 1.0) 
12 dy (0.1,0.2,1.0) (1.0,0.4,0.3) (0.7,0.5,0.6) (0.8, 0.5, 0.7) 


) 

) 
13 d> (0.1, 0.4,0.8) (0.7,1.0,0.8) (0.6,0.6, 1.0) (1.0, 0.8, 0.8) 
14 ds (0.5, 0.6,0.9) (1.0, 0.6,0.5) (1.0, 1.0,0.5) (1.0, 0.5, 0.8) 


Let C = A, x Ap x A3 X Ag and consider an element (/2,11,52,d,) © C for which the 
corresponding matrix obtained from Table 6, is given below: 


(0.7,0.9,0.1) (0.8,0.8,0.5) (0.4,0.4,0.7) (0.7,0.2,0.1) 
(0.8,0.1,0.7) (0.9,0.5,0.2) (0.5,0.0,0.9) (0.8, 0.6,0.1) “) 
(1.0,0.8,0.6) (0.7,1.0,0.2) (0.2,1.0,0.7) (0.9, 0.0, 1.0) 
(0.1,0.2,1.0) (1.0,0.4,0.3) (0.7,0.5,0.6) (0.8, 0.5, 0.7) 


The proposed PHSS-based TOPSIS and fuzzy TOPSIS are employed, as follows: 
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A. Application of PHSS-Based TOPSIS for Case 2 


The plithogenic accuracy matrix in this case is given by 


0.6667 0.9222 0.6444 0.5111 
0.5333 0.6000 0.4333 0.4667 
0.9667 0.9333 0.6500 0.9500 
0.4333 0.6333 0.6000 0.7000 


Plithogenic decision matrix M, is given by 


0.6667 0.5333 0.9667 0.4333 
0.9222 0.6000 0.9333 0.6333 
0.6444 0.4333 0.6500 0.6000 
0.5111 0.4667 0.9500 0.7000 


Mp = 


A plithogenic normalized decision matrix N, is then constructed as: 


0.4748 0.5205 0.5464 0.3612 
0.6568 0.5855 0.5275 0.5280 
0.4590 0.4229 0.3674 0.5002 
0.3640 0.4555 0.5369 0.5836 


Np = 


The plithogenic weighted normalized decision matrix V, is given, as follows: 


[ 9.1899 0.1145 0.0820 0.0831 ] 
| 0.2627 0.1288 0.0791 0.1214 
P| 0.1836 0.0930 0.0551 0.1150 
0.1456 0.1002 0.0805 0.1342 


The plithogenic positive ideal solution V,* and plithogenic negative ideal solution V,, are 
determined, such that 


Ve = {0.1456, 0.0930, 0.0551, 0.0831}, 
= {0.2627, 0.1288, 0.0820, 0.1342}. 


The plithogenic positive distance S*, plithogenic negative distance S~, relative closeness C;, and 
ranking of each alternative is shown in Table 7. 


Table 7. PHSS-based TOPSIS ranking table. 


st cs C; Ranking 
P, 0.0561 0.0901 0.6163 3 
Ps 0.1306 0.0131 0.0912 4 
Ps 0.0496 0.0929 0.6518 2 
P, 0.0576 0.1206 0.6769 1 


A graphical representation of the ranking of all alternatives obtained by PHSS-based TOPSIS, 
is shown in Figure 5. 
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PHSS-based TOPSIS Ranking for Case 2 
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Figure 5. Ranking of Parking Spots by PHSS-based TOPSIS for Case 2. 


It can be seen that the parking spot P7 is the most suitable alternative in the light of chosen criteria. 
B. Application of Fuzzy TOPSIS for Case 2 


In this case, the decision matrix M for the implementation of fuzzy TOPSIS is given by 


0.5667 0.5333 0.8000 0.4333 
0.7000 0.6000 0.6333 0.6333 
0.5000 0.4333 0.6333 0.6000 
0.3333 0.4667 0.6333 0.7000 


By implementing the fuzzy TOPSIS to the matrix M, with the same weights given in (3), the values 
of positive distance St, negative distance S~, relative closeness C;, and ranking of each alternative are 
shown in Table 8. 


Table 8. Fuzzy TOPSIS ranking table. 


st Sy C; Ranking 
P, 0.0908 0.0724 0.4439 3 
Ps; 0.1453 0.0224 0.1337 4 
P, 0.0694 0.0863 0.5543 2 
P, 0.0516 0.1397 0.7301 1 


The ranking of all alternatives can also been visualized as a bar graph in Figure 6, in which all 
alternatives P,, Ps, P¢, P7 are ranked by Fuzzy TOPSIS. 

The most suitable parking spot obtained by fuzzy TOPSIS is also P7. 

A comparison of rankings obtained by PHSS-based TOPSIS and fuzzy TOPSIS is shown in 
Table 9 for case 2. 

It may be noted that similar results are obtained in case 2, with the help of proposed PHSS-based 
TOPSIS and fuzzy TOPSIS with exactly same ranking of each alternative, but with a considerably 
different values of the relative closeness of each alternative as shown in Table 9. Therefore, it is 
accomplished that the results that were obtained by the PHSS-based TOPSIS are valid and more 
reliable and PHSS-based TOPSIS can be regarded as the generalization of fuzzy TOPSIS on the basis of 
the study conducted in the article. 
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Fuzzy TOPSIS Ranking for Case 2 
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Figure 6. Ranking of Parking Spots by Fuzzy TOPSIS for Case 2. 
Table 9. Comparison analysis for case 2. 


Sr. Parkings PHSS-Based TOPSIS Ranking Fuzzy TOPSIS Ranking 


1 Py 3rd 3rd 
2 Ps 4th 4th 
3 Pe 2nd 2nd 
4 Py 1st 1st 


5. Conclusions 


It has always been a challenging task to deal with real life MCDM problems, due to the 
involvement of many complexities and uncertainties. In particular, some real life MCDM problems 
are designed in a way that the given attributes need to be further decomposed into two or more 
attribute values such that each alternative is then required to be evaluated against each attribute 
value in order to perform a detailed analysis to reach a fair conclusion. To deal with such situations, 
a novel PHSS-based TOPSIS is proposed in the present study, and it is applied toa MCDM parking 
problem with different choices of the set of alternatives and a comparison with fuzzy TOPSIS is done 
to prove the validity and efficiency of the proposed method. All of the results are quite promising and 
graphically depicted for a clear understanding. Moreover, the algorithm of the proposed method is 
produced in MATLAB in order to broaden the scope of the study to other research areas, including 
graph theory, machine learning, pattern recognition, etc. 
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Abstract: In this paper, we introduce the new notion of interval-valued neutrosophic crisp sets 
providing a tool for approximating undefinable or complex concepts in real world. First, we deal 
with some of its algebraic structures. We also define an interval-valued neutrosophic crisp (vanishing) 
point and obtain some of its properties. Next, we define an interval-valued neutrosophic crisp 
topology, base (subbase), neighborhood, and interior (closure), respectively and investigate some 
of each property, and give some examples. Finally, we define an interval-valued neutrosophic crisp 
continuity and quotient topology and study some of each property. 


Keywords: interval-valued neutrosophic crisp set; interval-valued neutrosophic crisp (vanishing) 
point; interval-valued neutrosophic crisp topological space; interval-valued neutrosophic crisp base 
(subbase); interval-valued neutrosophic crisp neighborhood; interval-valued neutrosophic crisp 
closure (interior); interval-valued neutrosophic crisp continuity; interval-valued neutrosophic crisp 
quotient topology 
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1. Introduction 


Numerous mathematicians have been trying to find a mathematical expression of the 
complexation and uncertainty in real world for a long time. For example, Zadeh [1] defined a fuzzy set 
as a generalization of a classical set in 1965. Zadeh [2] (1975), Pawlak [3] (1982), Atanassov [4] (1983), 
Atanassov and Gargov [5] (1989), Gau and Buchrer [6] (1993), Smarandache [7] (1998), Molodtsov [8] 
(1999), Lee [9], Torra [10], Jun et al. [11] (2012), and Lee et al. [12] (2020) introduced the concept of 
interval-valued fuzzy sets, rough sets, intuitionistic fuzzy sets, interval-valued intuitionistic fuzzy sets, 
vague sets, neutrosophic sets, soft sets, bipolar fuzzy sets, hessitant fuzzy sets, cubic sets combined 
by interval-valued fuzzy sets and fuzzy sets, and octahedron sets combined by interval-valued fuzzy 
sets, intuitionistic fuzzy sets, and fuzzy sets, in turn, in order to solve various complex and uncertain 
problems. 

In 1996, cCoker [13] proposed the concept of an intuitionistic set as the generalization of a classical 
set and the special case of an intuionistic fuzzy set and he studied topological structures based on 
intuitionistic sets in [14]. Kim et al. [15] dealt with categorical structures based on intuitionistic 
sets. They also obtained further properties of intuionistic topology in [16]. In 2014, Salama et 
al. [17] defined neutrosophic crisp sets as the generalization of classical sets and the special case 
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of neutrosophic sets proposed by Smarandache [7,18,19], and studied some of its properties. Moreover, 
they dealt with topological structures based on the neutrosophic crisp sets in [17]. Hur et al. [20] 
investigated categorical structures via neutrosophic crisp sets. Many researchers [21-29] have discussed 
topological structures via neutrosophic crisp sets. Recently, Kim et al. [30] introduced the concept of an 
interval-valued set as the generalization of a classical set and the specialization of an interval-valued 
fuzzy set, and applied it to topological structures. 

This paper considers two perspectives. First, we define the interval-valued neutrosophic crisp 
set, anew concept that combines the interval-valued set and neutrosophic crisp set. As an example, 
suppose a country conducts a poll during an election that determines the highest head of administration. 
At this time, the preference for Candidate A is divided into three groups: Favor, neutral, and rejection 
among its citizens from the viewpoint of neutrosophic crisp set, but the minimum and maximum for 
each of a favor, neutral, and rejection from the viewpoint of interval-valued neutrosophic crisp set. 
The group is considered. Then, it is believed that the results of the poll by the new concept are more 
accurate than those by the neutrosophic crisp set. Thus, this new concept is needed. Second, since the 
topology can be applied to high dimensional data sets, big data, and computational evaluations (see 
[31-33], respectively), we study topological structures based on interval-valued neutrosophic crisp 
sets. In order to accomplish such research, first, we recall some definitions related to intuitionistic 
sets, interval-valued sets, and neutrosophic crisp sets. Secondly, we introduce the new concept of 
interval-valued neutrosophic crisp set and obtain some of its algebraic structures, and give some 
examples. We also define interval-valued neutrosophic crisp points of two types and discuss the 
characterizations of the inclusion, equality, intersection, and union of interval-valued neutrosophic 
crisp sets. Thirdly, we define an interval-valued neutrosophic crisp topology, an interval-valued 
neutrosophic crisp base and subbase, and study some of their properties. Fourthly, we introduce 
the concepts of interval-valued neutrosophic crisp neighborhoods of two types and find some of 
their properties. In particular, we prove that there is an IVNCT under the hypothesis satisfying 
some properties of interval-valued neutrosophic crisp neighborhoods. Moreover, we define an 
interval-valued neutrosophic crisp interior and closure and deal with some of their properties. 
In particular, we show that there is a unique IVNCT for interval-valued neutrosophic crisp interior 
[resp. closure] operators. Finally, we introduce the concepts of interval-valued neutrosophic crisp 
continuous [resp. open and closed] mappings and quotient topologies and obtain some of their 
properties. 

Throughout this paper, we assume that X, Y are non-empty sets, unless otherwise stated. 


2. Preliminaries 


In this section, we recall the concept of an intuitionistic set proposed in [13]. We also recall some 
concepts and results introduced and studied in [30,34,35], respectively. 


Definition 1 ({13]). The form A = (A‘®,A*) such that AS, A* C X, and ASN A*® = @ is called 
an intuitionistic set (briefly, IS) of X, where A© [resp. A®] represents the set of memberships [resp. 
non-memberships] of elements of X to A. In fact, AS [resp. A®%] is a subset of X agreeing or approving 
[resp. refusing or opposing] for a certain opinion, suggestion, or policy. 

The intuitionistic empty set [resp. the intuitionistic whole set] of X, denoted by © [resp. X], is defined 
by © = (@,X) [resp. X = (X,@)]. The set of all ISs of X will be denoted by 1S(X). It is also clear that for 
each A € IS(X), Xa = (Xae,X ag) is an intuitionistic fuzzy set in X proposed by Atanassov [4]. Thus we can 
consider the intuitionistic set A in X as an intuitionistic fuzzy set in X. 

Furthermore, we can easily check that for each A € IS(X), AC UA¥ # X (in fact, ASN Af £@) 
in general (see Example 1) but if AS U A® = X, then AS 0 A®° = ©. We denote the family {A € IS(X) : 
A® UA = X} as IS*(X). 
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Example 1. Let X = {a,b,c,d,e} be a set and consider the IS A in X given by: 
A = ({a,b,c},{d}). 
Then clearly, AS U A¥ # X. In fact, ASSN AF £ ©. 


For the inclusion, equality, union, and intersection of intuitionistic sets, and the complement of an 
intuitionistic set, the operations | ] and <> on [S(X), refer to [13]. 


Definition 2 ([34,36]). The form A = (AT, Al, AF) such that A’, A!, A C X is called a neutrosophic 
crisp set (briefly, NCS) in X, where A’, A', and AF represent the set of memberships, indeterminacies, and 
non-memberships respectively of elements of X to A. 

We consider neutrosophic crisp empty [resp. whole] sets of two types in X, denoted by ©, n, ©2,n 
[resp. X1,n, X2,n] and defined by (see Remark 1.1.1 in [34]): 


On = (O,O,X), ©2n => (©, X, X) [resp.X1,N => (X,X,@), Xan => (X,@,@))]. 
We will denote the set of all NCSs in X denoted by NC(X). 


It is obvious that A = (A,@, A‘) € NC(X) for each ordinary subset A of X. Then we can consider 
an NCS in X as the generalization of an ordinary subset of X. It is also clear that A = (A‘,@, A®) is 
an NCS in X for each A € IS(X). Thus an NCS in X can be considered as the generalization of an 
intuitionistic set in X. Furthermore, we can easily see that for each A € N(X), 


KA CAT AUK AE) 


is a neutrosophic set in X introduced by Salama and Smarandache [7,18,19]. So an NCS is a special 
case of a neutrosophic set. 


Definition 3 ([34]). Let A € NC(X). Then the complement of A, denoted by A’ (i = 1, 2) and defined by: 
AWS AA AT APSA ALA) 
Definition 4 ([34]). Let A, B © NC(X). Then A is said to be: 
(i) A 1-type subset of B, denoted by A C, B, if it satisfies the following conditions: 
ACB ALG By Ar SB, 
(ii) A 2-type subset of B, denoted by A C2 B, if it satisfies the following conditions: 
AP CR AO BAYS Be. 
Definition 5 ([34]). Let A, B € NC(X). 
(i) The i-intersection of A and B, denoted by AM B (i = 1, 2) and defined by: 
ACB = (AT BT, AlnB!, AFUBP), AM? B = (ATOBT, AlUB!,AP UBF). 
(ii) The i-union of A and B, denoted by A U' B (i = 1, 2) and defined by: 


AUIB= (AT UBT, Al UB! APB), AUB= (AT UBT, Al BL AP BF). 
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(ii) [JA=(ATALAT), ()A= (ARAL AP), 
The followings are immediate results of Definitions 3, 4, and 5. 


Proposition 1 (See Proposition 3.3 in [20] and also compare it with Proposition 3.5 in [15]). Let A,B,C € 
NC(X) and let i = 1, 2. Then we have: 


(1) (See Proposition 1.1.1 in [34]) @;y C; A Ci Xin, 
(2) IfA C; Band BC; C, then AC; C, 

(3) AMBC;Aand ANB Cc; B, 

(4) Ac; AU'BandB Cc; AU'B, 

(5) A C; Bifand only if AN'B =A, 

(6) A C; Bifand only if AU'B =B. 


Proposition 2 (See Proposition 3.4 in [20] and also compare it with Proposition 3.6 in [15]). Let A,B,C € 
NC(X) and let i = 1, 2. Then we have: 


(1) (Idempotent laws): A Ui A=A,A n A=A, 
(2) (Commutative laws): AU'B=BU'A, AM B=BM"A, 
(3) (Associative laws): A U' (BU'C) = (AU'B)U'C, Ar (BIC) = (ANB) NC, 
(4) (Distributive laws): A U! (BMC) = (AUB) nN! (AUC), 
An! (BUC) = (AN B)U' (AriC), 
(5) (Absorption laws): AU! (AM B) = A, AN! (AU! Be A, 
(6) (DeMorgan’s laws): (A U! B)'* = Al’ 9! BI, (AU! B) 
( U2 B)1¢ = Ale ‘ays Bic, ae a Byes Aze nl B2, 
(A ni B)1¢ = Ale U Bic (A (A 1 Be = Aze U2 B2, 
( n2 B)1¢ = Ale U2 Bic (A (A eee) eee Aze Ul B2e, 


B)2¢ = = A2e ay B2-, 


(7) (A= A, 
(8) (8a) AU @in =A, An in = Din, 
(8b) AU Xin = Xin, AN Xin = A, 
(8c) Xin'*¥ =@ n, Qin = Xin 
(8d) AU! Ale ZX, ie An Ae #Oin, in general. 


Definition 6 (See [34,37]). Let a € X. Then the form a, = ({a},@, {a}°) [resp. ay, = (©, {a}, {a}°)] is 
called a neutrisophic crisp [resp. vanishing] point in X. 
We denote the set of all neutrisophic crisp points and all neutrisophic crisp vanishing points in X by Np(X). 


Definition 7 (See [34,37]). Let a € X and let A € NC(X). Then, 
(i) ax, said to belong to A, denoted bya,, € A, ifa € Al, 
(ii) ayy said to belong to A, denoted by ay, € A, ifa ¢ AF. 
Result 1 ([34], Proposition 1.2.6). Let A € NC(X). Then, 

A= An Ul ANv, 


where Ay = Un, eA ay, Anv = Unyy eA anv. In fact, Ay = ey @, AT) and Ayy = (@,A!, AF). 


Definition 8 ([30,35]). The form [A~, At] = {B CX: A~ CBC At} such that A~, A* C X is called 
an interval-valued sets (briefly, IVS) in X, where A~ [resp. A*] represents the set of minimum [resp. maximum] 
memberships of elements of X to A. In fact, A~ [resp. At] is a minimum [resp. maximum] subset of X agreeing 
or approving for a certain opinion, suggestion, or policy. 

[D, Q] [resp. [X, X]] is called the interval-valued empty [resp. whole] set in X and denoted by © [resp. X]. 
The set of all IVSs in X will be denoted by IVS(X). 
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For any classical subset A of X, [A, A] € IVS(X) is obvious. Then we can consider an IVS in X as 
the generalization of a classical subset of X. Also, if A = [A~, A*] € IVS(X), then x, = [x,_/X,.] is 
an interval-valued fuzzy set in X introduced by Zadeh [2]. Thus an interval-valued fuzzy set can be 
considered as the generalization of an IVS. 

Furthermore, we can easily check that for each A € IVS(X), A~ 4 At (in fact, AF NA~S A OD) 
in general (see Example 2) but if AT = At, then A+ M A~‘ = ©. We denote the family {A € IVS(X) : 
A- = At}as IVS*(X). 


Example 2. Let X = {a,b,c,d,e} and consider the IVS A in X given by: 
A = [{a,b}, {a,,b,c}}]. 
Then we can easily calculate that A~ 4 A* and A+NA~‘ £@. 


For the inclusion, equality, union, and intersection of intuionistic sets, and the complement of an 
intuitionistic set refer to [30,35]. 


3. Interval-Valued Neutrosophic Crisp Sets 


In this section, we introduce the concept of an interval-valued neutrosophic crisp set combined by 
a neutrosophic crisp set and an interval-valued set, and obtain some of its properties. 


Definition 9. The form ({A’~, A™*], [Al , Al], [AP—, AP*]) is called an interval-valued neutrosophic 
crisp set (briefly, IVNCS) in X, where [A’~, A™*], [Al~, A+], [AP-, AP-+] € IVS(X). 

In this case, [A™~,A™*], [A’~, A+], and [A’-,A'+] represent the IVS of memberships, 
indeterminacies, and non-memberships respectively of elements of X to A. 

In particular, an IVNCS is defined as three types below. 

AnIVNCS A = ([A?~, A™+], [Al~, Al], [AP--, AF-*]) in X is said to be of: 


(i) Type 1, if it satisfies the following conditions: 


[AP-, AM] n[Al-, Alt] =@, [A™~, AT] [AP-, AP] =@, 


[Al-, Al*]n [AP-, APe*] =@, 


equivalently, A'* NM AL+ =@, AT+ NA+ =@, Alt nN APt =@, 
(ii) Type 2, if it satisfies the following conditions: 


[A’~, Al] n [Al-, Al] = @, [AT , AM] n [AP-, AP*] =@, 


[Al-, Alt] n [AP AP*] = @, (AT, AM UA, Alt] U [APO AP] = X, 
equivalently, A'+ NM AL+ =@, A+ NAPt+ =@, Alt nN Abt =@, 


Ale MARSA SG 
(iii) Type 3, if it satisfies the following conditions: 


[APA Ale AP AR AP So, 


[AP-, A+] U [AP Alt] U [APO AP] = X, 
equivalently, AU+ OM AP+N AP+ =@, AT UAL APO =X, 


The set of all IVNCSs of Type 1 [resp. Type 2 and Type 3] in X is denoted by IVN,(X) [resp. IVN2(X) 
and IVN3(X)], and IVNCS(X) = IVN,(X) UIVNo(X) UIVN3(X), where IVNCS(X) is the set of all 
IVNCSs in X. 
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For any classical subset A of X, (IA, A],@,[A‘, A‘)) € IVNCS(X) is clear. Then we can consider 
an INCS in X can be considered as the generalization of a classical subset of X. Moreover, if A = 
((AT, AM], [Al-, Al], [AP-, AF+]) € IVNCS(X), then: 


Xa = C erere eal [Xp Kars grey rer 


is an interval neutrosophic set in X proposed by Ye [38]. Thus we can consider an IVS as the 
generalization of an IVNCS. 


Remark 1. 


(1) IVNp(X) C IVN,(X), IVNo(X) C IVN3(X), 
(2) IVN,(X) ¢ IVN2(X), IVN(X) Z IVN3(X) in general, 
(3) IVN3(X) ¢ IVN1(X), IVN3(X) Z IV No(X) in general. 


Example 3. Let X = {a,b,c,d,e, f,g,h,i}. Consider two IVNCSs in X given by: 
A = ([{a,b,c}, {a,b,c,d}}, [{e}, fe, FT) [tg hb {9,4 i}]), 


B= ([{a,b,c}, {a,b,c}], [{a,e, fh, {ae FHL tg, i}, {gM i})) - 
@) [AT AT] n[Al-, Alt] =@, [AT AT] 9 [AP-, AP] = @, 
[Al-, Al+] n [AP-, AP-+] = @. But 


[A?~, A+] U[Al-, Al] U [AP-, AP] = [{a,b,c,d,e, f,g,n}, X}] A X. Then A € IVNy(X) but 
A € IVN2(X). Moreover, we have: 


[AT AT] 9 [Al Alt] n [APO APt] = @, 
Thus A ¢ IVN3(X). So we can confirm that Remark 1 (2) holds. 
(i) [B™-,B™+] q [BE-, BE+] 9 [BP-, BF+] = @, 
[BT -, BT +] U BCL, B+] U[BF-, BF-+] = X. But 


[B'~, BY +} 0 [BY, B+] = [{a}, {a}] # @. 
Then B € IVN3(X) but B ¢ IVN;(X), B ¢ IVN)(X). Thus we can confirm that Remark 1 (3) holds. 


Definition 10. We may define the interval-valued neutrosophic crisp empty sets and the interval-valued 
neutrosophic crisp whole sets, denoted by ©; yn and Xi yn (i = 1, 2, 3, 4), respectively as follows: 


@) @Oyivn = (3, @,X) , Or1VN = (3, X,X) ; 
23 1vn = (@,X,O), Daryn = (G,G,O), 
(ii) Xin = (X,X,@ X,0,@ 


X3,1VN =< (X,G,X), X4IVN _— (x, X,X). 


, X2IVN = 


y 


Definition 11. Let A € IVNCS(X). Then the complements of A, denoted by Ai (i = 1, 2, 3), isan IVNCS 
in X, respectively as follows: 


Ale aed (als [Al / AL { ja [AP / AP { ee 


Mrs iAe AP), [Al Al), [Ah cal 


Ave = ([aPo, APA, LA ary [AT AT] ) ; 
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Example 4. Let A = ([{a,b,c}, {a,b,c,d}], [{e}, {e, FHI, [{g, A}, {g, 1, i}]) be the IVNCS in X given in 
Example 3. Then we can easily check that: 
Al’ =< [{e, f,g,h, i}, {d,e, f,¢,h,i}], [{a, b,c, d,¢,h,i}, {a,b,c,d, f,,h,i}], 
[{a,b,c,d,e, f}, {a,b,c,d,e, f,i}] >, 
AX = (({g,h}, (gh, iP] [fe}, {ef }] [Larb.c}, {a,b,c,d}]) 
A®* =< [{¢,h}, {¢,h,i}], [{a, b,c, d,¢,h, i}, {a,b,c,d, f, gh, i}], 
[{a,b,c}, {a,b,c,d}] >. 


Definition 12. Let A, B © IVNCS(X). Then we may define the inclusions between A and B, denoted by 
AC; B(i=1, 2), as follows: 


ACr Bip Arr, AP) CIB BUS) (Al Abele [Be Be], 
[AP-, APr+] > [BE-, BE-+], 

A Co Biff[A™, A™*] c [BT BM], [A’~, Alt] D [BI BI], 
[AP-, AP+] 5 [BP-, BF+], 


Proposition 3. For any A € IVNCS(X), the followings hold: 


(1) Opin C1 A Cy Xn, ©2,1vN C2 A C2 Xz, 1VN, 
(2) Sitvn Cj Gitvn, Xitvn Cj Xirvn, (1 = 1, 2, 3, 4,7 =1, 2). 


Proof. Straightforward. 


Definition 13. Let A, B € IVNCS(X), (Aj)jey C IVNCS(X). 


(i) The intersection of A and B, denoted by AM B (i = 1, 2), is an IVNCS in X defined by: 
Ai B =< [Au Al AB Be | (APs Al |e Bea Be), 
[AP-, AP-+] U [BP-, BF+] >, 
Ate Bias Ale APH BY BAe Ar Ne Bi Be], 
[AP-, AP] u [BP-, BFe+] > 


(i') The intersection of (Aj) jcj, denoted by Ney Aj (i =1, 2), isan IVNCS in X defined by: 


1 
Aaj = (nia ath ial ap Ulam apt, 


ie] ie] ie] ie] 


2 
(\ Aj = (n APA UIA ArT apo apy) 


je] je] ie] je] 

(ii) The union of A and B, denoted by AU! B (i = 1, 2), isan IVNCS in X defined by: 
AU Bas [At Al] U [BEB |, [Al Alt] [Be Br], 

[AP-, AP-+] n [BE-, BF+] >, 

AU? B =< [AT-, AT] U[B-, BE], [AL-, AE*] 9 [BP-, BE], 


[Ab AP? iB h Be] Sc 
(ii') The union of (A;)jej, denoted by Ujes Aj (i = 1, 2), is an IVNCS in X defined by: 


1 


i¢J i¢J i¢J je 


2 
UA (Ua aft) Qala, pain a") 7 


ie] ic] ie] ie] 
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(iii) [JA= 
(iv) < >A= 


(Ar AUT, [Al-, AL+], [Abe Ate S) 
((APO, APTS, [Al-, AL+], [AP=pAP Ds 


From Definitions 10-13, we get similar results from Propositions 3.5 and 3.6 in [30]. 


Proposition 4. Let A, B, C € IVNCS(X), i =1, 2. Then, 


(1) IfA Cc; Band BC; C, then A C;C, 
(2) AC; AU! BandB Cc; AU'B, 
(3) AMBC;Aand AM'B C;B, 
(4) A Cc; Bifand only if AN'B =A, 
(5) A C; Bifand only if AU'B =B. 


Proposition 5. Let X A, B, C € IVNCS(X), (Aj)jey C IVNCS(X), and let i = 1, 2;k = 1, 2, 3. Then 


(1) (Idempotent laws) A Ui A =A,A ia A= A, 
(2) (Commutative laws) AU'B=BU'A, AN B=Bl1'A, 


(3) (Associative laws) A U' (BU'C) = (AU'B)U'C, Ani (BNC) = (Ar B)N'C, 
(4) (Distributive laws) AU! (BMC) = (AU! B) nN! (AU'C), 
Art (BUC) = (Ani B)U (ATIC), 
(4') (Generalized distributive laws) (Ney A jUA= Ne (Aj LEA), 
pep Aj) OA = Ujey (4p! A), 
(5) (Absorption laws) A U' (A n'B)=A, A ni (AU! B) =A, 
(6) (DeMorgan’s laws) (A U! B)Ke = Ake 9 BEE, (Ai BRE = Ae Ul Bie, 
(6') (Generalized DeMorgan’s laws) (Uiey A Ae i Ney AM, 
(7) (Ak eee = A, 
(8) (8a) AU Oitvn =A, AMO, IVN = = Oi vn, 
(3b) AU! Xitvw = Xivn, AM ae vn =A, 
(8c) X1, ae “= @Orzivn, X1, oe “= @2Ivn, X1, vn" = O11VN, 
Xp, IN" = ©2 1vn, X2, IvN" = ©, 1vn, X2, VN" = Or 1IVN, 
X3, IN = ©31vn, X3, IN = X31vN, X3, IvN" = X4IVN, 
X4, IN = Os 1vn, Xa, IvN" = Xgivn, X4, IN" = X3 IVN, 
1, IvN = Xz vn, 1, IN" = Xz 1vn, ©, VN’ = XL IvN, 
Oo, IVN = Xz 1vNn, ©, VN = Xi1vn, ©2, VN’ = X2IVN, 
03, IN" = X31vn, ©3, IN" = ©3 1vn, ©3, IN" = Os IvVN, 


VN,’ 


= Xgivn, Ga, VN, 


= Os 1vn, ©a, VN” 


© = O3,1VN, 


Os, 
(8d) AU! Mec # Xjivn, A Ai Ake is Oj,1vN in general (see Example 5), 
where j = 1, 2, 3, 4. 


Example 5. Consider the IVNCS A in X given in Example 4. Then, 


A ni Ale 


= ([{a,b,c}, {a,b,c,d}], et, te FBL Hs, 2}, 8M, i}]) 


i < {e, f, gh, i}, {d, e, f, gh, i}], [{a, b, Cc, d,g,h,i}, {a, b, Cc, d, f,g,h,i}], 


[{a,b,c,d,e, f}, {a,b,c,d,e, f,i}] > 
= ([@, {4}], [@, (f}], l{a, b,c, d,e, fg, h}, X}]) 


# Oj vn: 


Similarly, we can check that: 


Additionally, we can easily check the remainders. 
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A neighborhood system of a point is very important in a classical topology. Then we propose an 
interval-valued neutrosophic crisp point to define the concept of an interval-valued neutrosophic crisp 
neighborhood. Moreover, when we deal with separation axioms in an interval-valued neutrosophic 
crisp topology, the notion of interval-valued neutrosophic crisp points is used. Then we define it below. 


Definition 14. Let a € X, A € IVNCS(X). Then the form (I{a}, {a}],@, [{a}*, {a}*]) [resp. 


(3, [{a}, {a}], [{a}°, {a}°])1 is called an interval-valued neutrosophic [resp. vanishing] point in X and 
denoted by a 
IVNp(X). 


[resp. A,,.,]. We will denote the set of all interval-valued neutrosophic points in X as 


IVN IVNV 


(i) We say that a,,,,, belongs to A, denoted by aj, € A,ifa€ Al. 
(ii) We say that a belongs to A, denoted by a EA, ifa g AP. 


IVNV IVNV 


Proposition 6. Let A € IVNCS(X). Then A = Ajyn U! Aqynv, 


ees iff = iil 
where Alyn = Uae Qiyy, AIVNV = Uae fivnv- 
In fact, 


Alvn = (Ar ATS, Are arey 


and 


AIvnv = (3, [AP AL], [AP AP) : 


Proof. A =(J ie te 
IVN Une IVN ayn € 


= (Un, ealta}, a Un 


a ([{a}, {a}],@, [{a}%, {a} 1) 
cao, alta} {a}]) 


(ioe. {a}, Uncars (ay) 3 @,[Nacar+ {a}, Macar- {a}"]) 
= ({AT, AT], @ ,@ , [AT +E Aue a} 
= ({AT, ATH], @ ,@,[AT-, An, 
AIVNV = Uniyyy eA fivnv = Uanyyyea (Stay, {a}], [fa}* {a}']) 
= Cae 2, ny yyeAltat, {4}], May yy eater, {a}‘]) 


= (G,lUneat—{a}, Upeat+ {a}, Magar {a} Macat~ {a}]) 
= (G, [Al ,ALt+], [AP aye 
Then we have, 


[AT-, ATA], @, [AT AT+]°) Ul (3, [AL-, Al+], [AP AP+]) 

[AT AM+] UG, Bu [abe AMY, [AP ATE n [APH AP] 
[AT—, ATA], [AL-, Al4], [AT+" 9 AP, AD ‘nm Art) 

= ([AT~, AT], [Ab~, Alt], [AE-, AE-+) 


Arn U! Arvnv = 


This completes the proof. 
Example 6. Let X = {a,b,c,d,e, f,g,h,i} and consider the IVNCS in X given by: 


= ([{a,b}, {a,b ch] {a}, {4 eh] UA 8h (F814). 


Then clearly, we have: 
an 


ea (ah {a}]-G, [{a}*, {a} ]) 
= es {a,b,c}],®, [{a}en {b}° M1 {e}*, {a}° 1 {b}*]) 
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= ([{a,b}, {a,b [de fg bi} {ode fg, iy) 
— ([AT, AT], [AT AT#+]°) ; 


AIvnv a 

= Uh ca (G [fa}, {a}], [{a}*, {a}4]) 

=< B, [{d}, {d,e}], [Lahr {}E {eo} {Ad}eN fe} {HHO {i}, 
{a} M{D}EN {c}© 7 {a} {e}* 1 {i}*] > 

= (G, [{d}, {de}] [Fgh fbb) 

= (3, [AL-, Alt], [APo, AP+]), 


Thus Aryy U! Ayynv = ([{a,b}, {a,b,c}], {a}, {4 eh] [{f, et, {6,2 h}]) = A. So we can confirm that 
Proposition 6 holds. 


Proposition 7. Let (Aj)jcy C IVNCS(X) and let a € X. 
(1) Ayy € Ney A; [resp. ayny € Ney Ajl @ ayy € Aj [resp. Ayyyy € Ajl for each j € J. 
(2) Ayn € Vie] Aj [resp. ayyny € Ujey Aj] = there exists j € J such that a,,,, € Aj [resp. Ayyyy © Aj. 


ie] 
Then a € A!’* for each j € J. Thus Aix © Aj for each j € J. The converse is proved similarly. 
The proof of the second part is omitted. 
: Le T, 
(2) Suppose aiyyy € Uiey Aj and let A = Uje Aj- Since AF-+ = Nie Aj ee Njes A; a 
Then a ¢ A!* for some j € J. Thus aj, € Aj for some j € J. The converse is shown similarly. 
The proof of the first part is omitted. 


Proof. (1) Suppose 4,,., € Nie] Aj; and let A = ee Aj. Since Ait = jer At, a € (ley AY, 


Proposition 8. Let A,B € IVNCS(X). Then, 


(1) AC, Bifand only if a 
(2) A= Bifand only if a 


E€A>a 
EeEASsa 


EA>a 
EASa 


€ B [resp. a 
€ B [resp. a 


€ B] for eacha € X. 
€ B] for eacha € X. 


IVN IVN IVNV IVNV 


IVN IVN IVNV IVNV 


Proof. Straightforward. 


When we discuss with continuities in a classical topology, the concepts of the preimage and image 
of a classical subset under a mapping are used. Then we define ones of an IVNCS under a mapping as 
follows. 


Definition 15. Let f : X — Y be a mapping, A € IVNCS(X), B € IVNCS(Y). 
(i) The image of A under f, denoted by f(A), is an IVNCS in Y defined as: 


f(A) = (LAAT), (ATL LAI) AML LEAP) FAP ADD). 


(ii) The preimage of B under f, denoted by f—!(B), is an interval set in X defined as: 


Pre er eg eee): 


It is clear that f (d,yy) = f(@) yy and f (Any) = f(@) yny for eacha € X. 


From the above definition, we have similar results of the image and the preimage of classical 
subsets under a mapping. 
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Proposition 9. Let f : X — Y bea mapping, A, Ay, Az © IVNCS(X), (Aj)jey C IVNCS(X) and let 
B, By, By € IVNCS(Y), (Aj)jey C IVNCS(Y). Let i =1, 2k =1, 2, 3;1=1, 2, 3, 4. Then, 


(1) If Ay Cj Az, then f(A) Ci f(A2), 

(2) If By CG Ba, then f~(B,) Cc; f~!(By), 

(3) AC; ae 1(f(A)) and if f is injective, then A= ff (A)), 

(4) f(f7 “(B)) Cc; Band use is surjective, f(f—!(B)) = B, 

(5) fi ish Bj) = les f- \(B i), 

(6) fou: i¢J Bj) = Nerf \(B i), ; 

(7) f(Ujes Aj Nee ies f(A Nad if f is surjective, then f(U; fey Aj)i = Ujes f(Aj), 
(8) f( jer Aj ) Ci Ney f(A sand if f is injective, then fey A j) = Ne f(Ay), 
(9) ie is surjective, then f(A)** Cc; f(A*), 

(10) f~ “(B™) = f-'(B)™, 

(11) f~' (Qin) = Qiivw, f~\ (Xin) = Xv 

(12) f(@pivn) = Giivn and if f is suncctine then ues LIVN) = XLIVNy 

(13) If g: Y + Z isa mapping, then (go f)~1(C) = f4 g—!(C)), for each C € [Z]. 


Proof. The proofs are straightforward. 


4. Interval-Valued Topological Spaces 


In this section, we define an interval-valued neutrosophic crisp topology on X and study some 
of its properties, and give some examples. We also introduce the concepts of an interval-valued 
neutrosophic crisp base and subbase, and a family of IVNCSs gets the necessary and sufficient 
conditions to become IVNCB and gives some examples. 

From this section to the rest sections, C,, U!, n!, , ©11vn, and Xj, yn are denoted by C,, U,°, 
O1vn,and Xjyn, respectively. 


Definition 16. Let @ 4 tT C IVNCS(X). Then T is called an interval-valued neutrosophic crisp topology 
(briefly, IVNCT) on X, if it satisfies the following axioms: 


(IVNCO,) @1vn, X1vn € T, 
(IVNCOz) ANB e€tTforany A, BET, 
(IVNCO3)  Ujey Aj € T for any family (Aj) je) of members of T. 


In this case, the pair (X,T) is called an interval-valued neutrosophic crisp topological space (briefly, 
IVNCTS) and each member of t is called an interval-valued neutrosophic crisp open set (briefly, IVNCOS) in X. 
An IVNCS A is called an interval-valued neutrosophic crisp closed set (briefly, IVNCCS) in X, if A° € T. 

It is obvious that {O1vn, X1vn} [resp. IVNC(X)] is an IVNCT on X, and called the interval-valued 
neutrosophic crisp indiscrete topology (briefly, IVNCIT) [resp. the interval-valued neutrosophic crisp discrete 
topology (briefly, IVNCDT)] on X. The pair (X,Tyy 9) resp. (X,T yy) is called an interval-valued 
neutrosophic crisp indiscrete [resp. discrete] space (briefly, IVNCITS) [resp. (briefly, IVNCDTS)]. 

IVNCT(X) represents the set of all IVNCTs on X. For an IVNCTS X, the set of all IVNCOs [resp. 
IVNCCSs] in X is denoted by IVNCO(X) [resp. IVNCC(X)]. 


Remark 2. (1) For each t € IVNCT(X), consider three families of IVSs in X: 
T= {[A?—~, Al] € IVS(X): A eT}, t= {[Al-, Al] € IVS(X): A € Th, 


aP = {[AP+" AP) € IVS(X): A € TH. 


Then we can easily check that t', t! and t* are IVTs on X. 
In this case, t" [resp. t! and t*] is called the membership [resp. indeterminacy and non-membership] 


yen 


topology of t and we write tT = (t',T', cae? In fact, we can consider (X,t',t!,t*) as an interval-valued 


tri-topological space on X (see the concept of bitopology introduced by Kelly [39]). 
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Furthermore, we can consider three intuitionistic topology on X proposed by cCoker [14]: 
a T,— aT+© ; _ L- ,al+e : 
Cia ye CIS Mie Ae ey et (A AS Perse) eAce Th 
tT, = {AP+" AP) € 18(X): A ET}. 
Let us also consider six families of ordinary subsets of X: 
Pr Sta CX ACT et SAA Cx A ech 
a Sta CRA CT SIA CXeAS TL 
tim = {ATH CX: AeT} Ot aH {Al CX:AE TH. 


Then clearly, T~, t+, t2*, th, th, t&* are ordinary topologies on X. 
(2) Let (X,T) be an ordinary topological space. Then there are four IVNCTs on X given by: 


Ps oe {([G,G],@, [G*, G‘}) EIVNC(X):GED}bifGAX 
{iv Xivn} Pas X, 


2 {([G,G],X,[6%,G']) € IVNC(X):G EB} FG AX 
{Divn, Xivn} ifG=X, 


Be {([,G],@,[0,G"]) € IVNC(X): Ge H} FG AD 
{ivn, Xivn} ifG=@, 


sHae {([2,G],X, [2,G*]) € IVNC(X):GEm}ifGAOD 
{Q1vn, X1vn } ifG = ©. 
(3) Let (X,T,,) be an IVTS introduced by Kim et al. [30]. Then clearly, 


t= {([A-, At], [A*’,A~]) € IVNC(X): A € 1, } € IVNCT(X). 
(4) Let (X,t,) be an ITS introduced by cCoker [14]. Then clearly, 
t= {([A&, AG, [A%, AS) € IVNC(X): A € 7} € IVNCT(X). 


(5) Let (X,T,.) be a neutrosophic crisp topological space introduced by Salama and Smarandache [34]. 
Then clearly, 


t= {([AT,AT], [Al, Al], [AF AP]) € IVN*(X)) : A € Tyc} € IVNCT(X). 


From Remark 2, we can easily see that an IVNCT is a generalization of a classical topology, an 
IVT, an IT, and neutrosophic crisp topology. Then we have the following Figure 1: 
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Interval-valued neutrosophic crisp topology 


Neutrosophic crisp topology 


Interval-valued / Classical Intuitionistic 
topology topology } topology 


Figure 1. The relationships among five topologies. 


Example 7. (1) Let X = {a,b}. Then we can easily check that: 
Tyna = {@ivn, fiyny Days fiynys bynye (3, @, [{b}, {b}] ) , 


([ta}, (at), tay, tad], bb, to}]), Xivn}- 
(2) Let A € IVNCS(X). Then A is said to be finite, if AU+, A'’+, and A‘* are finite. Consider the family 


tT = {U € IVNCS(X) : U = Own or U* is finite}. 


Then we can easily prove that t © IVNCT(X). 
In this case, t is called an interval-valued neutrosiophic crisp cofinite topology (briefly, IVNCCFT) on X. 
(3) Let A € IVNCS(X). Then A is said to be countable, if AU+, A+, and A’ are countable. 
Consider the family: 
t= {U € IVNCS(X) : U = Qn or US is countable}. 


Then we can easily show that tT © IVNCT(X). 

In this case, Tt is called an interval-valued neutrosiophic crisp cocountable topology (briefly, IVNCCCT) 
on X. 

(4) Let X = {a,b,c,d,e, f,g,h,i} and the family t of IVNCSs on X given by: 


T = {Ovn, At, Ar, A3, Aa, Xtvn}, 


where Ay = ([{a,b}, {a,b,c}], te}, te fF) Ugh {8 il), 
Az = ([{a,4}, {a,c,a}], [{e}, teh] [tg hh tet ih], 
Az = ([ta}, {a,c}], [te}, tet], tg nb {8,1 i}]), 
Ag = ({{a,b,d}, {a,b, c,d}, [fe}, {eH Ugh {gri}l) 
Then we can easily check that t © IVNCT(X). 
(5) Let X = {0,1}. Consider the family t of IVNCSs on X given by: 


T= (Qn, ([{0}, (0}],@ [}, (1), Xivw}- 


Then we can easily prove that tT € IVNCT(X). In this case, (X,T) is called the interval-valued neutrosophic 
crisp Sierpinski space. 


From Definition 16, we have the following. 


Proposition 10. Let X be an IVNCTS. Then: 


(1) @vn, Xivn € IVNCC(X), 
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(2) AUB€EIVNCC(X) for any A, B € IVNCC(X), 
(3) Njey Aj € IVNCC(X) for any (Aj)jey C IVNCC(X). 
To discuss IVNCT(X) with a view-point of lattice theory, we define an order between two IVCTs. 


Definition 17. Let t%], T% € IVNCT(X). Then we say that tT, is contained in T2 or T is coarser than T2 or T 
is finer than 7, if T% C T,1e., A € T foreach A € %. 


Poreach:t 2 IVNCT(X), tiaiy C © Cte, 18 cleat 


From Definitions 14 and 16, we get the following. 


Proposition 11. Let (t)jey C IVNCT(X). Then (\jej t € IVNCT(X). 
In fact, (\jej T is the coarsest IVNCT on X containing each 7. 


Proposition 12. Let t, y © IVNCT(X). We define t \ y and t V ¥ as follows: 
tTAVY={W:Wet,WeEvY}, 
TVY={W:W=UUV, UET, VE}. 


Then we have: 


(1) tAvyisanIVNCT on X which is the finest IVNCT coarser than both t and y, 
(2) tVyisanIVNCT on X which is the coarsest IVNCT finer than both t and vy, 


Proof. (1) Clearly, tT y € IVNCT(X). Let 7 be any IVNCT on X which is coarser than both Tt and 7, 
and let W € 7. ThenW € tand W € x. Thus W € tA ¥. So n is coarser than T A ¥. 
(2) The proof is similar to (1). 


From Definition 17, Propositions 11 and 12, we can easily see that (IVNCT(X),C) forms a 
complete lattice with the least element T,,,,,, and the greatest element T,,,.),- 
A topology on a set can be a complicated collection of subsets of subsets of a set, and it can be 
difficult to describe the entire collection. In most cases, one describes a subcollection (called a base and 
a subbase) that “generates” the topology. Then we define a base and a subbase in an IVNCT. Moreover, 


we introduce the various intervals via IVNCSs in real line R. 


Definition 18. Let (X,t) be an IVNCTS. 

(i) A subfamily B of t is called an interval-valued neutrosophic crisp base (briefly, IVNCB) for Tt, if for each 
A €t,A = Qn or there is B C B such that A =UB. 

(ii) A subfamily o of t is called an interval-valued neutrosophic crisp subbase (briefly, IVNCSB) for T, if 
the family B = {(\o' : 0’ isa finite subset of o} is an IVNCB for T. 


Remark 3. (1) Let B be an IVNCB for an IVNCT Tt on a non-empty set X and consider three families of IVSs 
in X: 
pl = {[Al-,A™*] € IVS(X): A € Bt, BL ={[Al, Al] € IVS(X) : A € B}, 


pF = {[APt® AP) © IVS(X): A € B}. 


Then we can easily see that B', B', and B* are an interval-valued base (see [30]) for t', t!, and t", respectively. 
Furthermore, we can consider three intuitionistic base on X defined by cCoker [14]: 


Br = {(A™7,A™™) € 18(X): A € B}, B, = {(A", AM] € I5(X) : A € }, 


B, = {AP+" AP-) € IS(X): A € B}. 


340 


Symmetry 2020, 12, 2050 


Let also us consider six families of ordinary subsets of X: 
pi = {AT CX: A€ ph, Bot = {Al CX: AE Bh, 


po Sid CRASS BY eth CXLASB 
pro = {AT*+" CX: AE Bh, Bot = {Al CX: AE Bh. 


Then clearly, B™~, BU, Blt, Bl, Bro, Br* are ordinary bases for ordinary topologies 
th-, cit, ait, cho, cP, cPet on X, respectively. 
(2) Let o be an IVNCSB for an IVNCT Tt on a non-empty set X and consider three families of IVSs in X: 


of = {[A?, A™*] € IVS(X): A Eo}, o! = {[Al*, AL] € IVS(X): A Eo}, 


oF = {[APt® AP-") € IVS(X): A Eo}. 


Then we can easily see that o!, o!, and oF are an interval-valued subbases (see [30]) for t?, t!,and 7, 
respectively. 
Furthermore, we can consider three intuitionistic base on X defined by cCoker [14]: 


op = {(A™~,A™*) € I15(X): A Eo}, 07 = {(Al, Al] € IS(X): A € 0}, 
op = {AP+" AP) €15(X): A Eo}. 
Let also us consider six families of ordinary subsets of X: 
US tA CXeA Colo SIA Vex AcE) 
CSA exe A eel e  SiA ek A eat, 


oF = {AT*" CX: Aco}, oh = {AP CX: ACO}. 


T 4 


Then clearly, oT, oft, of, 


a, oF, oF* are ordinary subbases for ordinary topologies 
Cee, ahh ga a hon X respectioely. 


Example 8. (1) Let c = {([(a,b), (a,)], [, ©], [D, (—0e,a]]) : a, b € R} be the family of IVNCs in R. 
Then o generates an IVNCT Tt on R which is called the “usual left interval-valued neutrosophic crisp topology 
(briefly, ULIVNCT)” on R. In fact, the IVNCB § for t can be written in the form: 


p= {Rivn} U {NyerSy : Sy € oa, Tis finite } 
and t consists of the following IVNCSs in R: 


T= {Divn, Riyn } U {([U(a;, bj), (c, 00)],@, 2)} 


t= {Qivn, Rivn} U {([U(ax, by), R],,)}, 


where aj,b;,c € R, {aj :j € J} is bounded from below, c < inf {a;:j € J} and ay, by € R, {ay k € K} is 
not bounded from below. 

Similarly, one can define the “usual right interval-valued neutrosophic crisp topology (briefly, URIVNCT)” 
on R using an analogue construction. 

(2) Consider the family o of IVNCSs in R: 


7 = {([(a,b), (41,00) 9 (—29,b1)], G, [®, (—c0, 1] U [b1, ©] 
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a, b, a, by ER, a, <a, by => Dd}. 
Then o generates an IVNCT t on R which is called the “usual interval-valued neutrosophic crisp topology 
(briefly, UIVNCT)” on R. In fact, the IVNCB 8 for t can be written in the form: 


p= {Rivn} U {NyerSy : Sy Eo, Tis finite } 


and the elements of t can be easily written down as in (1). 
(3) Consider the family 019 1) of IVNCSs in R: 
0a] = {([la, b], (a, 00) M (—c0,b]],D, [D, (—ce, a] U [b, e0} 
:a,b € Rand0 <a<b< 1}. 
Then 09,1) generates an IVNCT To) on R which is called the “usual unit closed interval interval-valued 
neutrosophic crisp topology” on R. In fact, the IVNCB Bj9,1) for T%q,1) can be written in the form: 


Bios) = {Rivn} UV {MyerSy : Sy € Og), T is finite} 


and the elements of t can be easily written down as in (1). 
In this case, ([0, 1], To,1)) is called the “interval-valued neutrosophic crisp nusual unit closed interval” and 
denoted by [0,1] vncz. In fact, 


(0, iver = (lo, 1], (0,00) U (—00,1}],3,) 


(4) Let B = {ayy 24 © X}U {ayy 2a © X}. Then B is an IVNCB for the interval-valued neutrosophic 
crisp discrete topology T% on X. 
(5) Let X = {a,b,c,d,e, f,g,h,i} and consider the family B of IVNCSs in X given by: 


B = {A,B, Xivn}, 
where A = (|{a,b}, {a,b,c}],[{e}, {e, FIL gh {ge thl), 


B= ([{a,dj, {a,c,d}], (tet, tet], ght, tg, it) - 
Assume that B is an IVNCB for an IVNCT t on X. Then by the definition of base, B C t. Thus A, B € Tt. So 


ANB = ([{a}, {a,c}], [{e}, fe}], [fg 2}, {g,h,i}]) € t. However for any 8 CB, ANB AUB. Hence B 
is not an IVNCB for an IVNCT on X. 


From (1), (2), and (3) in Example 8, we can define interval-valued neutrosophic crisp intervals as 
following. 


Definition 19. Let a, b € Rsuch that a < b. Then: 


(i) (The closed interval) [a,b] ;yncr = (la, b], [a, —ce) N (—00, b]], W, 0), 
(ii) (The open interval) (a,b)1vncr = ([(a, b), (a, —00) N (—00, b)],B,2), 
(iii) (The half open interval or the half closed interval) 


(2, liver = ({(a,, (2, ~c) M (—c,b]], B,D), 


[a,b)ivi = ([la,b), [a, -20) 9 (—c0,b)],B,B), 


(tv) (The half interval-valued real line) 
(—00, al IvNCI = ( [(—00, al, (—oo, all, @, 3) , 


(©, a):vnct = ([(-20,4),(—02,4)], 8,2), 
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[a,e0) vcr = {[[a, ©), [a,e0)],8,8), 
(4,0) 1VNCI = ({(a,00), (a, e0)], B®) ; 
(v) (The interval-valued real line) 


(23,60) = ([(—c0, 00), (—00, e0)],,B) Rey, 


The following provide a necessary and sufficient condition which a collection of IVNCSs in a set 
X is an IVNCB for some IVNCT on X. 


Theorem 1. Let 8 C IVNCS(X). Then B is an IVNCB for an IVNCT Tt on X if and only if it satisfies the 
following properties: 


(1) Xiyn = UB, 
(2) If By, By € Banda,,,, € By M Bo [resp. a 


By Bg resp. ayy € BC By NM Bal. 


wav © B1M Bol, then there exists B € B such that a,,,, € BC 


Proof. The proof is the same as one in classical topological spaces. 
Example 9. Let X = {a,b,c} and consider the family of IVNCSs in X given by: 
B = {A1, Az, Az, As}, 


= (by, ta, by], [toy (OF) Hed, tebl), 
=( {b,c}, {b,c}], {a}, {a}],B 
(tat, tah] tet, tet] Heb, toy ]) 
ie = ([{b},@, [{c},{c}]), 
Then clearly, B satisfies two conditions of Theorem 1. Thus B is an IVNCB for an IVNCT Tt on X. In fact, 
we have: 


where A 


Tt = {Dvn, A1, Az, A3, Aa, As, Ao, A7, X1vn }, 


where Ag = ([{b,c}, X], [{a,b}. {a,b}],8), 
= ({{a,b}, {a,b}, [{b,0}, {b.c}],8), 
A7= (x, [{a,c}, {a,c}],®) : 


The following provide a sufficient condition which a collection of IVNCSs in a set X is an IVNCB 
for some IVNCT on X. 


Proposition 13. Let 0 C IVNCS(X) such that Xtyn = Uo. Then there exists a unique IVNCT t on X 
such that o is an IVNCSB for T. 


Proof. Let B = {B € IVNCS(X Jae BS Pea Se and Seo}. bebe = fe IV NCS Seu = 
@ or there is a subcollection f' of B such that U = Uf }. Then we can show that T is the unique 
IVNCT on X such that o is an IVNCSB for T. 


In Proposition 13, Tt is called the IVNCT on X generated by c. 
Example 10. Let X = {a,b,c,d,e} and consider the family 0 of IVNCSs in X given by: 


C= {A1, Ad, A3, Baty 
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where Ay = (|{a}, {a}], [{b}, {b}], tea}, te, 4 3), 
$e = ([{4,b,c}, {a,b,c}], [{b, 4}, {b, 43], et, teh), 
= ([{b, ce}, {b,c eh] ee}, tod ef], {a}, {4}]), 


oe = (te 4}, {oa }], tach, {a,ch], {a,b}, (a, b}]) . 


Then clearly, Jo = Xyyn. Let B be the collection of all finite intersections of members of 7. Then we have: 


p = {AL Ad, A3, Ag, As, Ae, Ay, Ag, Ag, Ao, Au, Ap}, 


pa ([{a}, {a}], [{b}, {b}], era, e}, {erd,e}]) 
6 = (G[{b}, {0}, Herd}, {era}, 
A7= (3,6 @, [{a,b,c,d}, {a, b,c,d}]) : 
As = (I{b,c}, {b,c}],[, {a}], [{d,e}, {d,e}]), 
Ag = ([{c}, {c}], [{a,b,e}, {a,b,e}]), 


Ao = ({e}, {c}] [teh tet], (a, bd}, (a,b, d}]), 
Au = = (G,é , [{c, d, e}, {c, d, e}]) y 
Ax = ([{ch {c}],@ [{a,b,d,e}, {a,b,d,e}]). 
Thus we have the generated IVNCT t by o: 
T = {@1vn, A1, Az, A3, Ag, As, Ao, Az, As, Ao, Aio, Ait, Ai, Az, Ara, Ais, Arg, A17, Ais, Xivn}, 
{a,b,c}, {a,b,c}], [{b, 4}, {b,d}],O), 
= ([a,b, cet, {a,b, ces], [{b, cet, (b,c, det], (tay, ta}]), 
{a,c,d}, {a,c,d}], [{a,b,c}, {a,b,c}],@ 


( 

( 

( ; 
Aw = ( {a,b,c,e}, {a,b,c,e}], [{b,c,d,e}, {b,c, d,e}],2) , 

( 

a= (x 


—™. 


where A13 = 


{a,b,c,d}, {a, b,c, d}], [{a,b,c,d}, {a,b,c,d}],®), 
/[{a,c/e},{a,¢,e}],B). 


Remark 4. By using “C2, U2, Mo, ie (;j =1, 2, 3), Din, X21n, and INC(X), we can have the definitions 
corresponding to Definitions 16 and 18, respectively. 


5. Interval-Valued Neutrosophic Crisp Neighborhoods 


In this section, we introduce the concept of interval-valued neutrosophic crisp neighborhoods of 
IVNPs of two types, and find their various properties and give some examples. 


Definition 20. Let X bean IVNCTS,a € X, N € IVNCS(X). Then: 
(i) N is called an interval-valued neutrosophic crisp neighborhood (briefly, IVNCN) of ayy, if there exists 
aU € IVNCO(X) such that: 


; T;— [i 
ayy CUCN, ie, aeUu CNY, 


(ii) N is called an interval-valued neutrosophic crisp vanishing neighborhood (briefly, IVNCVN) of ayyxy, 
if there exists a U € IVNCO(X) such that: 


F,+ F,+ 
Gio e UCN, hey tN CLE: 


The set of all IVNCNs [resp. IVNCVNs] of a,x, [resp. 4,y yy] is denoted by N(a,,,,) [resp. N(,yyy)] and 
will be called an IVNC neighborhood system of aj, [resp. A,ynyJ. 
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Example 11. Let X = {a,b,c,d,e, f,g,h,i} and let t be the IVNCT on X given in Example 7 (4). Consider 
the IVNCS N = ([{a,b,d}, {a,b,c,d}], [{e}, {e}], [{g}, {g}]) in X. Then we can easily check that: 

N € N(ayy) a N(Giyny)s N € N(dyn) a IN Deady 

N € N(dyy) q Nida) N € ING sey 


An IVNC neighborhood system of a,,,,, has a similar property for a neighborhood system of a 
point in a classical topological space. 


Proposition 14. Let X be an IVNCTS,a € X. 


[IVNCNI1] IfN € N(a,y,,), then ayy €N. 

[IVNCN2] If N € N(a,,y) and N CM, then M € N(ayy). 

[IVNCN3]_ If N,M € N(a,y), then NOM € N(a,y/)- 

[IVNCN4] If N € N(a,y,,), then there exists M € N(a,,y) such that N € N(bjyn) for each bivn € M. 


Proof. The proofs of [IVNCN1], [IVNCN2], and [IVNCN4] are easy. 

[IVNCN3] Suppose N,M € N(a,,,,). Then there are U, V € IVNCO(X) such that a,,,,, € UC 
Nanda, € VC M. Let W = UNV. Then clearly, W € IVNCO(X) and a,,,, € W C NOM. Thus 
NOMEN(Qyy)- 


In addition, an IVNC neighborhood system of 4,,,,,, has the similar property. 


Proposition 15. Let X be an IVNCTS,a € X. 


[IVNCVN1] IfN © N(@yyy), then ayyyy € N. 

[IVNCVN2] If N € N(a,,.,) and N C M, then M € N(ayyy)- 

[IVNCVN3] if N,M € N(ayy,), then NOM € N(ayyy)- 

[IVNCVN4] If N € N(a,,y,,), then there exists M € N(a@jyy,) such that N € N(biy\,) for each 


bny € M. 


Proof. The proof is similar to one of Proposition 15. 


From Definition 20, we have two IVNCTs containing a given IVNCT. 
Proposition 16. Let (X,t) be an IVNCTS and let us define two families: 
Tyy = {U € IVNCS(X) : U € N(a,,,,) for each a,,,, € U} 


and 


Tiynv 


={U€IVNGS(X)* UE N(a,g.,,) foreach a,,,, € U}. 


Then we have: 
Ci) Cae Tne CAV NGL), 
(2) T C Ty and TC Tyny- 


Proof. (1) We only prove that T,,.,, € IVNCT(X). 

(IVNCO)}) From the definition of T,,,,,,, we have Q1yn, XIVN © Tyyy- 

(IVNCO>) Let U, V € IVN*(X) such that U,V € Ty, and let a,,.,, € UNV. Then clearly, 
U, V €E N(4,y,). Thus by [[VNCVN3], UNV € N(aiyxy).SOUNV € Tyny- 

(IVNCO3) Let (Uj)jey be any family of IVNCSs in Ty, let U = Ujey Uj and let ayy, € U. 
Then by Proposition 7 (2), there is jg € J such that a), € Uj). Since Uj, © Tyyy, Ujy € N(@iynv) by 
the definition of T,,,,. Since Uj, C U, U € N(ajyyy) by IVNCVN2]. So by the definition of Ty, 
u € Tiynv: 

(2) Let U € t. Then clearly, U € N(a,,,,) and U € N(a@,,,,,) for each a,,, € Gand ayn, € G, 
respectively. Thus U € T,,,,, and U € T,,,. So the results hold. 
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Remark 5. (1) From the definitions of tryy and Tiynv, we can easily have: 


Tyy = TU{U € IVNCS(X): VP CUT, Vert} 


and 
tae St UALCIVNCS (ICV Verh 


(2) For any IVNCT tT on a set X, we can have six IVTs on X given by: 


Tiny = {UC IVER) 2 U Ct}, 


IV. 
Thy = {(U' Ul] € IVS(X) : UE Ty 


ef, =f ur | e1VsS 00s tb 


IVN 


eee Se eIVS UO FU Steud 


IVNV 


Coa 1d eu | CIV S ea sh 


IVNV 


eo ed UP Ie IV5(X) ety 


IVNV 


Furthermore, we have 12 ordinary topologies on X: 


Te = eae CX UWS Sets i= fu | CX: UE Ty}, 


IVN IVN 


ae St CXS Te Sex ea 


= {ute GX Gear Tht = ures CX:UE Ty}, 


IVN IVN 


C= {ul cxX:ue Capa = Cues CxX:uUeE Tose 


IVNV IVNV 
Se [- : [+ — syyzl . 

tea CX: UE Tyyy}- try = (UE = CX:UE Ty}, 
Paige ghee : Be (yh 

Tvnv — {U CxX:UE Tynv by Tynv {U Cx:UE Tynv }- 


Example 12. Let X = {a,b,c,d,e, f,g,h,i} and consider IVNCT Tt on X given in Example 7 (4). Then from 
Remark 5 ((1), we have: 


Tyy = TU {As, Ag, Az}, 


where As = ([{a,b,c}, {a,b,c}], [te}, te FEL tah tg il), 
Ao = ([{a,c,d}, {a,c 4}], [teh teh], Hg A}, (8, ih), 
Az = ([{a,b,c,d}, {a,b,c,d}}, [{e}, te, FEL gh tei) - 


Additionally, we have: 
wav — TU {As, Ag, Ato, Aun + 


where Ag = (|{a,b}, {a,b,c}], et, te FIL Hs} tghl), 
Ao = ([{a,d}, {a,c,4}], te}, teh] [tg ht, (3, 2}]), 
Aro = (tat, {a ch], te}, tebl Ugh, {8 bl), 
Au = ([{a,b,d}, {a,b,c}, te}, fe FEL Hah, tbl) - 


So we can confirm that Proposition 16 holds. 
Furthermore, we can obtain six IVTs on X for tT: 


T I F T I F 
Tiyn? Tiyn? Tiyn? Tynv’ Tiynv’ IVNV* 


Additionally, we have 12 ordinary topologies on X: 
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T,— T,+ [,— [+ F,— F,+ 
TyNv’ Tiynv! TyNv! Ty? Tiynv? Tyne" 


The following is the immediate result of Proposition 16 (2). 


Corollary 1. Let (X,t) bean IVNCTS and let IVNCC, lresp. IVNCC;,,,., and IVNCC,,,,__, ] be the set of 
all IVNCCSs w.r.t. T [resp. Tjyy and T yxy]. Then, 


IVNCC; C IVNCC,,,., and IVNCC; C IVNCC, 


IVNV" 


Example 13. Let (X,T) be the IVNCTS given in Example 12. Then we have: 
IVNCC, = {@1vn, X1vn, Aj, A5, AS, AG}, 
IVNCC,,,., = IVNCC,U {As, AG, Ap}, 


NV 
where AS = ([{g}, {gi}, [{a, b,c, d,h}, {a,b,c,d, f,h}], [{a, b}, {a, bell), 


( 
Aj = ([{g- A}, {9,1 i}], {a,b c,d, ft, {a,b, c,d, fF}, {a4}, (a,c, d}]), 
As = ([{g,h}, {9,1 i}], {a,b,c d, f}, {a,b c,d, fh], {a}, {a,c}]), 
AS = ([{g}, {g t}], {2 b,c,d,h}, {a,b,c,d, f,h}|, [{a,b, d}, {a,b,c,d}]), 
As = ([{gh, {gi} [{4,b, c,d, h}, {a,b, c,d, f,h}], [{a, b,c}, {a,b,c}]), 
Ag = ([{g,h}, {9,1 i}], {a,b,c d, fh, {a,b,c d, f¥], {a,c a}, {a,c,d}]), 
AS = ({g} {7 i}) [ab c,d, h}, {a,b,c,d, f,h}], [{a,b,c,d}, {a,b,c,d}]), 
Ag = ([{gh- tg], {a 0,c,4,h}, {a,b, c,d, fh}, [{a, b}, {a,b,c}]), 
Ag = ([{g,h}, {g,A}], {a b, 0,4, fh, {a,b c,d, fh], [{a, 4}, {a,c,d}]), 


Ago = (igh tg, Ay] abcd, fh, {abcd fh), tat, ta,ch]), 
AY = (tat tah] abc d,h}, tab, cd, fF hy], [{a,b, d}, {a,b,c d}]). 
Thus we can confirm that Corollary 1 holds. 


Now let us consider the converses of Propositions 14 and 15. 


Proposition 17. Suppose to each a € X, there corresponds a set N*(a,,,,) of IVNCSs in X satisfying the 
conditions [IVNCVNI1], [IVNCVN2], IIVNCVN3], and [IVNCVN4] in Proposition 15. Then there is an 
IVNCT on X such that N*(@,),,,) is the set of all IVNCVNS of @,,,,, in this IVNCT for eacha € X. 
Proof. Let, 


Tyny = {U € IVNCS(X): U € N(@yq,,) for each any € U}, 


where N(@,,,,,,) denotes the set of all IVNCVNs in T. 
Then clearly, T,.,, € IVNCT(X) by Proposition 16. We will prove that N*(a 
IVNCVNs of 4),y,) iN Tyny for each a € X. 


Let V € IVN*(X) such that V € N*(a,y,,,) and let U be the union of all the IVNCVPs b,,,.,, in X 
such that U € N*(a . If we can prove that: 


inv) is the set of all 


Wa) 


Qvey €UC VandU E Tay, 


then the proof will be complete. 

Since V € Nx(@iyny), Qiyyy © U by the definition of U. Moreover, U C V. Suppose Djyx € U. 
Then by [IVNCVN4], there is an IVNCS W € N*(b,,,.,,) such that V € N*(c for each Cj, € W. 
Thus ¢,,,, € U. By Proposition 9, W C U. So by [IVNCVN2], U € N*(b for each b,,.,, € U. 
Hence by the definition of T,,.,,, U € Tiyyy- This completes the proof. 


eee 


a) 


Proposition 18. Suppose to each a € X, there corresponds a set N*(a,,,,) of IVNCSs in X satisfying the 
conditions [IVNCN1], IIVNCN2], [IVNCN3], and [IVNCN4] in Proposition 14. Then there is an IVNCT on 
X such that N*(a is the set of all IVNCNSs of a, in this IVNCT for eacha € X. 


i) IVN 
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Proof. The proof is similar to Proposition 17. 


The following provide a necessary and sufficient condition which an IVNCSs is an IVNCOS in an 
IVNCTS. 


Theorem 2. Let (X,t) be an IVNCTS, A € IVNCS(X). Then A € Tt if and only if A € N(a,,,,) and 


IVN 


ALS NG spay) (OF CAN Ac; Grong = Ae 
Proof. Suppose A € N(a,,,,) and A € N(a,,,,,) for each ayy, Iyyy € A. Then there are 
Unyyr Varyyy © T Such that ay, € Ua,., C Aand ayyy € Va,,.,, C A. Thus, 


A = ( U Ayn) U( U Aiyny) C ( U Un) UC U Vag) es 


EA EA EA EA 


4IVN TIVNV 4IVN TIVNV 


cA Un n ) U (Un cA Vis noi) Since Un, V, 


SoA =(U; 1 Va 
IVN IVNV “ae N N IVNV 
The proof of the necessary condition is easy. 


ET,A ET. 


Now we will give the relation among three IVNCTs, T, T,,,,, and Tyy- 
Proposition 19. T= Ty, Tyny- 


Proof. From Proposition 16 (2), it is clear that TC Ty. 9 Tyyy- 
Conversely, let U € T.,9 Tyyy- Then clearly, U € T,,, and U € Ty,,,. Thus U is an IVNCN of 
each of its IVNCPs a,,,,, and an IVNCVN of each of its IVNCVPs a,,,.,,. Thus, there areU, , Un € 
IVN IVNV 
tT such that ayy € Ua, C Uand ayy € Un,,.,, C U. So we have: 


Ulvn = U fivn Cc U Ua Cc U 
u 


Ty F€ yp CU 
and 
Ulvnv = U Qiyny © U Ue CU. 
@Qyny CU TIvnv& 
By Proposition 5, we get: 


U = Upyn UUynv C ( U Unnyn ) U ( U Un yny) Cc U, ie., 


ayy Cu @yyy cu 
U= ( U Ua») U ( U Ua vy): 
yy CU Myny eu 


It is obvious that (Un yeu Unga) U (Ua 
This completes the proof. 


wy eu Uayyyy) € T Hence U € T. Therefore Tyy M Tyyy CT: 


From Proposition 19, we get the following. 
Corollary 2. Let (X,t) be an IVNCTS. Then, 


IVNCC; = IVNCC,,. OIVNCC,, 


IVNV 
Example 14. In Example 12, we can easily check that Corollary 2 holds. 


6. Interiors and Closures of IVNCSs 


In this section, we define interval-valued neutrosophic crisp interiors and closures, and 
investigate some of their properties and give some examples. In particular, we will show that there is 
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a unique IVNCT on a set X from the interval-valued neutrosophic crisp closure [resp. interior] operator. 


In an IVNCTS, we can define a closure and an interior as well as two other types of closures and 
interiors by Proposition 16. 
Definition 21. Let (X,t) bean IVNCTS, A € IVNCS(X). 


(i) The interval-valued neutrosophic crisp closure of A w.r.t. t, denoted by IVNcl(A), is an IVNCS in X 


defined as: 
IVNcl(A) = (){K: K° € tand A C K}. 


(ii) The interval-valued neutrosophic crisp interior of A w.r.t. t, denoted by IVNint(A), is an IVS in X 


defined as: 
IVNint(A) =(J{G: G etandG C A}. 
(iii) The interval-valued neutrosophic crisp closure of A w.r.t. Ty, denoted by cl,,,,,(A), is an IVNCS in X 
defined as: 
clyy(A) = \{K : K° € ty and A C K}. 
(iv) The interval-valued neutrosophic crisp interior of A w.r.t. T,,,, denoted by int,,,.,(A), is an IVS in X 
defined as: 
int yy (A) =J{G:G €t,, andG C A}. 


(v) The interval-valued neutrosophic crisp closure of A w.r.t. Ty, denoted by cl, (A), isan IVNCS in X 
defined as: 
A) =(){K: K° € Gyyy and A C K}. 


Cliyyy ( 


(vi) The interval-valued neutrosophic crisp interior of A w.r.t. Ty, denoted by int, (A), isan IVNCS in 
X defined as: 
nt yyy (A = LJ{G: G € tyyy and G C A}. 


Remark 6. From the above definition, it is obvious that the followings hold: 
IVNint(A) C int,,,(A), IVNint(A) C int yyy (A) 


and 


clyy(A) C IVNel(A), Cliyyy(A) C IVNel(A). 


wi 


Example 15. Let (X,T) be the IVNCTS given in Examples 12 and 13. Consider two IVNCSs in X: 
= ([{a,b,c}, {a,b,c d}], [{ae}, (ae Fh) tah {gh]), 
= (lg hh, {gh i}], [a,b,c d, fh, {a,b cde, Fh), (tah, tact) - 


Then, 
IVNint(A) =U{GEt:GC A} =A, UA3 = ([{a,b}, {a,b,c}], [{e}, fe, FIL gh {2 tb), 
int yy (A) =U{G € Tyy 2 GC A} = AYU A3U As 
= ([{a,b,c}, {a,b,c}}, [{e}, fe, ft] {gh (3, é}]) 
NE el A = U{G Et, IVNV :GC A} = Ay UA3 U Ag U Ajo 
= ([{a,b}, {a,b,c}}], [{e}, fe, ft] igh, {gt 
and 


IVNel(B) =(\{F: Fo et, BC F}= ASN AS 
= ([{g-h}, {gh if], [{a,b, c,d, fh, (a,b, c,d, f}], {aa}, {a,c,4}]), 
Chg (8 J=(M{F: Fee Tyy, BC F} = ASN ARN AGN Aly 
= ([{g-h}, {gh ih], [{a,b,c,d, f}, {a,b,c 4, fh], [{a,c,d}, {4,c,d}]), 
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clryny(B) = {FE > Fle Tivnv, BC F} = AS NAS M7 Ag M7 A‘o 
= (I{g}, {gh}, {a,b,c 4, fh, {a,b, c,d, f}], [{a, a}, {4,c,d}]) . 


Thus we can confirm that Remark 6 holds. 
Proposition 20. Let (X,t) be an IVNCTS, A € IVNCS(X). Then, 
IVNint(A‘) = (IVNcl(A))*° and IVNcl(A‘) = (IV Nint(A))°. 


Proof. IVNint(A°) =U{Uet:UC A} =U{UEt:UC (AF AM, AT)} 
=U{uer:u’ caf, ul cat, uF aA" 
=U{u er: ul c AF, uk cA!, uF > AT} 
=U ete tA Uy 
= (IVNcl(A))°. 

Similarly, we can show that IV Ncl(A‘) = (IV Nint(A))°. 


Proposition 21. Let (X,t) be an IVNCTS, A € IVNCS(X). Then, 


IVNint(A) = int,,,(A) N int yyy (A). 


wink 


Proof. The proof is straightforward from Proposition 19 and Definition 21. 


The following is the immediate result of Definition 21, and Propositions 20 and 21. 
Corollary 3. Let (X,t) bean IVNCTS and let A € IVNCS(X). Then, 


IVNC(A) = lA ay (A): 


IVN 
Example 16. Let A and B be two IVNCSs in X given in Example 15. Then we can easily check that: 

intryn(A) Nintryny(A) = IVNint(A), clryn(B) Uclivnv(B) = IVNcl(B). 
Theorem 3. Let X be an IVNCTS, A € IVNCS(X). Then: 


(1) A €IVNCC(X) © if A = IVNcl(A), 
(2) A €IVNCO(X) A =IVNint(A). 


Proof. Straightforward. 


Proposition 22 (Kuratowski Closure Axioms). Let X be an IVNCTS, A,B € IVNCS(X). Then, 


[ ] IfACB,then IVNcl(A) C IVNcl(B), 
[ ] IVNel(@ivn) = Givn, 

[IVNCK2] Ac IVN¢l(A), 

[ |] IVNel(IVNcl(A)) = IVNel(A), 

[ |] IVcl(AUB) = IVNel(A) UIVNel(A). 


Proof. Straightforward. 


Let IVNel* : IVNCS(X) — IVNCS(X) be the mapping satisfying the properties [[VNCK1], 
[IVNCK2], [[VNCK3], and [[VNCK4]. Then the mapping [Vcl* is called the interval-valued 
neutrosophic crisp closure operator (briefly, IVNCCO) on X. 
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Proposition 23. Let IVNcl* be the IVNCCO on X. Then there exists a unique IVNCT t on X such 
that IVNcl*(A) = IVNcl(A), for each A € IVNCS(X), where IVNcl(A) denotes the interval-valued 
neutrosophic crisp closure of A in the IVNCTS (X,T). In fact, 


t = {A° € IVNCS(X) : IVNcl*(A) = A}. 


Proof. The proof is almost similar to the case of classical topological spaces. 


Proposition 24. <=Let X be an IVNCTS, A,B € IVNCS(X). Then, 


[IVNCIO] If A C B, then IVNint(A) C IVNint(B), 
[IVNCI1] IV Nint(X1yn) = XIvn, 

[IVNCI2] IVNint(A) CA, 

[IVNCI3]_ IV Nint(IVNint(A)) = IVNint(A), 
[IVNCI4]  IVNint(ANB) = IVNint(A) NIVNint(A). 


Proof. Straightforward. 


Let IVNint* : IVNCS(X) — IVNCS(X) be the mapping satisfying the properties [[VNCI1], 
[IVNCI2], [[IVNCI3], and [IVNCI4]. Then the mapping IV Nint* is called the interval-valued 
neutrosophic crisp interior operator (briefly, IVNCIO) on X. 


Proposition 25. Let IV Nint* be the IVNCIO on X. Then there exists a unique IVNCT t on X such that 
IVNint*(A) = IVNint(A) for each A € IVNCS(X), where IVNint(A) denotes the interval-valued 
neutrosophic crisp interior of A in the IVNCTS (X,T). In fact, 


t = {A € IVNCS(X) : IVNint*(A) = A}. 


Proof. The proof is similar to one of Proposition 23. 


7. Interval-Valued Neutrosophic Crisp Continuous Mappings 


In this section, we define an interval-valued neutrosophic crisp continuity and quotient topology, 
and study some of their properties. 


Definition 22. Let X,tT), (Y,5) be two IVTSs proposed in [30]. Then a mapping f : X — Y is said to be 
interval-valued continuous, if f—!(V) € t for each V € 6. 


Definition 23. Let X,t), (Y,6) be two IVNCTSs. Then a mapping f : X — Y is said to be interval-valued 
neutrosophic crisp continuous, if f—'(V) € t for each V € 6. 


From Remark 2 (1), and Definitions 22 and 23, we can easily have the following. 
Theorem 4. Let (X,T), (Y,6) be two IVNCTSs and let f : X — Y be a mapping. Then f is interval-valued 
neutrosophic crisp continuous if and only if f : (X,t") — (Y,6"), f : (X,t!) > (Y,6!), and f : (KX, th) > 
(Y,6") are interval-valued continuous, respectively. 


The followings are immediate results of Proposition 9 (13) and Definition 23. 


Proposition 26. Let X, Y, Z be IVNCTSs. 


(1) The identity mapping id : X — X is continuous. 
(2) Iff:X— Yandg:Y — Zare continuous, then go f : X — Z is continuous. 


351 


Symmetry 2020, 12, 2050 


Remark 7. From Proposition 26, we can easily see that the class of all IVNCTSs and continuous mappings, 
denoted by IVNCTop, forms a concrete category. 


The followings are immediate results of Definition 23. 


Proposition 27. Let X, Y be INCTSs. 


(1) If X isan IVNCDTS, the f : X — Y is continuous, 
(2) If Y isan IVNCITS, then f : X — Y is continuous. 


Theorem 5. Let X, Y be IVNCTSs and let f : X — Y be a mapping. Then the followings are equivalent: 


(1) f is continuous, 

(2) f-1(C) € IVNCC(X) for each C € IVNCC(Y), 

(3) f-!(S) € IVNCO(X) for each member S of the subbase for the IVNCT on Y, 
(4) IVNcl(f~1(B)) c f-!(IVNcl(B)) for each B € IVNC(Y), 

(5) f(IVNcl(A)) C IVNel(f(A)) for each A € IVNC(X). 


Proof. The proofs of (1)=(2)=(3)=(J) are obvious. 
(2)=(4): Suppose the condition (2) holds and let B € INC(Y). By Proposition 22 [IVNCK2], 
B C IVNcl(B). Then by Proposition 9 (2), f-!(B) Cc f~!(IVNcl(B)). Thus by Proposition 22 [INCKO], 


IVNcl(f—1(B)) C IVNel(f~+(IVNcl(B))). 


Since IVNcl(B) € IVNCC(Y), f-1(IVNel(B)) € IVNCC(X) by the condition (2). So by Theorem 3 
(1), IVNel(f~!(IVNcl(B))) = f~!(IVNcl(B)). Hence IVNel(f~1(B)) Cc f~!(IVNcl(B)). 

(4)=(5): Suppose the condition (4) holds and let B = f(A) foreach A € IVNC(X). Then we have 
IVNel(f—!(f(A))) C f-1(IVNel(f(A))). Thus by Proposition 9 (3), IVNcl(A) c f~!(IVNel(f(A))). 
So by Proposition 9 (1) and (4), f(IVNcl(A)) C IVNel(f(A)). 

(5)=(4): The proof is similar to (4) (5). 


Theorem 6. Let X, Y be IVNCTSs and let f : X — Y be a mapping. Then f is continuous if and only if 
f-1(IVNint(B)) Cc IVNint(f~1(B)) for each B € INC(Y). 


Proof. The proof is straightforward. 


Definition 24. Let (X,T), (Y,6) be two IVNCTSs. Then a mapping f : X — Y is said to be: 


(i)  Interval-valued neutrosophic crisp open, if f (U) € 6 for each U € T, 
(ii) — Interval-valued neutrosophic crisp closed, if f(C) € IVNCC(Y) for each C € IVNCC(X). 


Proposition 28. Let X, Y, Z be IVNCTSs, let f : X — Y and g: Y — Z be mappings. If f, g are open [resp. 
closed], then g o g is open [resp. closed]. 


Proof. The proof is straightforward. 


Theorem 7. Let X, Y be IVNCTSs and let f : X — Y be a mapping. Then f is open if and only if 
IVNint(f(A)) C f(IVNint(A)) for each A € IVNC(X). 


Proof. The proof is straightforward. 


Proposition 29. Let X, Y be IVNCTSs and let f : X — Y be injective. If f is continuous, then 
f(IVNint(A)) C IVNint(f(A)) for each A € IVNC(X). 
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Proof. The proof is straightforward. 


The following is the immediate result of Theorem 7 and Proposition 29. 


Corollary 4. Let X, Y be IVNCTSs and let f : X —» Y be continuous, open, and injective. Then 
f(UIVNint(A)) = IV Nint(f(A)) for each A € IVNC(X). 


Theorem 8. Let X, Y be IVNCTSs and let f : X — Y be a mapping. Then f is close if and only if 
IVNel(f(A)) C f(IVNel(A)) for each A € IVNC(X). 


Proof. The proof is straightforward. 


The following is the immediate result of Theorems 5 and 8. 


Corollary 5. Let X, Y be IVNCTSs and let f : X —> Y be a mapping. Then f is continuous and closed if and 
only if f(VINclI(A)) = IVNel(f(A)) for each A € IVNC(X). 


Definition 25. Let (X,t), (Y,0) be two IVNCTSs. Then a mapping f : X — Y is called an interval-valued 
neutrosophic crisp homeomorphism, if f is bijective, continuous, and open. 


Theorem 9. Let X, Y be IVNCDTSs and let f : X — Y be a mapping. Then f is a homeomorphism if and 
only if f is bijective. 


Proof. The proof is straightforward. 


Definition 26. Let (X,t) be an IVNCTS, let Y be a set and let f : X —> Y bea surjective mapping. Let 6 be 
the family of IVNCSs in Y given by: 


6={BE IVNC(Y) =f 1(B) € 7}. 


Then 6 is called the interval-valued neutrosophic crisp quotient topology (briefly, IVNCQT) on Y. 
It can easily be seen that 5 € IVNCT(Y). It is also obvious that for each B € IVNC(Y), B is closed in 6 
if and only if f—1(B) is closed in X. 


Proposition 30. Let (X,t), (Y,6) be two IVNCTSs, where 6 is the IVNCQT on Y. Then a surjection 
f : X — Y is continuous and open. Moreover, 6 is the finest topology on Y which f is continuous. 


Proof. The proof is similar to the classical case. 


The following is the immediate result of Proposition 30. 


Corollary 6. Let (X,tT), (Y,0) be two IVNCTSs. If a mapping f : X — Y is continuous, open, and sujective, 
then 6 is the IVNCQT on Y. But the converse does not hold in general (See Example 17). 


Example 17. Let ((0,1],t) be an IVNCTS and let A = B 1]. Consider the characteristic function x, : 
[0,1] — {0,1}, where {0,1} is the interval-valued neutrosophic crisp Sierpin' ski space (see Example 7 (5)). 
Then we can easily see that the topology on {0,1} is the IVNCQT. On the other hand, e 1)ivncr € T but 


Ka ( 1)rvncz) is not open in {0,1}. Thus x, is not an open mapping. 


Theorem 10. Let (X,T), (Y,6), (Z,a) be IVNCTSs, where 6 is the IVNCQT on Y. Let f : X — Y and 
g: Y — Z be mappings. Then g is continuous if and only if g 0 f is continuous. 
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Proof. The proof is similar to the classical case. 


8. Conclusions 


We obtained various properties of IVNCSs and discussed with IVNCTSs which can be considered 
as an interval-valued tri-opological space. Moreover, we defined an interval-valued neutrosophic 
crisp base and subbase and proved the characterization of an interval-valued neutrosophic crisp 
base. Next, we introduced the concept of interval-valued neutrosophic crisp neighborhoods and 
obtained some similar properties to classical neighborhoods. Furthermore, we defined interval-valued 
neutrosophic crisp closures and interiors, and found some properties. We also introduced the concept 
of interval-valued neutrosophic crisp continuities and obtained its various properties. 

In future, we expect that one can apply the concept of IVNCSs to group and ring theory, 
BCK-algebra, and category theory, etc. We also expect that one can define the notions of interval-valued 
soft sets and interval-valued neutrosophic crisp soft sets. Besides, the theorems developed in this 
manuscript will promote future studies on the geometry calibration for multi-cameras. 
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Abstract: This paper aims to mark out new concepts of r-single valued neutrosophic sets, called 
r-single valued neutrosophic £-closed and £-open sets. The definition of £-single valued neutrosophic 
irresolute mapping is provided and its characteristic properties are discussed. Moreover, the concepts 
of £-single valued neutrosophic extremally disconnected and £-single valued neutrosophic normal 
spaces are established. As a result, a useful implication diagram between the r-single valued 
neutrosophic ideal open sets is obtained. Finally, some kinds of separation axioms, namely r-single 
valued neutrosophic ideal-R; (r-SVNIRj;, for short), where i = {0,1,2,3}, and r-single valued 
neutrosophic ideal-T; (r-SVNI Tj, for short), where j = {1,2, 25, 3,4}, are introduced. Some of their 
characterizations, fundamental properties, and the relations between these notions have been studied. 


Keywords: r-single valued neutrosophic £-closed; £-single valued neutrosophic irresolute map- 
ping; £-single valued neutrosophic extremally disconnected; £-single valued neutrosophic normal; 
r-SVNIR;; r-SVNIT; 


1. Introduction 


In 1999, Smarandache introduced the concept of a neutrosophy [1]. It has been used 
at various axes of mathematical theories and applications. In recent decades, the theory 
made an outstanding advancement in the field of topological spaces. Salama et al. and Hur 
et al. [2-6], for example, among many others, wrote their works in fuzzy neutrosophic 
topological spaces (FNTS), following Chang [7]’s discoveries in the way of fuzzy topological 
spaces (FTS). 

Sostak, in 1985 [8], marked out a new definition of fuzzy topology as a crisp subfamily 
of family of fuzzy sets, which seems to be a drawback in the process of fuzzification of 
the concept of topological spaces. Yan, Wang, Nanjing, Liang, and Yan [9,10] developed a 
parallel theory in the context of intuitionistic I-fuzzy topological spaces. 

The idea of “single-valued neutrosophic set” [11] was set out by Wang in 2010. Gay- 
yar [12], in his 2016 paper, foregrounded the concept of a “smooth neutrosophic topological 
spaces”. The ordinary single-valued neutrosophic topology was presented by Kim [13]. 
Recently, Saber et al. [14,15] familiarized the concepts of single-valued neutrosophic ideal 
open local function, single-valued neutrosophic topological space, and the connectedness 
and stratification of single-valued neutrosophic topological spaces. 

Neutrosophy, and especially neutrosophic sets, are powerful, general, and formal 
frameworks that generalize the concept of the ordinary sets, fuzzy sets, and intiuitionistic 
fuzzy sets from philosophical point of view. This paper sets out to introduce and examine 
a new class of sets called r-single valued £-closed in the single valued neutrosophic topo- 
logical spaces in Sostak’s sense. More precisely, different attributes, like £-single valued 
neutrosophic irresolute mapping, £-single valued neutrosophic extremally disconnected, 
£-single valued neutrosophic normal spaces, and some kinds of separation axioms, were 
developed. It can be fairly claimed that we have achieved expressive definitions, distin- 
guished theorems, important lemmas, and counterexamples to investigate, in-depth, our 
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consequences and to find out the best results. It is notable to say that different crucial 
notions in single valued neutrosophic topology were generalized in this article. Different 
attributes, like extremally disconnected and some kinds of separation axioms, which have 
a significant impact on the overall topology’s notions, were also studied. 

It is notable to say that the application aspects to this area of research can be further 
pointed to. There are many applications of neutrosophic theories in many branches of 
sciences. Possible applications are to control engineering and to Geographical Information 
Systems, and so forth, and could be secured, as mentioned by many authors, such as 
Reference [16-20]. 

In this study, X is assumed to be a nonempty set, € = [0,1] and Gp = (0,1). For « € €, 
&(v) = « for all v € X. The family of all single-valued neutrosophic sets on X is denoted 


by ex, 
2. Preliminaries 


This section is devoted to provide a complete survey and trace previous studies related 
to the idea of this research article. 


Definition 1 ([21]). Let X be a non-empty set. A neutrosophic set (briefly, NS) in X is an object 
having the form 


On = {Vs Po (V), Gon (Y), on (v)) 2v € Xf, 


where 
6:X 3|70,1T|, 6:X 5)70,17|, 7: XK 3]70,17| 


and 
“0 < Pon (v) oF Con (v) + Hon (v) x oF 


represent the degree of membership (namely fig, (v)), the degree of indeterminacy (namely 6,,,(v)), 
and the degree of non-membership (namely fo, (v)), respectively, of any v € X to the set on. 


Definition 2 ([11]). Let X be a space of points (objects), with a generic element in X denoted 
by v. Then, 0, is called a single valued neutrosophic set (briefly, SVNS) in X, if Oo» has the 
form On = (Pons Ooys fon), Where Pons Ory fo, 2 X —> [0,1]. In this case, Bo, Oo, fo, are 
called truth membership function, indeterminancy membership function, and falsity membership 
function, respectively. 

Let X be a nonempty set and & = [0,1] and @) = (0,1]. A single-valued neutrosophic set 
On on X is a mapping defined as On = (Poq1 Ooms Mon) 2 X > & such that 0 < po, (v) + Oo, (v) + 
fo, (Vv) < 3. 

We denote the single-valued neutrosophic sets ( 0,1,1) and (1,0,0) by 0 and 1, respectively. 


Definition 3 ({11]). Let on = (Oo, 60, fo, ) be an SVNS on X. The complement of the set on 
(briefly o;,) is defined as follows: 


Bog (Y) = fhon(v), Gog(v) = [@onl (UY), fog (v) = Bon (v)- 


Definition 4 ([22,23]). Let X be a non-empty set and let On,Yn € eX be given by 
on = (Pon, Cons fon) and Yn = (Pan Orns hyn): Then: 


(1) We say that On Cc Yn if Pon < Prynr Oon = Ovns Ton 2 Ayn: 
(2) The intersection of 0, and Yn denoted by 01M Yn is an SVNS and is given by 


on Yn = (Pon NP yn, on U Orns Non U fn) 


(3) The union of 0, and yy denoted by 0% U Yn is an SVNS and is given by 


On UYn = (Bon U Pans Oc, Oy, Non 1 flan) 
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For any arbitrary family {On }iej C Ge of SVNS, the union and intersection are given by 
(4) Nieglonli = (Nie pPfon jer Viej@fonlir VieiAlon);)+ 
(5) Uieglon)li = (Vie Plan, Ueifon];, Neff fon];)- 


Definition 5 ([12]). A single-valued neutrosophic topological space is an ordered quadruple 
(X, 2°, £2, £7) where ?, £2, 77 : EX — & are mappings satisfying the following axioms: 
(SVNT1) 4° (1) = 1 ana 7 (0):'= t= 490) S27) = 0, 
(SVNT2) (an) (Yn), T8(OnN Yn) < T8(On) UTE (Yn), 
), for all On, Yn € *, 

Njert? ([on];), # (Vier On; ) = Ujert® ([7n]j), 
Onli) S Ujer TH ([on];) for all {[ou]j, 7 € T} € 6%. 

The quadruple (X, t°, t8, £7) is called a single-valued neutrosophic topological space (SVNTS, 
for short). We will occasionally write t°®" for (t°, t®, t) and it will cause no ambiguity 


(SVNT3) 


Definition 6 ([14]). Let (X,7?, 7@, #7) be an SVNTS. Then, for every On € eX andr € &, 
the single valued neutrosophic closure and the single valued neutrosophic interior of On are 
defined by: 


Crom (on, 8) = (lon € OX son Syn, (lanl) Sr T8(laal®) S17, (Lyn) S17}, 
int 09 (On, $ = {1 € ee :On 2 Yn (Yn) 2Yr, T8(Yn) ae Fae a T1 (Yn) a oe a 


Definition 7 ([24]). Let (X, 1°87) be an SVNTS and r € &0,0 € @%. Then, 
(1) Oy is r-single valued neutrosophic semiopen (r-SVNSO, for short) iff On < Cpoq (intzpor 


On,1),1), 
(2) 7 is LS valued neutrosophic B-open (r-SVNBO, for short) iff On < Czpoq (int zp09 (Czp09 
(On,1),1),1). 
The complement of r —SVNSO (resp. r-SVNBO) is said to be an r — SVNSC (resp. r- 
SVNBC), respectively. 


Definition 8 ([14]). Let X be a nonempty set and v € X. If s € (0,1], t € [0,1) and p € [0,1). 
Then, the single-valued neutrosophic point xs,1,p in X is given by 


_Jf (stp), ff x=v, 
Xs,t,p(X) ~~ { (0,1,1), otherwise. 


We say Xs,t,p © On iff 8 < Bo, (Vv), t = 60, (v) and p > fo, (v). To avoid the ambiguity, we 
denote the set of all neutrosophic points by pt(2*). 

A single-valued neutrosophic set Oy is said to be quasi-coincident with another single-valued 
neutrosophic set Yn, denoted by 0nqn, if there exists an element v € X such that 


Pon (v) + Pry (v) a 1, Oo, (v) ol 67, (V) < 1, Non (v) Te Ayn (v) < 1. 


Definition 9 ([14]). A mapping 1°21 = TP, T°, T7 : EX — @ is called single-valued neutrosophic 
ideal (SVNI) on X if it satisfies the following conditions: 
(I,) 1°(0) =1and 22(0) = 27(5) =0. 
(In) If On < Yn, then TP(yn) < LP(on), Z&(9n) > L&(on), and T7(yn) > Li(on), for 
Wii ee. .., ; ; ; ; 
(Is) ZP(onU Yn) = LP (on) NLP (yn), L8(On Un) < T° (on) UZ (yn) and 
Ti (on Un) < Lion) UL7(Yn), for each On, yn € E*. 


The triple (X,1°®7, TP°1) is called a single valued neutrosophic ideal topological space in 
Sostak’s sense (SVNITS, for short). 
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Definition 10 ([14]). Let (X, 1°27, 2°07) be an SVNITS for each on € EX. Then, the single valued 
neutrosophic ideal open local function [on]; (P21, ZP81) of on is the union of all single-valued 
neutrosophic points x, 4, such that, if Yn € Qrpon(Xst4,7) and TP (¢n) > 71, Z%(cn) < 1-1, 
Ti(¢n) < 1-1, then there is at least one v € X for which fo, (v) + Py (v) —1 > Be, (v), 
Con (v) a Orn (v) -1 s C6n (v), and Non (v) + yn (v) —1 = Aen (v). 


Occasionally, we will write [on|* for [o|£(t?e7, Z°@7), and it will cause no ambiguity. 


Remark 1 ({14]). Let (X, 1°27, 2°27) be an SVNITS and on € &%. Then, 


£ £ aes £ 
CT 509 (Cn, 1) = On U [Gale int p09 (On, 1) = On (on) 1° 
It is clear that Cle pa is a single-valued neutrosophic closure operator and (ree (ge, re Le qe 


(Z") is the single-valued neutrosophic topology generated by CE poy, 1 
T*(Z)(On) = {rl Clean (net) = 0°}. 


Theorem 1 ([ 
(X, TPO, TPH 
QM (U(nli 
2) (AC [onli 


14]). Let {[onJitiey C ZX be a family of single-valued neutrosophic sets on X and 
) be an r-SVNITS. Then, 

re FE]) S (Ulonli: 1 € fr, 

): £€ fr = (Mlonlie: 1€ J). 


Theorem 2 ([14]). Let (X, 727, 2°27) be an SVNITS and On, Yn € €%, r € Gp. Then, 


(1) inte 94 (On V Yn/1) < inte p99 (On,7) V inten (Yn-1), 


(2) intzpon(On,1) < inte p04 (On,7) < On < Cle poy (On, 7) < Cyp09 (On, 1), 
(3) Teen ([0 aoe iT) = intr (On,1)|°, and (een (on,r)|° = intzpay ([On l"1), 
( 


(4) inte poy On x Yn )= inte p99 (Cn, r) A inte poy (Yn, r). 


3. £-Single Valued Neutrosophic Ideal Irresolute Mapping 


This section provides the definitions of the r-single-valued neutrosophic £-open set 
(SVNEO, for short), the r-single-valued neutrosophic £-closed set (SVNEC, for short) and 
the £-single valued neutrosophic ideal irresolute mapping (£-SVNI-irresolute, for short), in 
the sense of Sostak. To understand the aim of this section, it is essential to clarify its content 
and elucidate the context in which the definitions, theorems, and examples are performed. 
Some results follow. 


Definition 11. Let (X, 707, TP07) be an r-SVNITS for every on € €% andr € &. Then, On is 
called r-SVNEC iff Cl pay (On, 1) = On. The complement of the r-SVNEC is called r-SVNE£O. 


Proposition 1. Let (X, 1°27, Z?@7) be an r-SVNITS and on € @*. Then, 
(1) On is r-SVNEC iff [on|f < on 
(2) Oy is r-SVNEO iff ([on]£)° > [on]°, 

(3) If tP([on|°) > 1, T8([on|®) < 1-4, tT ([on|°) < 1 —1, then oy is r-SVNEC, 

(4) If t?(on) > 1, T8(On) <1 —47, T1 (On) < 1—1, then on is r-SVNEO, 

(5) i On is r-SVNSC (resp. r-SVNBC), then int eo ([Tn|£,7) < On (resp.int pen ([int,pa7 (On, 1) 
r) Sn). 


N 


a 


Proof. The proof of (1) and (2) are straightforward from Definition 11. 
(3) Let t°([on]°) > 1, T8([on]®) <1 —17, T7([on]®) < 1—r. Then, 


n= Ont) = Cle p04 (G7) =r [onlf > [on]*. 
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Hence, 7) is an r-SVNEC. 
(4) The proof is direct consequence of (1). 
(5) Let o;, be an r-SVNSC. Then, 
On > intzpen(Czpen (Ons 1),7) > int goon (Cle paq (Cn), 17) = intzpan ([On U [onl 1,7) 


> int;pe9 ([on]F.7). 


The another case is similarly proved. 


Example 1. Suppose that X = {a,b}. Define €n,YnsGn € €% as follows: 


xn = ((0.3,0.3), (0.3,0.3), (0.3,0.3));  &n = ((0.7,0.7), (0.7,0.7), (0.7,0.7)); 


Gn = ((0.2,0.2), (0.2,0.2), (0.2,0.2)). 


Define ¢P07, TP07 : EX _ & as follows: 


— 
N 


if On =0, . = 
iP gals , if Om = (0,1,1), 


1 

1 . 
| yf n= on, 
if On = Yn TP (on) = 3 if 0 : 
if On = €n; 6. ee a 
if otherwise; ‘ ‘ 


~ ~ = 


SO wrwnr 


» 


if 04 =U; 

if On = 1; 

if On = ni T° (on) = 
if On = En; 

if otherwise; 


if o} = (0,11), 
if On = Gn, 
if Cite & Cn; 
if otherwise; 


x 
x 


=) 


if On =0, 

if Cp dy 

if On = Yn; T! (on) _ 
if On = En; 

if otherwise; 


if om = (0,1,1), 
if On = Cn, 
if OSGi < Cn; 
if otherwise. 


» 
» 


~ 


FR wiRwin © 
N 


x 


~ 


foal 
wm 
Feige. 
= 
~“—" 
II | 
————————*, ro ——_— 
WNW CO © 
ne 
Fr WRIN © 


FR wiINnwin © 
reg 


x 


(1) Gn = ((0.6,0.6), (0.6,0.6), (0.6,0.6)) is 4-SVNEC but t°([Gn]°) Z 3, T2([Gn]°) £ §, and 

T1( Gn]°) £ z, 

(2) Gn = ((0.6,0.6), (0.6, 0.6), (0.6,0.6)) > int pay ([Gn]4, 3) = 0 but Gy is not is 4-SVNSC. 
3 

Lemma 1. Let (X, 7°27, 2°07) be an SVNITS. Then, we have the following. 


(1) Every intersection of r-SVNEC’s is r-SVNEC. 
(2) Every union of r-SVNE£O’s is r-SVNE£O. 


Proof. (1) Let {[on]i}icj be a family of r-SVNEC’s. Then, for every i € j, we obtain 
ale= ‘aller ([on]i,7), and, by Theorem 1(2), we have 


Niej lon]: = Gleernicar r),1) = OV onli U ([on]i)+) 2 altar U altcane 


i€j ij igj ij 
= (Veni U ((\onli)é = CI p04 (Veni. r). 
i€j i€j i€j 


Therefore, ) jer [On]; is r-SVNEC. 
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(2) From Theorem 1(1). 


Lemma 2. Let (X, 7°27, 207) be an SVNITS for each r € Gq. Then, 
(1) For each r-SVNEO oy, € ex Ong Yn iff onqCKepon (Yn), 
(2) Xs k9CL p09 (Yn-1) iff OngYn for every r-SVNEO on € eX with Xstk © On- 


Proof. (1) Let 7, be an r-SVNEO and ongyn. Then, for any v € X, we obtain 


Pon (v) + Pyn (v) > 1, on (v) + Ox, (V) < 1, Ton (v) + Dyn (v) as 1. 


This implies that 6y,, < Pio, I Oy, = Ofo,)¢ ANA Fy, = ifjo,jez hence, Yn < [On]°. Since 
On is r-SVNEO, Clepo9 (Yn 1) < Cleo ([on]®, 7) = [on]°, it follows that on9Clepoq (Yn, 1)- 


(2) Let %5,t.9CTepen (Yn,17). Then, onqClepon (Yn r) with x,+~ © On. By (1), we have 
n9On for each r-SVNEO oy € ex . On the other hand, let Onfyn. Then, Yn < [gn]°. Since on 
is r-SVNE£O, 


Cle pag (Yne r)< Cle pa9 ([On]°, 7) =[0,|° and Once pa (Yn, r). 


Since x5 4% © On, we obtain x, ; GH p09 (Yn/1) 


Definition 12. Suppose that f : (X, Pe Pei a (Ye, Tee 7) is a mapping. Then, 


(1) f is called £-SVNI-irresolute if F- 1(¢,) is r-SVNEO in X for any r-SVNE£O oy in Y, 
(2) f is called £-SVNI-irresolute open iff f (on) is r-SVNEO in Y for any r-SVNEO oy in X, 
(3) f is called £-SVNI-irresolute closed iff f (0) is r-SVNEC in Y for any r-SVNEC oy, in X. 


Theorem 3. Let f : (X,7/°", TPe) > (Y, afet, het) be a mapping. Then, the following 
conditions are equivalent: 


(1) f is£SVNI-irresolute, 
(2) f—*(on) is r-SVNEC, for each r-SVNEC on € Y, 


(3) F(CEepen (o»,1)) < Clipe (f (on), 1) for each on € &%,  € Gp, 
(4) cy (Cam (Yn),17) < f (Cle (Yn,1)) for each Yn € ag r € Co. 
Proof. (1)=-(2): Let 7, be an r-SVNEC in Y. Then, [;]° is r-SVNE£O in Y by (1), we obtain 


f7"([on]°) is r-SVNEO. But, f~1([n]°) = [f~!(on)]°. Then, f~* (on) is r-SVNEC in X. 
(2)=+(3): For each 0, € &* andr € &o, since Clo (Clio (f(on),7) = Clio (f(on),1). 


From Definition 11, CEs (f(On),17) is r-SVNEC in 'Y. i (2), f- (CEs oe is r- 


SVNEC in X. Since 
On Sf "(Flon)) < fle (F(on),1)), 


by Definition 11, we get, 


Hence, 
Ff (Clg (m1) < FF (Clfgan (F(0)-7))) < Clg (F (n), 1). 
(3)=(A4): For each 7, € ey and r € @, put 0 = f—!(7n). By @), 


f (Clee (f-‘(am)-r)) S CE per (fF “(m))-r) S CE on (Yn77)- 
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It implies that CEs Oe l(vn),1) < fo" (CE pon (nr r)). 


(4)>(1): Let Yn be an r-SVNEO in Y. Then, [n]° is an r-SVNEC in Y. Hence, 
CE oan ([Yl° 1) = [Yn]°, and, by (4), we have, 


f(a’) = f° (Eegen (lal 1)) = CE pon (Fal), 1). 


On the other hand, f~1([yn]°) < CI (f-'(anl®), 1). Thus, f ([9n]®) = Clepen (f 
1 
([yn]°), 17), that is f-1([yn]°) is an r-SVNEC set in X. Hence, f~!(7n) is an r-SVNEO set in 
X. 


Theorem 4. Let f : (X,77°7, 2?) = (Y, fet, E81) be a mapping. Then, the following 
conditions are equivalent: 
(1) f is£SVNI-irresolute open, 


(2) f (inté soon (Ons )< int pon (f (on), 1) for each on € &X, r € Zp, 
(3) Reet f(m)1n < f- (int say (Yn, 1)) for each Yn € EY, 7 € Eo, 
q % 


(4) Forany Yn € ey and any r-SVNEC oy € ex with £2 (4a) < On, there exists an r-SVNEC 
Cn € &” with yn < Gn such that f-1(Cn) < On. 


Proof. (1)=(2): For every 0, € eX, r € &) and inten (On,7) < GO, from Theorem 2(2), 


we have F (int pay (On,1)) < f (On). By (1), Finer oe )) is r-SVNEO in Y. Hence, 


Ff (int oe (On,1)) = int oo (F (into (On,1))) < into (f (On),1). 


(2)=>(3): For each yn € @ andr € @o, put on = f~!(yn) from (2), 
i (into (f-(4n),7)) < int oe (FF (Yn))-7) < int 509 (nr): 
It implies that 
into (f-am)r) SI (into (f-“(m),1))) < f ~* Gino (Yn/1)). 
(3)=>(4): Obvious. 


(4)=(1): Let e, be an r-SVNEO in X. Put Yn = [f(en)]° and on = [en]° such that oy is 
r-SVNEC in X. We obtain 


fam) = FU end) = LFF en) PS len]? = on. 
From (4), there exists r-SVNE£O ¢n € @ with Yn < Gn such that f—!(¢n) < on = [enl®. 


It implies en < [f~1(¢)© = fo'([¢n]°). Thus, f(en) < f(f-'(I[s]°)) < [cn]®. On the 
other hand, since ¥, < Gn, we have 


Fen) = [yf 2 [en 
Hence, f(€n) = [Gn]°, that is, f(€n) is r-SVNEO in Y. 


Theorem 5. Let f : (X, ee) > (Y, "1, 7o%) be a mapping. Then, the following 
conditions are equivalent: 
(1) f is£SVNI-irresolute closed. 


(2) f(CI en Ym r))< CT (f (¥n),1) for each Yn € er € Sp. 
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Proof. Obvious. 


Theorem 6. Let f : (X, a 1 a ey => (Y, if OF pet) be a bijective mapping. Then, the following 
conditions are equivalent: 

(1) f is£SVNI-irresolute closed, 

(2) Clog (fF ex or) = Cla (Gust) sfor each On € &, r € &. 


q % 


Proof. (1) = (2) : Suppose that f is an £-SVNL-irresolute closed. From Theorem 5(2), 
we claim that, for each yn € @* andr € €o, 


f (CE pen (Yn,7)) . Clee (f(Yn)-1).- 
Now, for all a, € @Y, r € @o, put yn = f-'(on), since f is onto, it implies that 
f(f-*(on)) = on. Thus, 
F (Choe G Gays CEs (ff "(n)), 1) = CE pen (On): 
Again, since f is onto, it follows: 
Cleon (f-"(Gn).1) = FE (Clem (f-'(on)-r))) < f "(CE (@nr7))- 
(2) = (1) : Put on = f (7). By the injection of f, we get 
CH 200 (nr r= CEs GF *EGiTS fr" (CEepen (f(¥n),1)), 
for the reason that f is onto, which implies that 


f (Clo (9m) < fF7 (Clepeg F(1m),1))) = Cli (f(¥n),1). 


% 


4. £-Single Valued Neutrosophic Extremally Disconnected and £-Single Valued 
Neutrosophic Normal 

This section is devoted to introducing £-single valued neutrosophic extremally dis- 
connected (£-SVNE-disconnected, for short) and £-single valued neutrosophic normal 
(£-SVN-normal, for short), in the sense of Sostak. These definitions and their components, 
together with a set of criteria for identifying the spaces, are provided to illustrate how the 
ideas are applied. 


r, t8(CKep (On,r)) < 1-17, #7 (CIE; (On,t)) < 1—r1 for each t?(o,) > 1, t2(on) < 1-4, 

T(On) < 1-4. 

Definition 14. Let (X, 7°27, ZP01) be an SVNITS and r € &. Then, 0, € @% is said to be: 

(1) _ r-single valued neutrosophic semi-ideal open set (r-SVNSIO) iff on < Cl son (int=909(Cn,1),1), 

(2)  r-single valued neutrosophic pre-ideal open set (r-SVNPIO) iff on < intzpaq (Clana (On,1),1), 

(3) r-single valued neutrosophic «-ideal open set (r-SVNalO) iff 0 < intzpoq (Cleo (int z9090n,1), 
r),1), 

(4) r-single valued neutrosophic B-ideal open set (r-SVNBIO) iff On < Cepoq (intzpoq (Cle seq 
(On), r), r), 

(5) r-single valued neutrosophic B-ideal open (r-SVNSBIO) iff on < Cl ig (int <p07 (Clg 
(Cn, r), r), r), 
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(6) r-single valued neutrosophic regular ideal open set (r-SVNRIO) iff On = intzpaq (Cle pen 
(On,1),1). 


The complement of r-SVNSIO (resp. r-SVNPIO, r-SVNalO, r-SVNBIO, r-SVNSBIO, r- 
SVNRIO) are called r-SVNSIC (resp. r-SVNPIC, r-SVNalC, r-SVNBIC, r-SVNSBIC, r-SVNRIC). 


Remark 2. The following diagram can be easily obtained from the above definition: 


r—SVNalO => r—SVNSIO => r—SVNSO 


{ a a 
r—SVNRIO => r—SVNPIO = r—SVNBIO => r—SVNBO 
a 


r—SVNSIO => r—SVNSSIO => r—SVN6IO. 


Theorem 7. Let (X, t@7, 2?) be an SVNITS and r € é. Then, the following properties 

are equivalent: 

(1) (X, tP&7, TP°7) is £-SVNE-disconnected, 

(2) 7 (lint, (%n/1)|°) et, #°([inté, (On,7)]°) <1-r, #4 (inte, (On,1)|°) < 1—r for each 
#([on|°) = 1, T8([on]°) <1 —1, t7([on]°) < 1-7, - 

(3) Cle son (int x09 (On-7),7) < intzpoq (Cle pe (On,1),1), for each Om € &%*, 

(4) Every r-SVNSIO set is r-SVNPIO, 

(5) 1° (Clip (On, 7)) > 1, €2(ClE5(on,1)) < 1-1, 79 (CIE; (on, 1) < 1-1 for each r-SVNSBIO 
On € Cy 

(6) Every r-SVNSBIO set is r-SVNPIO, 

(7) Foreachon € ee On is r-SVNalO set iff it is r-SVNSIO. 


Proof. (1) = (2):The proof is direct consequence of Definition 14. 
(2)=(3): For each o, € G%, Plintzs(onr)) > 47, t8(intze(on,1)) 
< 1-1, f7(intzj(n,r)) < 1—1, and, by (2), we have 


 ([inté ([inteo (on, NI NI) =r, F2({intéa(Lintze (on, r)I%,7)) <1 1, 


£4 ( [inte (Lintea (On 75 7)I°) < 1-1. 
Thus, 
(CE; (intz5(Cn,1),7)) > 7, #°((CE, (intzs(On,r),r)) < 1-1, #7 (CIE, (int-;(om,7),r)) <1—1; 
hence, 


Cle pai (intz 909 (Cn.1), 7) = intzpoq (Cle eq (int zp09 (On, 1),1),7) < intzpoq (Cle p09 (n,1), r). 


(3)= (4): Let a be an r-SVNSIO set. Then, by (4), we have 


On < CEE 


Tv 

Thus, 7 is an r-SVNPIO set. 

(4)=-(5): Since 0; is an r-SVNSBIO set, On < Cle poy (int zo09 (CI E509 (Ou, 1),17),1). Then, 
Cle poq (Ons) is r-SVNSIO, and, by (4), Clésoq(Gn,7) <_ intepon(CTép0q(On,7),1); hence, 
PCIE, (enh) 2; £°CIEg(On,1)) <1-y, TICE, (On,r)) <1—r. 

(5)=(6): Let 7, be an r-SVNBIO set, then, by (5), Cle p09 (On, 1) < inteseq (CI*(0n,1),71). 
Thus, 

On < Cle sen (On, 1) < intzpoq (Cle eq (On,1),1). 
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Therefore, 7) is an r-SVNPIO set. 


(6)=(7): Let o be an r-SVNSIO. Then, o is r-SVNSBIO, by (6), on is an r-SVNPIO set. 
Since 7, is r-SVNSIO and r-SVNPIO, o;, is r-SVNalO. 


(7) = (1): Suppose that 7°(o,) > 1, T@(n) < 


1—1,t4(o,) < 1-1, then Cle poy (On,7) 


is r-SVNSIO, and, by (7), Cle sen (n,1) is r-SVNalO. Hence, 
Clery (On,1) < intepoy (Clos (intzpa7 (CI*(on,1),1),1),1) = intepoy (Clin (On,1),r) < Cle (On,1). 
Hence, 
# (Cli pen (On1)) =7, #2 (Cle pay (On,1)) <1-1, #7 (Clepan (On1r)) <1-r. 


Thus, (X, °¢7, [eet 


Theorem 8. Let (X, 7°07, TP@ 


are equivalent: 


) is £-SVNE-disconnected. 


1) be an SVNITS r € Go and oy 


€ &%. Then, the following 


t&(on) < 1-17, T8(o,) < 1-1 and 


(on,1),1),7)GC 000 (Yn, 7), for every On € &* and r-SVNEO Yn € &* 


(1) (X, tPCT, TPCT) is £-SVNE-disconnected, 

(2) CEE pen (On, 1)qCzp05(Yn,1), for every T(a,) > r 
ay 1-SVNELO Yn € ex with OngYn, 

(3) Cle sen (int <0 (Cle seq 
with OnGyn- 


Proof. (1)=(2): Let 7° (o,) > 1, (on) 


a (Cle (Gp ver 


<1=f,4on)s 


#°(CIEs(0n,1)) <1-r, 


1 —r. Then, by (1), 


a71(Cli, (opt se 


Since [Cle p69 (On,1)|° is an r-SVNE£O and Cle sa9 (Cat a Chep0% (on,1)|°, it implies that 
CEE pen (On, 1 )qCxp0% ([ClE poy CAR ale ae 
(2)=-(1): Let 7°(0n) > 1, (on) < 1-4, T1(on) < 1-4. Since [ClEpoq(on,1)]° is an 
r-SVNEO, then, by (2), 
Cle pan (On, 1 )GCzp0n ([Cl ese (0n,1)]*,7). 
This implies that elem (On,1) < intzpo9 (Cle seq (On,1),1) < ler (On,1), SO 


#° (CIE, (On,7)) =7, 


#°(ClEg(on,1)) <1l-r, 


a(Cl, (On,r)) <1-r. 


(2)=(3): Suppose that a, € ex and ¥y is an r-SVNEO with ongyn. Since 


7? (inte (Cl o(On,1),r)) > 1, 


ci’; 


By (2), we have Clg (int z609 (Cle p0y 


7°(intze (Clje(On,1),1)) < 


1—r, Ti (inte (Ci, 7(On,1),7)) <1—r. 


(On-1),1), 1) GC zp00 (Yn,1). 


(3)=>(2): Let @?(0,) > r, t8(Cn) <1-r, T(on) <1-—rand 7 be an r-SVNE£O with 


we obtain Clea 


OngYn- Then, by (3), 


2 CL, 


TPO 


Clip (On,1) 
then, we have Cle, pon (On, 1) GCzp09 (Yn/1)- 


Definition 15. An SVNITS ( 


x, 
with 7° ([on]1) 2 7, t8([n]1) < 


(int ;03 ( 


ci; 


TP OT 


(On,1),1),1)qCzp09 (Yn, 7). Since 


(iny zo07 (Cli pea (On,1),1),1), 


) is called £-SVN-normal if, for every [on]1q|on|2 
Onli) < 1—rand |oy]|2 is r-SVNEO, there exists 
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oe isan "a SVN-normal. 
poi] 1) is an £-SVNE-disconnected. 


Proof. (1)=>(2): Let t°(on) > 1, #@(on) < 1-41, ton) < 1-1 and [Clep94 (on, 17) |° be an 


r-SVNEO. Then, O79 [Cl épeq (On, 7) |°. By the £-SVN-normality of (X, 77, Z°¢7), there exist 
[yn]i € €%, for i = {1,2} with 


Plyalf) 20 Plyalf)<S1-n (lyf) 1-47, 
and [Yn]§ r-SVNEC such that [Cle seq (On,7)|° < [¥n]a, On < [Yn]2 and [¥n]19[Yn]2. Since 
Cli paq (Cnet) < Clepeq (lular) = [yale < [yal < Cle pan (Cn), 


we have Cle pay (On. 7) = = [Yn]2. Since [Cle 69 (ar)? =a = vals = [Cle 09 (On,1)|°, $0 
[Cleon (On,1)|° = [Yn]1- Hence, Cle p09 (On,1) = [ynl§ and 


a (CIE, 3(On,')) >1, #°(ClEg(0n,1)) <1l-yr, (Cle, (On,r)) <1—r. 


Thus, (X, 7°¢7, ZP@7) is an £-SVNE-disconnected. 


(2)=(1): Suppose that t?(o,) > 1, T8(on) < 1-41, T(r) < 1—r and Yn is an 
r-SVNEO with 0;97n. By the £-SVNE-disconnected of (X, "0 1 Ee on), we have 


7 (CIE, 3(On,r)) >1, °(CIEs (0n,1)) <1l-yr, (Cle, (On,r)) <1-r7, 


and [CIé 


z000 (O r)|° is r-SVNEO. Since On9Yn, On < eer (On,r) and Yn < [Cle 69 (Gast lf. 
Thus, (X, 7? 


ny 
e7, TP°7T) is an £-SVN-normal. 


Theorem 10. Let (X,t27, 221) be an SVNITS, Oy,0n€% and r € & . Then, the following 
properties are equivalent: 

(1) (X, tP@T, TPC7) is £-SVNE-disconnected. 

(2) If O is r-SVNRIO, then oy is r-SVNEC. 

(3) If & is r-SVNRIC, then oy is r-SVNEO. 


Proof. (1)=(2): Let 7, be an r-SVNRIO. Then, 7% = int,0q (Cle seq (On,1),r) and t? (on) > 1, 
#2(o,) <1—4,t1 (on) < 1-1. By (1), 
# (CIE, (On,1)) > 1, #° (CIE, (on, 1) <1-r, ti (Ciy (On,r)) <1—r. 


Hence oy = int;paq (Close (On,1),7) = Clipe (On,1). ; ; 
(2)=+(1): Suppose that on = int;poq (CIE pay (On, 1), 1), then t°(on) > 1, t8(on) < 1-1, 
to) <1 —r1, by (2), On is r-SVNEC. This implies that 
Cle pai (Gers Clepa9 (int zp0q (Cle seq (On,1),1),1) = intzpoq (Clesoq (it FS Cle pa9 (On, 7)- 
Thus, 


7 (CIE, 3(On,')) >1, TCE oa) <1-y, tC, (On,7)) <1 7, 


then (X, t¢7, TP07) is an £-SVNE-disconnected. 
(2) & (3): Obvious. 
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Remark 3. The union of two r-SVNRIO sets need not to be an r-SVNRIO. 


Theorem 11. If (X, 7°07, 207) is £-SVNE-disconnected and On,¥n € @X, r € Gq. Then, the 
following properties hold: 


(1) If O, and Yn are r-SVNRIC, then on A Yn is r-SVNRIC. 
(2) If O, and Yn are r-SVNRIO, then oy V Yn is r-SVNRIO. 


Proof. Let 7; and 7; be r-SVNRIC. Then, ?([on]°) > 1,78 ([on]°) < 1-1, 77 ([on]®) < 1-1 
and 7 ([Yn]°) > 7, T8([yn}°) < 1—1,t7([yn]°) < 1 —1, by Theorem 7, we have 


#? ([intés (on,1)]°) Ee #°([inté, (on,r)|°) < 1-7, #4 ([intty (On,7)]°) Se, 


and 


# (fintes (Yn, oleate #° (ines (Yn, r)|°) <1-17, #1 (inte, (Vat) Peed =r 
This implies that 
On NYn = Cep0H (int Spay (On,1),17) \ Czp0q (int eq (Yn/1),1) 
= int’50y (On,1) A intzpay (YT) = int poy (On A Yn/1) 
< Czp07 (inte son (On A Ynr r), r). 
On the other hand, 
Cr p09 (inte paq (On NYT), 1) = Cpe (int pay (Ons r) A inti peg (Yn, r),1) 
< Cep09 (inte p99 (Cn, r),1) A Cope (int pay (Yn/1),1) 
=0nN\ Yn- 


Thus, C909 (int’, (On \ Yn/1),0) = On A Yn- Therefore, 0% A Yn is an r-SVNRIC. 


TPO 


(2) The proof is similar to that of (1). 


Theorem 12. Let (X,7°7,Z?¢7) be an SVNITS and r € €o. Then, the following properties 
are equivalent: 

(1) (X, tP@1, TPC7) is £-SVNE-disconnected, 

(2) #°(ClEs(on,r)) > 1, £°(ClEg(On,1)) < 1-1, 79 (CIE; (On, 1) < 1-1, for every r-SVNSIO 


On € ex 

(3) 7? (CKip(on,1)) = 2 (ClEg(On,1)) <1 —r, 8 (Chey (On, 17) < 1-1, for every -SVNPIO 
on € ee 

(4) t (Clip (On,1)) 21 #2 (CIEg(On,1)) < 1-1, 89 (Chey (on, 1) < 1 — 1, for every r-SVNRIO 
wet. 


Proof. (1) = (2) and (1) = (3). Let a be an r-SVNSIO (r-SVNPIO). Then, @ is r- 
SVNSB6IO, and, by Theorem 7, we have, 


7 (CIE, 5(On,r)) = 7, t2(ClEs(On,7 r))<1-r7, #1 (CHE, j(Onr)) S14. 
(2)=(A) and (3)=(4). Let 7, be an r-SVNRIO. Then, o, is r-SVNPIO and r-SVNSIO. Thus, 
7 (Cle (On,1)) > 1, #°(CIEs(ou,1)) <1-r, t(Cle, (On,r)) <1-r. 
(4)=(1). Suppose that 


4° (ints (CE, s(On,1),r)) >, t&(intzs (Cle 3(On,1),1)) =7, £4 (inteq (Cleg (On,1),1)) >r. 
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Then, by (4), we have 


# (CIE, (int zp (CIs (On, 1),7),1)) > 1, £° (Clg (intzo(Clég(on,r),r),7)) > 7, 
4 (CUes (inten (Clg (On, 1),1),1)) 2 


Hence, 


CE; 


epi (Or) < Clipe (int za (Clee (On,1),1),1) 


= int<poq (Slee (int 07 (Close a(Onr1),1),1),1) 


7p0 
= int;paq (er (On,1),1) < Clone (On,1). 


Thus, 2 (Clip (GF) 2 r, t8(ClEg(on,1)) <a ea r, t9 (CIE, (on,1)) < 1-17; hence, 
1, T°) is an £-SVNE-disconnected. 


Definition 16. Let (X, t?@7, Z°@7) be an SVNITS. Then, On is said to be an r-SVNESO if on < 
Cy p07 (inte poy (Cn, r), r). 


Definition 17. Let (X, £27, TP27) be an SVNITS for each r € &9, , € EX and Xstp € Pt(é%), 
Then, Xs,t,p is called an r-SVN6TZ-cluster point of Op if, for every Yn © Qzp0q (Xs,t,p,1), We have 


On gint zpan (Cle seq (Yn r), r). 


Definition 18. Let (X, t°@7, Z°@7) be an SVNITS for each r € Go, On € e* and Xstp € pt(E%). 
Then, the single-valued neutrosophic 5T-closure operator is a mapping C srepan 1 @* X Gy is 
that is defined as: C5pzp09(On,1) = V{Xs,t,p € Pt(EX) is r-SVN6I-cluster point of on}. 


Lemma 3. Let (X,t°¢7, Z°@7) be an SVNITS. Then, On is r-SVNESO iff C09 (On, 1) = Czo07 


(inte soy (Gat) .F)s 


Proof. Obvious. 


Lemma 4. Let (X,7°¢7, Z°@7) be an SVNITS for each on € €* andr € Gq. Then, Czpam(On, 7) < 
Corz009 (On,1). 


Proof. Obvious. 


Lemma 5. Let (X, t¢7, ZP07) be an SVNITS and oy be an r-SVNESO. Then, Czp04(On,7) = 
Corz007 (Cn, 1). 

Proof. We show that C +09 (On,1) < Cosyzp09 (Cn, 7). Suppose that Cz909(On,7) A Copepoa (On, 1),; 
then, there exist v € X and s,t, p € @ such that 


Poplour)Y) <8 S Pew sour) UY), Ocrg(our)(Y) 2 E> Oc, (cnr) (Y), (1) 


AC. (our) \Y) 2 P > Fig 9 (onr) (Y)- 


By the definition of C,pa7, there exists T°([yn]°) > 7, T([yn]°) < 1-17, 77 ([rn]°) < 
1 —r with o, < Yn such that 


Poalonr)Y) S Panl¥) <8 < Pes slonr)(Y), — crp(our)(Y) 2 Orn(Y) > E> Oc, p(onr) (Y), 


Ca (our) (Y) 2 Pan (Y) > P > Fic en (our) Y) 
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Then, [¥n]° € Q-p0q (Xs,t,p,7) and 


[on}® > [ml = Cle peq ([n]*, 7 Pe Clesen ([Ya]%7) 
=> Cle pa9 ([on]°1 r)> intzp07 ([ynl®, r) 
=> [inte pay (On-1)]° > [rnd 


Thus, inte poy (On,1)q[Yn]°. Hence, int-pay (Clean ([7 nl°,1),1)qC <p0n (inte pq (GPP F): 
Since 0, is an r-SVNESO, we have int 07 (olen (Yn-1)/1)GOn- SO, Xs,t,p is not an r-SVN6T- 
cluster point of 7. It is a contradiction for equation 3. Thus, C909 (0n,1) > Cspeo09 (On, 1). 


By Lemma 4, we have Cz90q(On,1) = Cspep0q (On, 1). 


Theorem 13. Let (X, 7°27, Z°¢7) be an SVNITS. Then, the following properties are equivalent: 
(1) (X, tP@7, TPCT) is £-SVNE-disconnected, 
(2) If oO is r-SVNSBIO and yy is r-SVNESO, then Cle pa (On,7) A Czpon (Yuet) < Cepoa 


(On A Yn), 
(3) If a is r-SVNSIO and Yn is r-SVNESO, then Cle seq (On,1) A Capea (Yn 1) < Cepaq 
(On A Yn), z 2 
(4) Cleon (On, 1) GC x00 (Yn, 1), for every r-SVNSIO set o € &* and every r-SVNESO Yn € &* 


with Onqyn, 
(5) If isan r-SVNPIO and Yy is an r-SVNESO, then Cle son (On, 1) A Cezp09 (Yn, 1) < Capon 
(On \ Yn): 


Proof. (1)=(2): Let a, be an r-SVNSBIO and 7, be an r-SVNE£SO, by Theorem 7, 7? 
(Clip (0n,7)) 
>, aC; (On,r)) <1—1, 47 (CIE; (On,7)) <1 —r. Then, 


Cle son (Ont )A Coon (Yn, 1) < Ceo0n (int soy (Yn/1),1) < Cepor [C¥e (Yn1) A inte og (Yn/1),7] 
< Cepai [Cleon [Yn A init (Yn/1),1),1] < Coan [Czpa0 ln A init (Yn,7), 7,7] 
< Czp09 [Yn A initia (Yn ), | < Czp0q [Yn A Yn,1)- 


Hence, Cleon (Cn, r) \ Cxp07 (Yn, r) jm Cx907 (On A Yn). 

(2)=(3): It follows from the fact that every r-SVNSIO set is an r-SVNS6IO. 

(3)=(A4): Clear. 

(4)=-(1): Let a be an r-SVNSIO. Since [Cle seq (On, t)|° < Cepeon (int’; (Cle pan ([07 (lonlS 


$00 
r),1),r) we have, (Cleve (On,1)|° is an r-SVNESO. Then, by (4), Tepe (On, JAC 0 [Clee 


(4 
(On,r)\°r). Thus, CTipeg (Ons? ys (Geren Cheng (apt ry\or)]o = = intgpay (Clone (On-7),1)- 
Therefore, £° (Clés(on,1)) ze #8 (CIE, (on,r)) < 1-1, tH(CIE;(on,7)) < 1-1. Thus, 


by Theorem 12, (X, 7°@7, P07) is £-SVNE-disconnected. 
(2)=-(5): It follows from the fact that every r-SVNPIO is an r-SVNSBIO. 


Corollary 1. Let (X, 7°27, TP) be an SVNITS. Then, the following properties are equivalent: 

(1) (X, tP@T, TPCT) is £-SVNE-disconnected. 

(2) If On is an r-SVNS6IO and yy is an r-SVNESO, then Clea (On,1) A Copeoen (Yn) < 
Cz09 (On A Yn): 


(3) If O is an r-SVNSIO and Yn is an r-SVNESO, then Cle sag (On,7) A Corson (Yn) < 
Crp09 (On A Yn): 
(4) If Om is an r-SVNPIO and Yy is an r-SVNESO, then CEE p09 (Cns7) A Copep09(Yn-t) < 


Crp07 (On A Yn): 


Proof. It follows directly from Lemma 3 and 5. 
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5. Some Types of Separation Axioms 

In this section, some kinds of separation axioms, namely r-single valued neutrosophic 
ideal-R; (r-SV NIR;, for short), where i = {0,1,2,3}, and r-single valued neutrosophic 
ideal-T; (r-SVNI Tj, for short), where j = {1,2, 25, 3,4}, in the sense of Sostak are defined. 
Some of their characterizations, fundamental properties, and the relations between these 
notions have been studied. 


Definition 19. Let (X, 7?@7, Z°€7) be an SVNITS and r € &o. Then, X is called: 

(1) 1-SVNIRo iff Xs,t,pTCU pon (You typr-7) implies Ysy,t,p,4CT p09 (Xs,t,p, 7) for any Xs,.p F Yor, 
th, P1- 

(2) r-SVNIR, iff Xs,t,pqCT pon (Ys,,t),p,-1) implies that there exist r-SVNEO sets on, Yn © €* 
such that Xs» © On, Ys,,t,,p, © Yn 4nd OnGYn- ; 

(3) 1r-SVNIRo iff Xst.p9Gn = Cl sa (Cn,1) implies there exist r-SVNEO sets on, Yn € &* such 
that Xs,t,p © On, Gn S Yn and OnGYn- 

(4) r-SVNIR3 iff [nla = CEipan ([Gnlu-7)alsule a Cle p09 ([Gn]2, r) implies that there exist 
r-SVNEO sets On, Yn € @* such that [Gn], < On, [Gnl2 < Yn and TnGYn- 

(5) r-SVNIT, iff Xs,t,pGYs,,t1,p, implies that there exists r-SVNE£O on € &% such that xs,t,p © On 
and Ys ti ~1 qon- a 

(6) r-SVNIT> iff Xs, pQYs1,t,,p, implies that there exist r-SVNEO sets on, Yn € &* such that 
Xst,p © Ons Ys tip. © Yn and OnGYn- ; 

(7) rSVNITy1 iff Xs,t,pYs1,t,,p, Umplies that there exist r-SVNEO sets on, Yn € &* such that 
Xstp © On, Vsyt,p1 © Yn and Cl sag (Cn, r)qCK poy (Yn-1)- 

(8) 1-SVNIT3 iff it is r-SVNITR2 and r-SVNIT}. 

(9) r-SVNIT, iff it is r-SVNITR3 and r-SVNIT}. 


Theorem 14. Let (X, 77, ZP@7) be an SVNITS and r € & . Then, the following statements 

are equivalent: 

(1) (X, teT, TPCT) is r-SVNIRo. 

(2) If Xst,pGon = Cl nig (Ons 1), then there exists r-SVNEO Yn € ex such that Xst,pqYn and 
On S Yn- 

(3). If etn don = Clos (Oni t), then elem (Xst,p/1) Gon = CE sagen t): 


Tl Tl 

(4) If xs,t,p9Cl-p0n (Ysqty,pr7 r), then Cle pen (Xs,t,p, r)q@CT pon (Ys. typi r). 
Proof. (1)=(2): Let x5 ¢,p90n = CIE sag (n,1). Then, 

$+ Pox(v) <1, t+ Oo,(v) = 1, pt fo,(v) = 1, 
for every Ys,,t;,p, © On, we have 5; < fo,(v), 41 > 6o,(v) and py > ffg,(v). Thus, 
Xs,t,pQCLe p09 (Ysy,t1,p1/1) Since (X, tP7, ZPe7) is an r-SVNIRo, we obtain ys,,t,,p,4CT<po9 
(xsp,7). By Lemma 2(2), there exists an r-SVN£O ¢, € €* such that Xst,pGGn and 
Ys1,t1,71 < Cn: Let 

Yn = VV {Cn : Xs,t,p9Gn, Ys1,ty,p1 € Cn}. 


Ys1,t,P1 €0n 
From Lemma 1(1), Yn is an r-SVNEO. Then, X5,t,p9Yn, On S Yn- 
(2)=>(3): Let xs,t,p90n = Clés5;(on,7). Then, there exists an r-SVNE£O Yn € €* such 


Tl 
that Xst,»47n and oO < Yn. Since for every v € X, 


s<1—y,(v), t > 1 —6,,(v), p21— fy, (v), 
we obtain 


C¥ neg (Xe4,p-7) < Clepeg ([Yn]%7) = [ra]? < [oa]*. 
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Therefore, Cl pen (Xs,t,p, 1)qon = CE ney (On,1). 


(3)=>(4): Let Xs,p@Cl< poy (Ysy ty pr): Then, Xs,t,p@Cle eq (Yor, t1p11) =Chg (Ce 


160 
eR a ree (3), 81, #1, pa (%s,t,p, 7) GCL. poy (Ysy ty pr) 
=>(1): ear. 


Theorem 15. Let (X, t@7, 07) bean SVNITS and r € €o. Then, if X is 

(1) [r-SVNIR3 and r-SVNIRo] >“ r-SVNIRz >") r-SVNIR, =>) r-SVNIRo. 
(2) r-SVNIT > r-SVNIR}. 

(3) r-SVNIT3 => r-SVNIR>. 

(4) r-SVNITs > r-SVNIR3. 

(5) r-SVNITs > r-SVNIT3 >) r-SVNIT,, =(°) r-SVNITy > r-SVNIT}. 


Proof. (1,). Let xstp9¢n = Cle seg (Gus), by Theorem 14(3), Cle pay (Xst,p-1)96n = Cl so 
(Gn/r). Since (X, 707, TP) is r-SVNIR3 and Clg Kane ft) = Clove (Ch veg Setar) 
there exist r-SVNEO sets 01, %n € €* such that Xstp © CT say (Xs,t,p, r) < On, Gn < Yn and 
OnGYn- Hence, (X, 7°@7, ZP@) is r-SVNIRo. 

(1p). For each x5t,pFClepoy (Ys,,t,,p171), by r-SVNIRzg of X, there exist r-SVNEO sets 
On, Yn € &* such that Xstp © Ons Ysytypye% © laren (Ys. ti prt?) < Yn and onqyn. Thus, 
(X, £P27, TPCT) is r-SVNIR. 

(1¢). Let (X, 7°07, TP) be r-SVNIRj. Then, for every Xs,t, pT“ po9 (Ysy,t,,py,1/7) and 
Xstp F Ys;,t,p,, there exist r-SVNEO sets On, Yn € ex such that xst,p © On, Ys,,t1,p) © Yn and 
OnGYn- Hence, Xst,p © On < [Yn|°. Since Y; is an r-SVNEO set, we obtain Cl pag (Xs,t,p7 r)< 
CE pag ([¥n]°1) = [yn]° < Ys.tupl°- Thus, Ysa typ, 4CLepeq (Xs,tp,1) and (X, TPCT, TPCT) is 
r-SVNIRo. 

(2). Let x5,1,p4CTe p09 (Ys ,t2,p1/7)- Then, Xs,t,p4Ys1,4,,p;- By r-SVNIT> of X, there exist r- 
SVNEO sets on, Yn € E* such that Xstp © On, Ysy,ty,p, © Yn AN Onn. Hence, (X, 27, TP) 
is r-SVNIR}. 

(3) and (4) The proofs are direct consequence of (2) . 

(5a). The proof is direct consequence of (1). 

(5p). For each Xs1,p7Ys,,t,,p;, since X is both r-SVNIR» and r-SVNIT;, then, there 
exists an r-SVNEO set Gn € ex such that X54.) © Gn and Ys,,t1,p,9G6n- Then, 


sat sat 
Xt € Cn = inte gan (Gus) < intypon (Yop tr pil?) = (Cleeon Yspt pre) 


Hence, Xs p@Cl< po (Ys,,ty,p1-7). By r-SVNIRz of X, there exist r-SVNEO sets On, Yn € 
&* such that Xstp © On cr (Ys. ti pir) < Yn and OnGyn. Thus, 0 < [yn]°, so 


POT 
£ £ 
CPi p09 (Cnr?) < Clepe9 (Ln 7) = [rnl® < (Close Yer tr pI 
Itimplies CU p99 (Ou, 7) FU p09 (Yay ty pr/7) With Xs,p € On and Ys, tp, © Clepen (Ysy ty pr): 
Thus, (X, TP¢7, [P°1) is rSVNIT)1. 
(5c). Let s,t,pYs,,n,p1- Then, by r-SVNIT>1 of X, there exist r-SVNE£O sets on, Yn € ae 


such that x54p © On, Ys1,t1,p, © Yn and Cle pe (Cn, r) GCE poy (Yn/1), which implies that on97n- 
Thus, (X, 797, TP@7) is r-SVNITp. 
(54). Similar to the proof of (5,). 


Theorem 16. Let (X,t°@7, ZP¢7) be an SVNITS and r € €. Then, the following statements 
are equivalent: 


(1) (X, £PO7, TPT) is r-SVNIRp. 
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(2) If Xst,p © On and Oy is r-SVNEO set, then there exists r-SVNEO set Yn € ex such that 
Xs,tp © Yn < Cle pay (Yn, r) < Op. ; 
(3) If Xst,p4on = Cl sag (On,1), then there exists r-SVNEO set [Yn]j € eX, j = {1,2} such that 


Xstp © [Yn]1, On < [Yn]2 and Cle neg (Yn), 7) FCT 509 ([Yn]2,7)- 


Proof. Similar to the proof of Theorem 14. 


Theorem 17. Let (X,7°@7,Z°07) be an SVNITS and r € Go. Then, the following statements 

are equivalent: 

(1) (X, tPCT, TPCT) is r-SVNIR3. 

(2) If [on]1q|onjo and [on]1,(on]2 are r-SVNEC sets, then there exists r-SVNEO set yn € &* 
such that |On|1 < Yn and Cle pa9 (Yn-1) < [ono. 

(3) Forany [n|1 < [On]2, where [oy]; is an r-SVNEO set, and [y|> is an r-SVNEC set, then, 


there exists an r-SVNEO set ‘yn, € @* such that [On], < Yn < Cl sag (Y-1) < [Onle- 


Proof. Similar to the proof of Theorem 15. 


Theorem 18. Let f : (X, get, zPet) > (Y, aot, het) be a £-SVNl-irresolute, bijective, 
of 


£-SVNI-irresolute open mapping and (X, iP zat) is r-SVNIR2. Then, (Y, fe, Te") is 


r-SVNIR». 


Proof. Let ¥5,»9¢n = Cl*(¢n,1). Then, by Definition 11, ¢, is an r-SVNEC set in Y. By The- 
orem 3(2), f-!(¢n) is an r-SVNEC set in X. Put ys,» = f (xs,t,p)- Then, xs,,pqf + (Gn). By r- 
SVNIR> of X, there exist r-SVNEO sets 01, Yn € ex such that x51» © On, Fam < Yn and 
OnGYn- Since f is bijective and £-SVNI-irresolute open, yst,p € f(On), Gn < f(f-1(Gn)) < 
f (Yn) and f(on)Tf (Yn). Thus, (Y, 78°7, 78°") is r-SVNIRp. 


Theorem 19. Let f : (X, fe TE87) > (Y, abet, 7887) be an £-SVNI-irresolute, bijective, 


£-SVNI-irresolute open mapping and (X, ae a be an r-SVNIR3. Then, (Y, 74°", 5°") is 
r-SVNIR3. 


Proof. Similar to the proof of Theorem 18. 


6. Conclusions 


In summary, we have introduced the definition of the r-single valued neutrosophic £- 
closed and r-single valued neutrosophic £-open sets over single valued neutrosophic ideal 
topology space in Sostak’s sense. Many consequences have been arisen up to show that 
how far topological structures are preserved by these r-single valued neutrosophic £-closed. 
We also have provided some counterexamples where such properties fail to be preserved. 
The most important contribution to this area of research is that we have introduced the 
notion of £-single valued neutrosophic irresolute mapping, £-single valued neutrosophic 
extremally disconnected spaces, £-single valued neutrosophic normal spaces and that we 
defined some kinds of separation axioms, namely r-SV NIR;, where i = {0,1,2,3}, and 
r-SVNITj, where j = {1,2, 23, 3,4}, in the sense of Sostak. Some of their characterizations, 
fundamental properties, and the relations between these notions have been studied. 
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Abstract: In this paper, we studied some properties of the neutrosophic multi topological group. For 
this, we introduced the definition of semi-open neutrosophic multiset, semi-closed neutrosophic 
multiset, neutrosophic multi regularly open set, neutrosophic multi regularly closed set, neutrosophic 
multi continuous mapping, and then studied the definition of a neutrosophic multi topological group 
and some of their properties. Moreover, since the concept of the almost topological group is very 
new, we introduced the definition of neutrosophic multi almost topological group. Finally, for the 
purpose of symmetry, we used the definition of neutrosophic multi almost continuous mapping to 
define neutrosophic multi almost topological group and study some of its properties. 


Keywords: neutrosophic multi continuous mapping; neutrosophic multi topological group; 
neutrosophic multi almost continuous mapping; neutrosophic multi almost topological group 


1. Introduction 


Following the introduction of the fuzzy set (FS) [1], a variety of studies on generali- 
sations of FS concepts were performed. In the sense that the theory of sets should have 
been a particular case of the theory of FSs, the theory of FSs is a generalisation of the 
classical theory of sets. Following the generalisation of FSs, many scholars used the theory 
of generalised F5s in a variety of fields in science and technology. Fuzzy topology (FT) was 
first introduced by Chang [2], and Intuitionistic fuzzy topological space (FITS) was defined 
by Coker [3]. Many researchers studied topology based on neutrosophic sets (NS), such as 
Lupianez [4—7] and Salama et al. [8]. Kelly [9] defined the concept of bitopological space 
(BTS) in 1963. Kandil et al. [10] studied the topic of fuzzy bitopological space (FBTS). Some 
characteristics of Intuitionistic Fuzzy Bitopological Space (IFBTS) were addressed by Lee 
et al. [11]. Garg [12] investigated how to rank interval-valued Pythagorean FSs using a 
modified score function. A Pythagorean fuzzy method for order of preference by similarity 
to ideal solution (TOPSIS) method based on Pythagorean FSs was discussed, which took 
the experts’ preferences in the form of interval-valued Pythagorean fuzzy decision matrices. 
Moreover, different explorations of the theory of Pythagorean FSs can be seen in [13-19]. 
Yager [20] proposed the q-rung orthopair FSs, in which the sum of the qth powers of the 
membership (MS) and non-MS degrees is restricted to one [21]. Peng and Liu [22] studied 
the systematic transformation for information measures for g-rung orthopair FSs. Pinar 
and Boran [23] applied a q-rung orthopair fuzzy multi-criteria group decision-making 
method for supplier selection based on a novel distance measure. 

Cuong et al. [24] proposed a picture FS as an extension of FS and Intuitionistic fuzzy 
set (IFS) that contains the concept of an element’s positive, negative, and neutral MS de- 
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gree. Cuong [25] investigated several picture FS characteristics and proposed distance 
measurements between picture FS. Phong et al. [26] investigated some picture fuzzy rela- 
tion compositions. Cuong et al. [27] examined the basic fuzzy logic operators: negations, 
conjunctions, and disjunctions, as well as their implications on picture FSs, and also devel- 
oped main operations for fuzzy inference processes in picture fuzzy systems. For picture 
FSs, Cuong et al. [28] demonstrated properties of an involutive picture negator and some 
related De Morgan fuzzy triples. Viet et al. [29] presented a picture fuzzy inference system 
based on MS graph, and Singh [30] studied correlation coefficients of picture FS. Garg [31] 
studied some picture fuzzy aggregation operations and their applications to multi-criteria 
decision-making. Quek et al. [32] used T-spherical fuzzy weighted aggregation operators 
to investigate the MADM problem. Garg [33] suggested interactive aggregation operators 
for T-spherical FSs and used the proposed operators to solve the MADM problem. Zeng 
et al. [34] studied on multi-attribute decision-making process with immediate probabilistic 
interactive averaging aggregation operators of T-spherical FSs and its application in the 
selection of solar cells. Munir et al. [35] investigated T-spherical fuzzy Einstein hybrid 
aggregation operators and how they could be applied in multi-attribute decision-making 
issues. Mahmood et al. [36] proposed the idea of a spherical FS and consequently a 
T-spherical FS. 

Many researchers also studied FT and then generalised it in the IFS and then to the 
neutrosophic topology. Warren [37] studied the boundary of an FS in FT. Warren [37] 
studied some properties of the boundary of an FS and found that some properties are not 
the same as the properties of the crisp boundary of a set. Later, many authors studied 
the properties of the boundary of an FS. Tang [38] made heavy use of the notion of fuzzy 
boundary. Kharal [39] studied Frontier and Semifrontier in IFTSs. Salama et al. [40] 
studied generalised neutrosophic topological space (NTS), where they have discussed 
on properties of generalised closed sets. Azad [41] introduced the concepts of fuzzy 
semi-continuity (FSC), fuzzy almost continuity (FAC), and fuzzy weakly continuity (FWC) 
(FWC). Smarandache [42,43] suggested neutrosophic set (NS) theory, which generalised 
FST and IFST and incorporated a degree of indeterminacy as an independent component. 
Mwchahary et al. [44] studied on properties of the boundary of neutrosophic bitopological 
space (NBTS). Many authors studied the properties of the boundary of an FS by several 
methods (FS, IFS, and NS), but some of its properties are not the same as the properties of 
the crisp boundary of a set. 

Blizard [45] traced multisets back to the very origin of numbers, arguing that in 
ancient times, the number was often represented by a collection of n strokes, tally marks, 
or units. The idea of fuzzy multiset (FMS) was introduced by Yager [46] as fuzzy bags. 
In the interest of brevity, we consider our attention to the basic concepts such as an open 
FMS, closed FMS, interior, closure, and continuity of FMSs. Yager, in [46], generalised 
the FS by introducing the concept of FMS (fuzzy bag), and he discussed a calculus for 
them in [47]. An element of an FMS can occur more than once with possibly the same 
or different MS values. If every element of an FMS can occur at most once, we go back 
to FSs [48]. In [49], Onasanya et al. defined the multi-fuzzy group (FMG), and in [50,51], 
the authors defined fuzzy multi-polygroups and fuzzy multi-Hv-ideals and studied their 
properties. In [52], Neutrosophic Multigroup (NMG) and their applications are observed. 
A new type of FS (FMS) was studied by Sebastian et al. [53]. This set makes use of ordered 
sequences of MS functions to express problems that are not covered by other extensions 
of FS theory, such as pixel colour. Dey et al. [54] were the first to establish the concept of 
multi-fuzzy complex numbers and multi-fuzzy complex sets. Over a distributive lattice, 
the authors [54] proposed multi fuzzy complex nilpotent matrices. Yong et al. [55] recently 
proposed the notion of the multi-fuzzy soft set, which is a more general fuzzy soft set, for 
its application to decision making. 
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Motivation 


There is a lot of ambiguity information in the real world that crisp values cannot 
manage. The FS theory [1], proposed by Zadeh, is an age-old and excellent tool for dealing 
with uncertain information; however, it can only be used on random processes. As a 
result, Sebastian et al. [56] introduced FMSs, Atanassov [57] suggested the IFS theory, 
and Shingoj et al. [58] launched intuitionistic FMSs, all based on FS theory. The theories 
mentioned above have expanded in a variety of ways and have applications in a variety of 
fields, including algebraic structures. Some of the selected papers are those on FSs [59-61], 
FMSs [62-64], IFSs [65-72], and intuitionistic FMSs [73]. However, these theories are 
incapable of dealing with all forms of uncertainty, such as indeterminate and inconsistent 
data in various decision-making situations. To address this shortfall, Smarandache [74] 
proposed the NS theory, which makes Atanassov’s [57] theory very practical and easy to 
apply. In this current decade, neutrosophic environments are mainly interested by different 
fields of researchers. In Mathematics, much theoretical research has also been observed 
in the sense of neutrosophic environment. A more theoretical study will be required to 
build a broad framework for decision-making and to define patterns for the conception 
and implementation of complex networks. Deli et al. [75] and Ye [76,77] proposed the 
notion of neutrosophic multiset (NMS) for modelling vagueness and uncertainty in order 
to improve the NS theory further. From the literature survey, it was noticed that precisely 
the properties of the neutrosophic multi topological group (NMTG) are not performed. 
Now, as an update for the research in NMS, we introduced the definition of a neutrosophic 
semi-open set, neutrosophic semi-closed set, neutrosophic regularly open set, neutrosophic 
regularly closed set, neutrosophic continuous mapping, neutrosophic open mapping, 
neutrosophic closed mapping, neutrosophic semi-continuous mapping, neutrosophic semi- 
open mapping, neutrosophic semi-closed mapping. Moreover, we tried to prove some 
of their properties and also cited some examples. We defined the neutrosophic multi 
almost topological group by using the definition of neutrosophic multi almost continuous 
mapping and investigate some properties and theorems of a neutrosophic multi almost 
topological group. 


2. Materials and Methods 


Definition 1 ([42]). Let X be a non-empty fixed set. A neutrosophic set (NS) A is an object 
with the form A= {< x, WAa,0a, YA > 1x © X}, where T,1,F : X —> (0, 1] andO< py + 
Ta+Ya < 3and pa (x), 74(x), and y,a(x) represents the degree of MS function, the degree 
indeterminacy, and the degree of non-MS function, respectively, of each element x € X to set A. 


Definition 2 ([78]). A neutrosophic multiset (NMS) is a type of neutrosophic set (NS) in which 
one or more elements are repeated with the same or different neutrosophic components. 


Example 1. Let X = {a,b,c} then 


< b,0.3,0.5,0.4 >, < b,0.2,0.5,0.6 >, < b,0.1,0.5,0.7 >, 


< a,0.6,0.1,0.2 >, < a,0.5,0.1,0.3 >, < a,0.4,0.2,0.4 >, 
A —* 
<c,0.4,0.5,0.6 >, < c,0.3,0.5,0.7 >, < c,0.2,0.6,0.8 > 


isan NMS, as the elementsa ,b, care repeated. 
However,B = {< a,0.8,0.3,0.1 >, < b,0.5,0.3,0.4 >, < c,0.4,0.4,0.6 >}is an NS and 
not an NMS. 


Definition 3 ([52]). The Empty NMS is defined as Onm = {m EX; < mo1,1) > \, where m 
can be repeated. 
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Definition 4 ([52]). The Whole NMS is defined as In = {m € X;< M100) > i, where m can 
be repeated. 


Definition 5 ([52]). Let X ¢ , and a neutrosophic multiset (NMS) A on X can be expressed 


nije Buss) \, then the complement of A is defined as AT = 


as A= {m eX; Met, 
{m € X; (1.5 sm (mn) 1S Acme) -Z acm) > >) \. where m can be repeated depending on its multiplicity, and 


the &, S, ¥ values may or may not be equal. 


Definition 6 ([52]). Let X #4 g@and A = {m € X; (<5 pemy.Sp ye >) } and B = 
{m € X; (1 5m)9p ae ney >) are NMSs. Then 


fi) AMB= {m € I ema cer aaereL anne . 
(ii) AUWB= {m € X; ™M <max(T 4 (m),T_(m)),min(S, (m),S'g(m)) min(F 4 (m),FB(m))> 


Definition 7 ([78]). Let X ¢ , and a neutrosophic multiset topology (NMT) on X is a family tx 
of neutrosophic multi subsets of X if the following conditions hold: 
@  Onm, 1m € Tx; 
(ii) G MG» € Tx for G1, Go € Tx; 
(iii) UG; € tx, V{Gn, :i EJ} XT 
Then (X, Tx) is known as a neutrosophic multi topological space (NMTS), and any NMS in 


tx is called a neutrosophic multi-open set (NMOS). The element of Tx are said to be NMOSs, an 
NMS F is neutrosophic multi closed set (NMCoS) if F° is NMOS. 


Definition 8 ([52]). Let X be a classical group and A be a neutrosophic multiset (NMS) on X. 
Then A is said to be neutrosophic multi groupoid over X if 
(i)  T;S(mn) > T;S(m) — T;°(n); 
(ii) 1;S(mn) < 1;,S(m) —> 1,8(n); 
(ii) F;S(mn) < F;S(m) —> F;S(n), Vm,n € X andi =1,2,...,P. 
Moreover, A is said to be neutrosophic multi-group (NMG) over X if the neutrosophic multi 
groupoid satisfies the following: 
(i) T;S(m~") > T;S(m); 
(ii) T;°(m71) < 1;S(m); 
Gi) ES nm) < ES on), Vm € Xandi =1,2,.0.,P. 


Definition 9 ((52]). Let G be an NMG in a group X, and e be the identity of X. We define the 
NMS Ge by 


Ge= {mE X: Ig(m) = Ie(e), Se(m) = Sele), Ke(m) = Tele)} 
We note for an NMG G ina group X, for everym € X: Tg(m—!) = Tg(m), Sg(m-+) = 
Sg(m) and Fg (m~!) = Fg(m). Moreover, for the identity e € X: Tg(e) = Ig(m), Se(e) = 
Sg(m) and SG(e) X Fg (m). 


3. Results 


Definition 10. Let (X,tx) be NMTS. Then for an NMS A = ie X,UNjr ON; ON, > 2X E Xx}, 
the neutrosophic interior of A can be defined as NM ~ Int (A) = 
{< x,UuNn;, Moy,,Mby, >: x € X}. 


Definition 11. Let (X,tx) be NMTS. Then foran NMS A = i= X,UNi» ON ON, > 1X E Xx}, 
the mneutrosophic closure of A can be defined as NM ~ Cl (A) = 
{< x,M UN,, YOu,, Won, >:xE Xx}. 
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Definition 12. Let G be an NMG on a group X. Let tx be a NMT on G, then (G , Tx) is known 

as a neutrosophic multi topological group (NMTG) if it satisfies the given conditions: 

(i) a:(G,tx) x (G,tx) — (G,Tx) defined by a(m,n) = mn,V m,n € X, is relatively 
neutrosophic multi continuous; 

(ii) B:(G,tx) —> (G,Tx) defined by B(m) = m—!,V m € X, is relatively neutrosophic 
multi continuous. 


Definition 13. Let A be an NMS of an NMTS (X,Tx), then A is called a neutrosophic multi 
semi-open set (NMSOS) of X if da B € Tx, such that A < MN = Int( MN ~ CI(B)). 


Example 2. Let X = {a,b}: 


Aa § <4%08,01,0.2 >, < 4,0.7,0.1,0.3 >, < 4,0.6,0.2,0.4 >, \, 
~ | <b,0.7,0.2,0.3 >, < b,0.6,0.3,0.4 >, < b,0.4,0.2,0.5 > f’ 


pad = a,0.9,0.1,0.1 >, < a,0.8,0.1,0.2 >, < a,0.7,0.2,0.3 >, 
~ | <b,0.8,0.2,0.2 >, < b,0.7,0.2,0.3 >, < b,0.5,0.2,0.4 > 


Then t = {0x,1x,B} is neutrosophic multi topological space. 
Then C1(B) = 1x, Int(Cl(B)) = 1x. 
Hence, B is NMSOS. 


Definition 14. Let A be an NMS of an NMTS (X,Tx), then A is called a neutrosophic multi 
semi-closed set (NMSCoS) of X if 4a B € Tx, such that MN ~ CI( MN ~ Int(B)) = A. 


Lemma 1. Let ¢: X —> Y be a mapping and {Aq} be a family of NMSs of Y, then (1) 
gp !(WAy) =U @7!(A,) and (ii) p-1(MAy) = MP~1( Ay). 


Proof. Proof is straightforward. 
Lemma 2. Let A, B be NMSs of X and Y, then 1x — A x B = (A° x 1x) U (1x x B). 
Proof. Let (p,q) be any element of X x Y, (1x — A x B)(p,q)= max(1x — A(p),1x — B(q)) = 


max{(A® x 1x) (p,q), (BE x Ix)(p,q)} =  {(A® x 1x) U (1x x BY) } (p,q), for each 
(p,q) EXXY. 


Lemma 3. Let ; : X; —> Y; and A; be NMSs of Y;, i = 1,2; we have ($1 x $2)~'(A1 x Az) = 
1 '(A1) x $27 1(A2). 


Proof. For each (p1, p2) € X1 x X2, we have 


(Ai x Az)(($1(P1), 62(P2)) 
min{A1¢1(p1), Arde (po) } 
min{~~1(A;)(p1), $2 1(A2)(p2)} 
= (g1-!(Ai) x 27! (Az)) (p1, p2)- 


(1 X $2) ‘(Ai x Aa)(P1p2) 


Lemma 4. Let  : X —> X x Y be the graph of a mapping @ : X — Y. Then, if A, B is NMSs 
of Xand Y, p-!(A x B) = Am@7!(B). 


Proof. For each p € X, we have 


p (A x B)(p) = (Ax B)p(p) = (Ax B)(p, 94 
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Lemma 5. For a family {A}, of NMSs of NMTS (X,tx), UNM ~ Cl(Ay) < NM ~ 
Cl(W(Aq)). In the case that B is a finite set, UNM ~ Cl(Ax) < NM ~ Cl(U(Aq)). Moreover, 
WNM ~ Int(Aqg) < NM ~ Int(U(Aq)), where a subfamily B of (X,tx) is said to be subbase 
for (X, tx) if the collection of all intersections of members of B forms a base for (X,tTx). 


Lemma 6. For an NMS A of an NMTS (X,tx), (a) lyu — NM ~ Int(A) = NM 4 
Cl(1ym — A), and (b) lym — NM & Cl(A) = NM & Int(1ym — A). 


Proof. Proof is straightforward. 


Theorem 1. The statements below are equivalent: 


(i) Aisan NMCoS; 

(ii) A isan NMOS; 

(iii) NM ~% Int(NM ~ Cl1(A)) = A; 
(iv) NM“ CI(NM = Int(A‘)) = AS. 


Proof. (i) and (ii) are equivalent follows from Lemma 6, since for an NMS A of an 
NMTS (X, tx) such that 1yjjy— NM ~ Int(A) = NM ~Cl(1nm — A) andlym -NM~ 
Cl(A) = NM ~ Int(1nm — A). 

(i) (iii). By definition, J an NMCoS B such that NM ~ Int(B) < A = B; hence, 
NM ~& Int(B) x A= NM «= CI(A) = B. Since NM ~ Int(B) is the largest NMOS 
contained in B, we have NM ~ Int(NM ~ C1(B)) = NM = Int(B) = A; 

(iii)=(i) follows by taking B = NM ~ CI(A); 

(ii)+(iv) can similarly be proved. 


Theorem 2. (i) Arbitrary union of NMSOSs is an NMSOS; 
(ii) Arbitrary intersection of NMSCoSs is an NMSCoS. 


Proof. (i) Let {.A, } be a collection of NMSOSs of an NMTS (X, Tx). Then da By € Tx such 
that By < Ay <x NM ~ Cl1(By) for each a. Thus, By <x WAg < UNM ~ Cl1(By) =< 
NM ~ Cl(U(B,)) (Lemma 5), and UB, € Tx, this shows that UB, is an NMSOS; 

(ii) Let {A,} be a collection of NMSCoSs of an NMTS (X,tx). Then 3 a By € tx 
such that NM ~ Int(By) < Ay < By for each «. Thus, NM ~ Int(m(By)) < MNM 
Int(By) < MAq < MBy (Lemma 5), and WBy € Tx, this shows that MB, is an NMSCoS. 


Remark 1. It is clear that every NMOS (NMCoS) is an NMSOS (NMSCoS). The converse is not true. 


Example 3. From Example 2, it is clear that B is a neutrosophic multi semi-open set, but B is 
not NMOS. 


Theorem 3. If (X, tx) and (Y, ty) are NMTSs, and X is a product related to Y. Then the 
product A x B ofan NMSOS A of X and an NMSOS B of Y is an NMSOS of the neutrosophic 
multi-product space X x Y. 


Proof. Let P x A =x NM ~ Cl(P) and QO = B = NM ~ Cl(Q), where P € ty and 
Qety. ThenPx OX¥AxXBxXNM~CI(P) xX NM~CI(Q). For NMSs P’s of X and 
O’s of Y, we have: 

(a) inf{P,Q} = min{inf P, inf Q}; 

(b) inf {P x 1x } = (inf P) x cNIVE 

(c) inf {1inm x QO} = InmM x (inf Q). 
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It is sufficient to prove Nm » CI(A x B) = NM ~ CI(A) x NM = C1(B). Let P € tx and 
Q € ty. Then 


NMuCK(AxB) = inf {(P x Q)'|(P x 2) = Ax B 
inf {(P° x 1nm) U (1NM x O°) |(PS x 1nm) 1) (1NmM x O°) 
Ax BS 
inf{(P° x 1nm) UW (1nm x O°)! Pe = Aor O° = B} 
inf {(P° x Ino) U (INM x Q°)|PS = A }, 
inf {(P° x Inm) U (Ino x Q°)| OF = B } 


Since, inf{(P° < Inm) U (1NmM x O°) |P° = A} = inf{ (PS x 1nm) |P° = A } 


| VY il 


= inf{P°| Po > A} x Inm= NM CI(A) x In 
and inf{(P x Iya) U (INM x Q°) | O° = B} = inf{ (In x Q°)| O° > B} 
= 1ym inf { Q°|Q° >=B t= Inm X NM Cl(B) 


we have, NM ~ Cl(AxB) = min{NM~Cl(A) x lnm, Inm X NM“ Cl(B)} = 
NM =~ CI(A) x NM = C1(B), hence the result. 


Definition 15. An NMS A of an NMTS (X, Tx) is called a neutrosophic multi regularly open set 
(NMROS) of (X,Tx) if NM ~ Int(NM = CI(A)) = A. 


Example 4. Let X = {a,b} and 


he < a,0.4,0.5,0.5 >, < a,0.3,0.5,0.6 >, < a,0.2,0.6,0.7 >, 
oN eG; 05;0:7, 0G >< 0/04,05,07 >< b:0.3,0:5,0.8 >> * 


Then t = {0x,1x,A} is neutrosophic multi topological space. 
Clearly, Cl(A) = AS, Int(Cl(A)) = A. 
Hence, A is NMROS. 


Definition 16. An NMS A of an NMTS (X, Tx) is called a neutrosophic multi regularly closed 
set (NMRCoS) of (X,Tx) if NM ~ Cl(NM ~ Int(A)) = A. 


Theorem 4. An NMS A of NMTS (X, Tx) isan NMRO if A‘ is NMRCo. 


Proof. It follows from Lemma 3. 


Remark 2. It is obvious that every NUROS (NMRCo0S) is an NMOS (NMCoS). The converse 
need not be true. 


Example 5. Let X = {a,b} and 


Aa § <4%08,01,0.2 >, < 4,0.7,0.1,0.3 >, < 4,0.6,0.2,0.4 >, |, 
~ | <b,0.7,0.2,0.3 >, < b,0.6,0.3,0.4 >, < b,0.4,0.2,0.5 > f’ 


pal. S a,0.9,0.1,0.1 >, < a,0.8,0.1,0.2 >, < 4,0.7,0.2,0.3 >, 
~ | <b,0.8,0.2,0.2 >, < b,0.7,0.2,0.3 >, < b,0.5,0.2,0.4 > 


Then t = {0x,1x, 8} is a neutrosophic multi topological space. 
Then C1(B) = 1x, Int(Cl(B)) = 1x, which is not NMROS. 


Remark 3. The union (intersection) of any two NMROSs (NMRCoS) need not be an 
NMROS (NMRCoS). 
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Example 6. Let X = {a,b} and 
Tt = {0x, 1x, A, B, A —> B} is aneutrosophic multi topological space, where 


cee < a,0.4,0.5,0.6 >, < a,0.3,0.5,0.7 >, < 4,0.2,0.6,0.8 >, |. 
~ | <b,0.7,0.5,0.3 >, < b,0.6,0.5,0.4 >, < b,0.4,0.5,0.6 > {’ 


B= £ <%06,05,04 >, < a,0.7,0.5,0.3 >, < a,08,0.4,0.2 >, |, 
~ 1 <b,0.3,0.5,0.7 >, < b,0.4,0.5,0.6 >, < b,0.6,0.5,04> f’ 


AU B= < a,0.6,0.5,0.4 >, < a,0.7,0.5,0.3 >, < a,0.8,0.4,0.2 >, 
~ | <b,0.7,0.5,0.3 >, < b,0.6,0.5,0.4 >, < b,0.4,0.5, 0.6 > 


Here, Cl(.A) = BS, Int(Cl(A)) = A, and Cl(B) = A, Int(Cl(B)) = B. 
Then Cl(AUB) = 1x. 

Thus, Int(Cl(AU B)) = 1x. 

Hence, A and B is NROS, but AU B is not NROS. 


Theorem 5. (i) The intersection of any two NMROSs is an NMROS; 
(ii) The union of any two NMRCoSs is an NMRCOS. 


Proof. (i) Let A; and Az be any two NMROSs of an NMTS (X, Tx). Since A, Ap 
is NMOS (from Remark 3), we have A; MA. < NM ~ Int(NM~“Cl1(A,M<A2)). 
Now, NM ~ Int(NM~Cl(A,MA2)) < NM ~ Int(NM~CI(A;)) = A; and 
NM ~ Int(NM = CI(A,MA2)) < NM ~ Int(NM~Cl(A2)) = A> implies that 
NM ~ Int(NM = C1(.A1 Mm Az)) < Ai Az, hence the theorem; 

(ii) Let A; and Ay be any two NMROSs of an NMTS (X,Tx). Since A; U Az is 
NMOS (from Remark 3), we have A; U Az = NM ~ CI(NM ~ Int(A;U Az)). Now, 
NM u« Cl(NM n Int(Ay W Az)) > NM Cl(NM n Int(A1)) = A; and NM 
CI(NM ~ Int(A,U Az2)) = NM ~ CI(NM ~ Int(Az)) = Az implies that A; U Az =< 
NM 4 CI(NM ~ Int(A,U A2)), hence the theorem. 


Theorem 6. (i) The closure of an NMOS is an NMRCOS; 
(ii) The interior of an NMCoS is an NMROS. 


Proof. (i) Let A be an NMOS of an NMTS (X, Tx), clearly, NM ~ Int(NM ~ Cl(A))= 
NM ~ Cl(A) >NM*«CI(NM & Int(NM ~ Cl(.A))) <x NM“Cl(A). Now, A is 
NMOS implies that A < NM ~ Int(NM ~ Cl(.A)), and hence, NM ~ Cl(A) + NM = 
CI(NM « Int(NM « Cl(A))). Thus, NM & CI(A) is NMRCoS; 

(ii) Let A be an NMCOoS of an NMTS (X, Tx), clearly, NM ~ CI(NM ~ Int(A))= 
NM ~ Int(A) => NM & Int(NM“CI(NM = Int(A))) = NM ~& Int(A). Now, A is 
NMCoS implies that A = NM ~ CI(NM ~ Int(A)), and hence, NM ~ Int(.A) = NM» 
Int(NM = CI(NM «= Int(A))). Thus, NM ~ Int(A) is NMROS. 


Definition 17. Let ~: (X,tx) — (Y,tTy) be a mapping from an NMTS (X,Tx) to another 
NMTS (Y,Ty), then $ is known as a neutrosophic multi continuous mapping (NMCM), if 
gp !(A) € Tx for each A € ty, or equivalently ¢~!(B) is an NMCoS of X for each CONMS B 
of Y. 


Example 7. Let X = Y = {a,b,c} and 


< b,0.3,0.5,0.4 >, < b,0.2,0.5,0.6 >, < b,0.1,0.5,0.7 >, 


< a,0.4,0.5,0.6 >, < a,0.3,0.5,0.7 >, < a,0.2,0.6,0.8 >, 
A = , 
< c,0.4,0.5,0.6 >, < c,0.3,0.5,0.7 >, < c,0.2,0.6,0.8 > 
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B= < b,0.3,0.5,0.4 >, < b,0.2,0.5,0.6 >, < b,0.1,0.5,0.7 >, 


< a,0.6,0.1,0.2 >, < a,0.5,0.1,0.3 >, < a,0.4,0.2,0.4 >, 
< c,0.4,0.5,0.6 >, < c,0.3,0.5,0.7 >, < c,0.2,0.6,0.8 > 


Then tx = {0x,1x, A} and ty = {0y,1y, 8} are neutrosophic multi topological spaces. 
Now, define a mapping f : (X,tx) —> (Y,Ty) by f(a) = f(c) =cand f(b) =b. 
Thus, f is NMCM. 


Definition 18. Let ~: (X,tx) —> (Y,tTy) be a mapping from an NMTS (X,Tx) to another 
NMTS (Y, ty), then @ is called a neutrosophic multi open mapping (NMOM) if @(.A) € Ty for 
each A € Tx. 


Definition 19. Let $: (X,Tx) —> (Y,Ty) be a mapping from an NMTS (X,Tx) to another 
NMTS (Y, ty), then ¢ is said to be a neutrosophic multi-closed mapping (NMCoM) if o(B) is an 
NMCoS of Y for each NMCoS B of X. 


Definition 20. Let ~: (X,Tx) —> (Y,Ty) be a mapping from an NMTS (X,Tx) to another 
NMTS (Y,Ty), then @ is called a neutrosophic multi semi-continuous mapping (NMSCM), if 
p (A) is the NMSOS of X, for each A € Ty. 


Definition 21. Let ¢: (X,Ttx) — (Y,ty) be a mapping from an NMTS (X,Tx) to another 
NMTS (Y, ty), then @ is called a neutrosophic multi semi-open mapping (NMSOM) if @(A) is a 
SONMS for each A € Tx. 


Example 8. Let X = Y = {a,b,c} and 


< b,0.3,0.5,0.4 >, < b,0.2,0.5,0.6 >, < b,0.1,0.5,0.7 >, 


< a,0.6,0.1,0.2 >, < a,0.5,0.1,0.3 >, < a,0.4,0.2,0.4 >, 
A= ; 
< c,0.4,0.5,0.6 >, < c,0.3,0.5,0.7 >, < c,0.2,0.6,0.8 > 


B= ¢ <b,0.6,0.1,0.2 >,< b,0.5,0.1,0.3 >, < b,0.4,0.2,0.4 >, 


< a,0.3,0.5,0.4 >, < a,0.2,0.5,0.6 >, < a,0.1,0.5,0.7 >, 
< c,0.4,0.5,0.6 >, < c,0.3,0.5,0.7 >, < c,0.2,0.6,0.8 > 


Then tx = {0x,1x,A} and ty = {0y,1y, B} are neutrosophic multi topological spaces. 
Clearly, A is a semi-open set. 

Then a mapping f : (X,tx) —> (Y, Ty) defined by f(a) = b, f(b) =a and f(c) =c. 
Hence, f is NMSOM. 


Definition 22. Let @: (X,Tx) —> (Y,Ty) be a mapping from an NMTS (X,Tx) to another 
NMTS (Y, ty), then @ is called a neutrosophic multi semi-closed mapping (NMSCoM) if $(B) is 
an NMSCoS for each NMCoS B of X. 


Remark 4. From Remark 1, an NUCM (NMOM, NMCoM) is also an NUSCM (NMSOM, 
NMSCoM). 


Example 9. Let X = Y = {a,b,c} and 


< b,0.3,0.5,0.4 >, < b,0.2,0.5,0.6 >, < b,0.1,0.5,0.7 >, 


< a,0.4,0.5,0.6 >, < a,0.3,0.5,0.7 >, < a,0.2,0.6,0.8 >, 
A= : 
<c,0.4,0.5,0.6 >, < c,0.3,0.5,0.7 >, < c,0.2,0.6,0.8 > 


B= <b,04,0.6,0.4 >,< b,0.3,0.5,0.5 >, < b,0.2,0.5,0.6 >, 


< a,0.4,0.5,0.6 >, < a,0.3,0.5,0.7 >, < a,0.2,0.6,0.8 >, 
<c,0.6,0.5,0.5 >, < c,0.4,0.5,0.6 >, < c,0.2,0.6,0.9 > 
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Then tx = {0x,1x,A} and ty = {0y,1y,B} are neutrosophic multi topological spaces. 
Let us define a mapping f : (X,Ttx) —> (Y,Ty) by f(a) = f(c) =cand f(b) = b. 
Thus, f is NMSCM, which is not an NMCM. 


Theorem 7. Let X1, X2, Y; and Y> be NMTSs such that X is product related to X. Then, 
the product $1 X 2: X1 x Xz —> Yj X Yo of NMSCMs 1 : X1 —> Yq and $2: Xz — Y2 
is NMSCM. 


Proof. Let A = UW (Aw x Bp), where A,’s and Bp’s are NMOSs of Y; and Y9, respectively, 
be an NMOS of Y x Y2. By using Lemma 1(i) and Lemma 3, we have 


($1 x $2) (A) = U[ gi (Aa) x G21 (Ap) | 


where (1 X 2)! (A) is an NMSOS follows from Theorem 3 and Theorem 2 (i). 


Theorem 8. Let X, X, and Xy be NMTSs and p; : X, x X2 —> X; (i= 1, 2) be the projection 
of X1 x Xz onto Xj. Then, if @: X —+ X1 x X2 isan NMSCM, pi¢ is also NMSCM. 


Proof. For an NMOS J of Xj, we have (pip) (A) = ¢7! (pi 1(A)). pi is an NMCM and 
¢ is an NMSCM, which implies that (pip) (A) is an NMSOS of X. 


Theorem 9. Let ¢: X —>+ Y be a mapping from an NMTS X to another NMTS Y. Then if the 
graph p: X —+ X x Y of gis NMSCM, ¢ is also NMUSCM. 


Proof. From Lemma 4, ¢-!(.A) = 1nm M7 1(.A) = p 1 (1m x A), for each NMOS A of 
Y. Since p is an NMSCM and 1ym x Ais an NMOS X x Y, #~!(.A) is an NMSOS of X and 
hence ¢ is an NMSCM. 


Remark 5. The converse of Theorem 9 is not true. 


Definition 23. A mapping $: (X,Tx) —> (Y,Ty) from an NMTS X to another NMTS Y is 
known as a neutrosophic multi almost continuous mapping (NMACM), if @~!(A) € Tx for each 
NMROS A of Y. 


Example 10. Let X = Y = {a,b} and 


Aa £ <%04,05,05 >, < 4,0.3,0.5,0.6 >, < 4,0.2,0.6,0.7 >, |. 
~ 1 <b,0.5,0.7,0.6 >, < b,0.4,0.5,0.7 >, < b,0.3,0.5,0.8> f’ 


pa < a,0.5,0.7,0.6 >, < a,0.4,0.5,0.7 >, < a,0.3,0.5,0.8 >, 
~ | <b,0.4,0.5,0.5 >, < b,0.3,0.5,0.6 >, < b,0.2,0.6,0.7 > 


Then tx = {0x,1x,A} and ty = {0y,1y,8} are neutrosophic multi topological spaces. 
Clearly, C1(B) = B®, Int(Cl(B)) = B. 

Hence, 6 is NMROS. 

Now, let us define a mapping f : (X,Tx) — (Y,Ty) by f(a) =b, f(b) =a. 

Thus, f is NMVACM. 


Theorem 10. Let @ : (X,Tx) — (Y,Ty) bea mapping. Then the below statements are equivalent: 
(a) isan NMACM; 

(b) ~1(F) isan NMCOS, for each NMRCOS F of Y; 

(c) 7 1(A) < NM & Int(o7!(NM = Int(NM ~ Cl(.A)))), for each NMOS A of Y; 

(dq) NMwx CI (¢-1(NM 4% CI(NM ~ Int(F)))) < ¢-!(F), for each NMCoS F of Y. 
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Proof. Consider that ¢-1(A‘°) = (¢7! (A)), for any NMS A of Y, (a) = (b) follows from 
Theorem 4. 

(a) = (c). Since A is an NMOS of Y, A =< NM ~& Int(Cl(A)), hence, @-1(.A) = 
gp 1(NM = Int(NM ~ Cl(A))). From Theorem 6 (ii), NM ~ Int(NM ~ Cl(A)) is an 
NMROS of Y, hence @~!(NM ~ Int(NM ~ Cl(A))) is an NMOS of X. Thus, @~1(A) = 
gp -1(NM w~ Int(NM ~ Cl(A))) = NM = Int(@-!(NM & Int(NM «= Cl(A))). 

(c) > (a). Let A be an NMROS of Y, then we have ¢-!(A) < NM wu 
Int(p-!(NM ~ Int(NM ~ Cl(A)))) = NM ~ Int(g7!(A)). Thus, -1(A) = NM 
Int (~~1(A)). This shows that @~1(A) is an NMOS of X. 

(b) + (d) similarly can be proved. 


Remark 6. Clearly, an NMCM is an NMACM. The converse need not be true. 
Example 11. Let X = Y = {a,b} and 


Aa £ <%04,05,05 >, < 4,0.3,0.5,0.6 >, < 4,0.2,0.6,0.7 >, |. 
~ 1 <b,0.5,0.7,0.6 >, < b,0.4,0.5,0.7 >, < b,0.3,0.5,0.8> f’ 


pa < a,0.5,0.5,0.6 >, < a,0.6,0.5,0.7 >, < a,0.2,0.6,0.9 >, 
~ | <b,0.4,0.4,0.7 >, < b,0.3,0.5,0.5 >, < b,0.4,0.5, 0.6 > 


Then, Tx = {0x,1x,A} and ty = {0y,1ly, B} are neutrosophic multi topological spaces. 
Clearly, C1(B) = B®, Int(CI(B)) = B. 

Hence, 6 is NMROS in Ty. 

Now, a mapping f : (X,Tx) > (Y,Ty) defined by f(a) =a, f(b) = b. 

Then clearly, f is NUACM but not NMCM. 


Theorem 11. Neutrosophic multi semi-continuity and neutrosophic multi almost continuity are 
independent notions. 


Definition 24. AN NMTS (X, Tx) is called a neutrosophic multi semi-regularly space (NMSRS) 
if and only if the collection of all NMROSs of X forms a base for NMT Tx. 


Theorem 12. Let ~: (X,Tx) > (Y,Ty) be a mapping from an NMTS X to an NMSRS Y. Then 
¢ is NMACM iff @ is NUCM. 


Proof. From Remark 6, it suffices to prove that if ¢ is NMACM, then it is NMCM. Let 
A € Ty, then A = WU Ay, where A,’s are NMROSs of Y. Now, from Lemma 1(i), 5, and 


Theorem 10 (c), we obtain 


g1(A) =U g'(A,) <UNM = Int($-1(NM & Cl(A,))) = UNM Int (p7'(An)). 


<NM-~ Int Uw (g7'(Aa)) =NM~ Int(p-'(An)). 


which shows that @~!(Aq) € Tx. 


Theorem 13. Let X 1, Xz, Y; and Yz be the NMTSs, such that Y, is product related to Y2. Then 
the product gy Xx 2 :X1 x Xo > Yy x Yo of NMACMs $1 :X, 73 YY and 2 : Xo > Yo is 
NMACM. 


Proof. Let A = U (A, x Bp), where Ay’s and Bp’s are NMOSs of Y; and Y, respectively, 
be an NMOS of Y; x Y2. From Lemma 1(i), 3,5, and Theorems 6, and 10 (c), we have 


(1 x 2) *(A) =U {gr 1(Aa) x fo "(Bp) } 
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NM = Int(~,~!(NM ~ Int(NM ~ Cl(A,)))) 
xNM ~ Int($2~!(NM ~ Int(NM ~ Cl(Bg)))) 


<v| 
<u [NM uo Int{g.-1(NM & Int(NM ~ Cl(Aq))) x 2-1 (NM ~ Int (NM ~ Cl(Bp))) }| 
<NM ~ Int]U (1 x $2)1{NM ~ Int(NM ~ Cl(Aq)) x NM ~ Int(NM  Cl(Bp)) }] 
= NM ~ Int[w (1 x $2) {NM ~ Int(NM ~ Cl( Aa x Bp))}| 
<NM ~ Int| (1 x $2) {NM ~ Int(NM ~ Cl(U (Ax x Bp)))}] 


= NM ~ Int | (1 x $2)1(NM ~ Int(NM ~ CI(A)))| 


Thus, by Theorem 10 (c), $1 X ¢@2 is NVACM. 


Theorem 14. Let X, X1 and Xz bean NMTSsand p; : X, x X2 > X;(i = 1, 2) be the projection 
of X1 x Xz onto Xj. Then if @: X — X1 x Xz isan NMACM, pi¢ is also an NUACM. 


Proof. Since p; is NMCM Definition 16, for any NMS A of X;, we have (i) NM ~» 
Cl(p;-1(.A)) < pi7}(NM = Cl(.A)) and (ii) NM % Int(pj71(.A)) = pi72 (NM & Int(A)). 
Again, since (i) each p; is an NMOS, and (ii) for any NMS A of X; (a) A = p; 'p;(A) 
and (b) p;_'pi(A) =< A, we have p;(NM ~ Int(p;—1(A))) = pipi1(A) = A, and hence, 
pi(NM ~ Int(p;—!(A))) < NM = Int(A). 


Thus, NM ~~ Int(p;(A)) =< — pi tpi(NM~u Int(p;"(A))) < 
(pi 1(NM ~ Int(A)) establishes that NM ~ Int(p;—1(A)) = pi t(NM ~ Int(A)). 
Now, for any NMOS A of Xj, 


(pip) (A) = 671 (pi-1(A)) 


=< NM = Int{g@-1 (NM & Int(p;-!(NM ~ Cl( 
= NM ~ Int{g-!(p;-1(NM ~ Int(NM ~ Cl( 
) 


Theorem 15. Let X and Y be NMTSs such that X is product related to Y and let @: X + Y bea 
mapping. Then, the graph p: X —+ X x Y of gis NMACM if ¢ is NUACM. 


Proof. Consider that p is an NVACM and A is an NMOS of Y. Then, using Lemma 4 and 
Theorems 10 (c), we have 


gp (A) =1nmmp'(A) 
= !(1nm x A) <¥ NM & Int(w-1(NM ~ Int(NM ~ Cl(1nm x A)))) 
= NM w Int(p-1(1nm x NM ~ Int(NM = Cl(A)))) 
= NM = Int(p-1(NM ~& Int(1nm x NM « Cl(A)))) 
= NM = Int(p-1(NM ~ Int(NM ~ Cl(A)))) 


Thus, by Theorem 10 (c), ¢ is NMVACM. 

Conversely, let ¢ be an NMACM and B = WU (Bu x Ag), where 6,’s and Ap’s are 
NMOSs of X and Y, respectively, be an NMOS of X x Y. 

Since By MNM ~ Int(p~!(NM ~ Int(NM ~ Cl(Ag)))) is an NMOSs of X con- 
tained in 


NM ~ Int(NM ~ Cl(By)) @ @'(NM ~ Int(NM ~ Cl(Ag))), 


By NM ~ Int(p-1(NM ~ Int(NM ~ Cl(Ag)))) 
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<.NM ~ Int|NM ~ Int(NM = CI(By)) Mp 1(NM = Int(NM ~ CI(Ap)))] 


and hence, using Lemmas 1(i), 4 and 5, and Theorems 10 (c), we have 


g1(B) =971(U (Ba x Ap)) 
= U [By mg" !(Ap)] 
< U [By @NM ~ Int(~~!(NM ~ Int(NM ~ Cl(Ag))))| 
=< U [NM & Int(NM & Int(NM ~ Cl(By))) M@-1(NM ~ Int(NM ~ Cl( Ag) ))] 
=< NM = Int(y p-l(NM  Int(NM = Cl(By))) x NM & Int(NM ~ Cl(Ag)) | 


AA I 


NM ~ Int[p-!(w (NM ~ Int(NM ~ Cl(Ba x Ag))))] 
NM ~« Int[p-1(NM u Int(NM ~ Cl(U (Ba x Ag))))] 
NM ~ Int{p-(NM ~ Int(NM & CI(B)))] 


Thus, by Theorem 10(c), p is NMVACM. 


Definition 25. Let G be an NMG ona group X. Now, if tx isan NMT on G, then (G , Tx) is said 
to be a neutrosophic multi almost topological group (NMATG) if the given conditions are satisfied: 
(i) a:(G,tx) x (Gtx) > (G,Tx):a(m,n) = mn is NUACM; 
(ii) B:(G,tx) > (G,tTx) : B(m) = m~! is NMACM. 

Then (G , Tx) is known as an NMATG. 


Remark 7. (G , Tx) isan NMATG if the below conditions hold good: 

(i) For g1,g2 € Gand every NMROS P containing 9190 in G , J open neighborhoods R and S 
of g1 and go in G such that R * S = P; 

(ii) For g € Gand every N in G containing g~!, A open neighborhood R of g in G so that 
Ro SS, 


Remark 8. For any P,Q = G, we denote P x Q by PQ and defined as PQ = 
{gh:gE€P,he Q}and P| = {g-!:geEP}. If P = {a} for eacha € G, we denote 
P x ObyaQand Q«P by Pa. 


Example 12. Let, G = (Z3, +) be a classical group and 


<1, 0.3,0.5,0.4 >,< 1, 0.2,0.5,0.6 >,< 1, 0.1,0.5,0.7 >, 


<0, 0.4,0.5,0.6 >,< 0, 0.3,0.5,0.7 >, < 0, 0.2,0.6,0.8 >, 
A — 
< 2, 0.4,0.5,0.6 >, < 2, 0.3,0.5,0.7 >, < 2, 0.2,0.6,0.8 > 


Then Tg = {0G,1c, A} is NTS and the mapping «: (G,TG) x (G, tg) — (G, TE): a(m,n) = 
mnand B:(G,t) > (G,t¢): B(m) = m7! are NMACM. Hence, (G , tT) is NMATG. 


Theorem 16. Let (G , tx) be an NMATG and let a be any element of G. Then 


(a) Ua: (G,Tx) + (G,Tx) : Ma(x) = ax, Vx € G, is NUACM; 
(b) Aq: (G,tx) + (G,Tx) : A(x) = xa, Vx € G, is NMVACM. 


Proof. (a) Let p € Gand let R be an NMROS containing ap in G. By Definition 25, 3 open 
neighborhoods P, Q of a, p in G such that PQ = R. Especially, aQ = R, ie., ia(Q) X R. 
This proves that fq is NMVACM at p, and hence, fia is NMACM. 

(b) Suppose p € Gand R € NMRO(G) contain pa. Then J open sets p € P and 
a € Qin Gsuch that PQ < R. This proves Pa =< R. This shows that A, is NMVACM at p. 
Since arbitrary element p is in G, hence, Aq is NMACM. 


Theorem 17. Let U be NMROS in a NMATG (G, Tx). The below conditions hold good: 


(a) mu € NMROS(G), Vm € G; 
(b) Um € NMROS(G), Vm € G; 
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(c) U-*+€NMROS(G). 


Proof. (a) We first show that ml € Ty. Let p € mU. Then by Definition 25 of NMATGs, 
4 NMOSs m~! € Wy and p € Wo in G such that W;W2 = U. Especially, m~!W2 =< U. 
That is, equivalently, W2 < mU/. This indicates that p € NM ~ Int(mU) and thus, NM » 
Int(mU) = mU. That is mU € tx. Consequently, mU =< NM ~ Int(NM = Cl(mu)). 

Now, we have to prove that NM ~ Int(NM~ Cl(mlU)) < mu. As U is NMOS, 
NM ~ Cl(U) € NMRCS(G). By Theorem 16, p,,-1: (G,Tx) — (G,Tx) is NMACM, 
and therefore, mNM ~ CI(U) is NMCoS. Thus, NM ~ Int(NM~ Cl(mUu)) < NM = 
Cl(mU) < mNM ~ C1(U), i.e, m~!1NM ~ Int(NM % Cl(mU)) < NM ~ CI(U). Since 
NM w& Int(NM ~ Cl(ml/)) is NMROS, it follows that m~!NM ~ Int(NM ~ Cl(ml)) = 
NM »~ Int(NM~Cl(U)) = U, ie, NM ~ Int(NM~Cl(ml)) < mu. Thus mu = 
NM w& Int(NM = Cl(mU)). This proves that mU¢ € NMROS(G). 

(b) Following the same steps as in part (1) above, we can prove that Um € 
NMROS(G),Vm € G. 

(c) Let p € U™!, then J open set p € W in G such that W7!'<+U>W<U7!. 
Thus, U/~! has interior point p. Thus, U~! is NMOS. That is, U-! =< NM ~% 
Int(NM ~ Cl(U~!)). Now we have to prove that NM ~ Int(NM~ Cl(U~!)) <u7t. 
Since U is NMOS, NM ~ CI(U) is NMRCoS and thus NM ~ Cl(U)~! is CoNMS 
in G. Thus, NM ~ Int(NM~“Cl(U-!)) < NM ~ Cl(U7!) < NM~ Cl)! => 
NM ~ Int(NM~Cl(U-)) < (NM CI(U))! < U-1. Thus, Ut = NM ~ 
Int(NM ~ Cl(U~')). This proves that U~! € NMROS(G). 


Corollary 1. Let Q be any NMRCoS in an NMATG in G. Then 


(a) mQ€NMRCS(G), for each m € G; 
(b) OQ-1 € NMRCS(G). 


Theorem 18. Let U/ be any NMROS in an NMATG G. Then 


(az) NMw4Cl(Um) =NM~Cl(U)m, for each m € G; 
(b) NM~Cl(mUu) =mNM =~ Cl(U), for each m € G; 
() NM“ cl(u-!) =NMucl(u)!. 


Proof. (a) Assume p € NM ~ Cl(Um) and consider q = pm. Let q € W be 
NMOS in G. Then 3 NMOSs m=! € V, and p € V2 in G, such that VV. <x NM ~ 
Int(NM ~ Cl(W)). By hypothesis, there is g € Um M V2 > gm! € UMVV2 X 
UMNM ~ Int(NMCl(W)) = UMNM ~ Int(NMHCI(W)) 4 Onm => U M@ 
(NM ~ CI(W)) 4 On. Since U is NMOS, U mW ¢ Onm. That is,m € NM ~ Cl(U)m. 

Conversely, let qg € NM ~ Cl(U)m. Then q = pg for some p € NM“ Cl(U). 

To prove NM « Cl(U)m < NM“ Cl(Um). 

Let pg € W be an NMOS in G. Then 4 NMOSs m € Vj in G and 
p € Vs in G so that Viv) < NM «% Int(NM“\CI(W)). Since p € 
NM ~ Cl(U), UMV2 F# Onm. There is g € UMV2. This implies 
gm € (Um) MNM ~ Int(NM ~ Cl(W)) => (Um) (NM ~ Cl(W)) 4 Onm. From Theo- 
rem 17, Um is NMOS and thus (Um) mW 4 Onm, therefore g € NM ~ Cl(Um). Therefore 
NMxCl(Um) = NM“ Cl(U)m. 

(b) Following the same steps as in part (1) above, we can prove that NM ~ Cl(ml/) = 
mNM ~ Cl(U). 

(c) Since NM % CI(U) is NMRCoS, NM ~% Cl(U)~! is NMCoS in G. Therefore, 
U-! « NM“ Cl(U) | this gives NM 4 cl(U-!) xNM~ C1(U)~!. Next, letq € NM & 
Cl(U)~!. Then q = p7!, for some p € NM % Cl(U). Let q € V be any NMOS in G. Then 3 
open set U/ in G such that p € U with U-! < NM ~ Int(NM ~ Cl(V)). Moreover, there is 
m € AMU which implies m—! € U~! MNM ~ Int(NM ~ C1(V)). That is, U-! M@NM ~ 
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Int(NM “Cl(V)) 40nm > U7! M@NM & Cl(V) 4 ONM > U-! MV F Onn, Since U-! is 
NMOS. Therefore, q € NM » Cl(U)~!. Hence, NM» Cl(U~!) < NM 4 CL(U)t. 


Theorem 19. Let Q be NMRCo subset in an NMATG G. Then the below assertions are true: 
(a) NMw~ Int(mQ) =aNM ~ Int(Q),Vm € G; 

(b) NM ~w~ Int(Qm) = NM ~ Int(Q)a,Ym € G; 

(c) NM «= Int(Q-!) =NM~ Int(Q)'. 


Proof. (a) Since Q is NURCoS, NM ~ Int(Q) is NMROS in G. Consequently, mNM 
Int(Q) = NM ~ Int(mQ). Conversely, let q © NM ~ Int(mQ) be an arbitrary element. 
Suppose q = mp, for some p € Q. By hypothesis, this proves mQ is NMCoS, and that is 
NM ~ Int(mQ) is NMROS in G. Assume that m € U and p € V be NMOSs in G, such 
that UV = NM ~ Int(mQ). Then mV = mQ, which means that mV < mNM ~ Int(Q). 
Thus, NM ~ Int(mQ) < mNM ~ Int(Q). 

(b) Following the same steps as in part (1) above, we can prove that NM ~ Int(Qm) = 
NM = Int(Q)m. 

(c) Since NM ~ Int(Q) is NMROS, NM ~ Int(Q)~! is NMOS in G. Therefore, 
Q-! < NM ~ Int(Q)' implies that NM % Int(Q-!) < NM ~ Int(Q)'. Next, let q 
be an arbitrary element of NM ~ Int(Q)t. Then q = p_!, for some p € NM ~ Int(Q). 
Let g € V be NMOS in G. Then 4 NMOS U is in G, such that p € U with uU-! <xNMwu 
CI(NM ~ Int(V)). Moreover, there is g € QMU, which implies g~! € Q-!'MNM ~ 
CI(NM ~ Int(V)). That is O-' @NM ~ Cl(NM ~ Int(V)) 4 Onm => Q7-1'MNM ~ 
Int(V) A Onm = Q-'MV 4 Onm, since Q-! is NMCoS. Hence, NM ~ Int(Q-!) = 
NM w& Int(Q)7". 


Theorem 20. Let U/ be any NMSOS in an NMATG G. Then 
(a) NMw4Cl(mUu) <mNM“Cl(U),Vm €G; 

(b) NMuHClUm) <~NM~Cl(U)m, Vm € G; 

(c) NM“ Cl(u-1) <NMucl(U)!. 


Proof. (a) As U is NMSOS, NM ~~ CI(U) is NMRCoS. From Theorem 16, 
Um-1 : (G,tx) —> (G,Tx) is NVACM. Thus, mNM ~ CI(U) is NMCoS. Hence, NM ~ 
Cl(mU) < mNM ~ Cl(U/). 

(b) As U is NMSOS, NM ~ = CI(U) is NMRCoS. From Theorem 16, 
Am-1:(G,Tx) —+ (G,Tx) is NMACM. Thus, NM ~ Cl(U)m is NMCoS. Therefore, 
NM « Cl(Um) = NM & Cl(U)m. 

(c) Since U is NMSOS, NM ~ CI1(U) is NMRCOoS, and hence, NM ~ Cl (u)~! is 
NMCoS. Consequently, NM» Cl(U) < NM 4 Cl(U)t. 


Theorem 21. Let U be both NMSO and NMSCo subset of an NMATG G. Then the below 
statements hold: 

(a) NMw4Cl(mu) =mNM ~ Cl(U), for each m € G; 

(b) NMoCl(Um)=NMxHCl(U)m, for eachm € G; 

() NM ci(u-!) =NMu4ci(u)?. 


Proof. (a) Since U/ is NMSOS, NM ~ CI(U) is NMRCOoS, from which it implies that 
NM = Cl(mU) <x mNM ~ C1(U). Further, neutrosophic multi semi-openness of U/ gives 
NM ~ Cl(U)= NM ~ CI(NM » Int(U)) > mNM ~ Cl(U) = mNM ~ CI(NM ~ 
Int(U). As U is NMSCoS, NM ~ Int(U) is NMROS in G. From Theorem 20, mNM ~ 
Cl(U) = mNM = Cl(NM ~ Int(U)) = NM ~ Cl(mNM ~ Int(u)) < NM ~ Cl(mu). 
Hence, NM ~ Cl(ml) = mNM = C1(U). 
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(b) Following the same steps as in part (1) above, we can prove that NM ~ Cl(Um) = 
NM ~ Cl(U)m. 

(c) By hypothesis, this proves NM ~ C1(U) is NMRCoS and therefore NM ~ Cl(U)~! 
is NMCoS. Consequently, NM ~» Cl(U rit) =< NM~Cl(u ae Next, since U is NMSOS, 
NM“ Cl(U) = NM“ CI(NM & Int(U)) = NM Cl(U)-! = NM CI(NM © Int(U). 
Moreover, as U is NMSCoS, NM «~~ _ Int(U) is NMROS. From Theorem 18, 
NM = CI)? = NM ~ CI(NM~Int()") < NM ~ Cl(U-). This shows 


that NM % Cl(U-!) = NM“ Cl)". 


Theorem 22. From Theorem 21, the following statements hold: 
(a) NMw~Int(mll) = mNM ~ Int(U), for each m € G; 
(bo) NMw Int(Um) = NM ~ Int(U)m, for each m € G; 
(c) NM~x Int(U-!) = NM = Int)". 


Proof. (a) As U is NMSCoS, NM ~_ Int(U) is NMROS. From Theorem 16, 
Um-1 1 (G,Tx) —>+ (G,tTx) is NMACM. Therefore, y7!,,-1(NM ~ Int(U)) = mNM ~ 
Int(U) is NMOS. Thus, mNM ~ Int(U) < NM ~ Int(mU). Next, by assumption, 
it implies that NM % Int(U) = NM ~ Int(NMCI(U)) = mNM ~ Int(U) = 
mNM ~ Int(NM“Cl(U)). As U is NMSOS, NM ~ CI(U) is NMRCOS. From Theo- 
rem 19, mNM ~ Int(NM“Cl(YU)) = NM ~ Int(mNM ~“CI(U)) = NM ~ Int(ml). 
That is, NM ~ Int(mU) <~ mNM ~ Int(U). Therefore, we have, NM ~ Int(mU) = 
mNM ~ Int(U). Hence, it was proved. 

(b) As U is NMSCoS, NM ~~ Int(U) is NMROS. From Theorem 16, 
Hy-1 2 (G,Tx) —> (G,Tx) is NMACM. Thus, A~1,,-1(NM 4 Int(U)) = mNM ~ 
Int(U) is NMOS. Therefore, NM ~ Int(U)m =< NM ~ Int(Um). Next, by assump- 
tion, this proves that NM ~ Int(U) = NM ~ Int(NM~ Cl(U)) > NM ~ Int(U)m = 
NM & Int(NM « Cl(U))m. As U is NMSOS, NM ~ Cl(U) is NMRCOS. From Theorem 
19, NM ~ Int(NM % Cl(U))m = NM & Int(NM ~ Cl(U)m) = NM & Int(Um). That 
is, NM ~ Int(Um) < NM ~ Int(U)m. Therefore, NM ~ Int(Um) = NM ~ Int(U)m. 
Hence, it was proved. 

(c) From assumption, this proves that NM ~ Int(U) is NMROS and therefore 
NM & Int(U)~! is NMOS. Consequently, NM ~ Int(U-!) < NM ~ Int(U)7!. Next, 
as U is NMSCoS, NM = Int(U) = NM % Int(NM = CI(U)) + NM = Int(U) = 
NM wiInt(NM ~ Cl(U))~'. Moreover, as U is NMSOS, NM ~ Cl (U) is NMRCOS. From 
Theorem 19, NM ~ Int(U)~! = NM = Int(NM % Cl(U)-!) < NM = Int(U-!). This 
proves that NM ~ Int(U~!) = NM ~ Int(U) 2 


Theorem 23. Let A be NMOS in an NMATG G. Then aA =x NM wu 
Int(aNM ~ Int(NM ~ Cl1(A))) fora € G. 


Proof. Since A is NMOS, so A =< NM ~ Int(NM“CI(A)) => aA =< aNM ~ 
Int(NM «= Cl(A)). From Theorem 17,aNM ~ Int(NM ~ Cl(A)) is NMOS (in fact, NM- 
ROS). Hence, aA < NM ~ Int(aNM ~= Int(NM ~ Cl(A))). 


Theorem 24. Let Q be any neutrosophic multi-closed subset in an NMATG G. Then NM ~ 
Cl(aNM ~ CI(NM ~ Int(A))) < aQ for eacha € G. 


Proof. Since Q is NMCoS, soQ = NM ~ CI(NM «= Int(Q)) => aQ > aNM ~ 
CI(NM ~ Int(Q)). From Theorem 17, aNM ~ Cl(NM ~ Int(Q)) is NMCoS (in fact, 
NMRCoS). Therefore, a2 = NM ~ Cl(aNM ~CI(NM ~ Int(A))). Hence, NM ~ 
Cl(aNM ~ CI(NM ~ Int(A))) < aQ. 
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4. Conclusions 


To deal with uncertainty, the NS uses the truth membership function, indeterminacy 
membership function, and falsity membership function. By discovering this concept, we 
were able to generalise the idea of an almost topological group to an NMATG. First, we 
developed the definitions of NMSOS, NMSCoS, NMROS, NMRCoS, NMCM, NMOM, 
NMCoM, NMSCM, NMSOM, NMSCoM to propose the definition of NMATG. Some 
properties of NMVACM were demonstrated. Finally, we defined NMATG and demonstrated 
some of their properties using the definition of NMACM. In this study, an NMATG 
is conceptualised for the environments of the NS along with some of their elementary 
properties and theoretic operations. Novel numerical examples are given for definitions 
and remarks to study NMATG. We expect that our study may spark some new ideas for 
the construction of the NMATG. Future work may include the extension of this work for: 


(1) The development of the NMATG of the neutrosophic multi-vector spaces, etc.; 
(2) Dealing NMATG with multi-criteria decision-making techniques. 
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